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ABSTRACT

This dissertation presents a self-contained study of periodically-driven quantum systems. Follow-
ing a brief introduction to Floquet theory, we introduce the inverse-frequency expansion, variants
of which include the Floquet-Magnus, van Vleck, and Brillouin-Wigner expansions. We reveal
that the convergence properties of these expansions depend strongly on the reference frame cho-
sen, and relate the former to the existence of Floquet resonances in the quasienergy spectrum. The
theoretical design and experimental realisation (‘engineering’) of novel Floquet Hamiltonians is
discussed introducing three universal high-frequency limits for systems comprising single-particle
and many-body linear and nonlinear models. The celebrated Schrieffer-Wolff transformation for
strongly-correlated quantum systems is generalised to periodically-driven systems, and a system-
atic approach to calculate higher-order corrections to the Rotating Wave Approximation is pre-
sented. Next, we develop Floquet adiabatic perturbation theory from first principles, and discuss
extensively the adiabatic state preparation and the corresponding leading-order non-adiabatic cor-
rections. Special emphasis is thereby put on geometrical and topological objects, such as the Flo-
quet Berry curvature and the Floquet Chern number obtained within linear response in the presence
of the drive. Last, pre-thermalisation and thermalisation in closed, clean periodically-driven quan-
tum systems are studied in detail, with the focus put on the crucial role of Floquet many-body

resonances for energy absorption.
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Chapter 1

Introduction

The understanding of dynamics plays a central role in analysing the response of systems to pe-
riodic modulation. Such periodic systems, realized in a variety of settings from irradiation by
lasers to application of periodic mechanical kicks, have been the subject of extensive experimen-
tal and theoretical study throughout the modern history of physics [1—4]. Prominent examples in
mechanics include the Kapitza pendulum [5] and the closely related kicked rotor, whose dynamics
feature tantalising integrability-to-chaos transitions as a function of the drive parameters. These
and similar models also feature dynamical stabilization [5—7] and localization [8—17], among a va-
riety of counter-intuitive effects induced by periodic modulations. In atomic physics, driving leads
to reduced ionisation rates in systems irradiated by electromagnetic fields at high frequency and
intensity [18—23], which can be traced back to decreased spreading of wave packets reported in
periodically-driven systems [24, 25]. Last but not least, the effects of periodic drives on transport
has recently become an active field of study, predicting non-trivial behaviour in more traditional
condensed matter settings [26—31].

However, much remains to be understood in transferring these ideas to the many-body domain.
The recent surge of activity in applying periodic drives to many body systems has spawned a new
branch of quantum physics known as “Floquet engineering" [32, 33], i.e., the synthetic generation
of novel Hamiltonians that are otherwise inaccessible in static condensed matter systems. For in-
stance, periodic modulations have been reported to change the critical properties of systems, by
either inducing critical points not present without the drive, or by inducing a controllable depen-

dence of the critical point on the drive parameters [34—38]. Concrete examples include the Dicke


https://www.youtube.com/watch?v=rwGAzy0noU0

Figure 1.1: The application of a high-frequency periodic perturbation to a static Hamiltonian, (a),
may lead to the emergence of an effective high-frequency Hamiltonian with renormalised parame-
ters (b). The purpose of this thesis is to discuss under which conditions this is possible, and what
types of effective Hamiltonians can be engineered in this way.

model [34], the Ising model [35], and the Haldane model [38-40]. Similarly, cold atom experi-
ments in ‘shaken’ optical lattices have progressed to realise phenomena such as dynamical local-
isation and stabilisation[41-47], artificial gauge fields [48-55], topological [38, 39, 56-59] and
spin-dependent [60] bands, topological pumps [61, 62], and spin-orbit coupling [63, 64]. These
ideas are not restricted to cold atoms, as evidenced by Floquet topological insulators [65] and pho-
tonic topological insulators [66—68], the latter effectively obeying the Schrodinger equation with
the additional spatial dimension playing the role of periodic time modulation. Future similar ex-
periments in this vein are expected to produce synthetic Hamiltonians realizing Laughlin states,
fractional topological insulators [69], and Weyl points [55, 70], realise quantum motors similar to
quantum ratchets [71, 72], as well as other systems hard to create statically. Rather surprisingly,
periodic driving protocols can also be important for non-driven systems, after a transformation to
a rotating frame, which typically results in the emergence of fast-oscillating terms in the Hamilto-
nian. Floquet systems also appear naturally in digital quantum computation schemes, where one
implements a continuous unitary evolution by effectively ‘trotterising’ it [73].

In the simplest case, one considers a single monochromatic driving protocol, characterised



by a coupling strength (driving amplitude), and a single frequency Q = 2n/T. The dynamics of
periodically driven systems can be highly complex even in few-body systems. Usually, it can be
analysed in the two extreme regimes of slow and fast driving. In the former regime, the system
almost adiabatically follows the instantaneous Hamiltonian. In the latter regime, where the driving
frequency is fast compared to the natural frequencies of the non-driven model, the system typically
feels an effective static potential, which can depend on the driving amplitude, c.f. Fig. 1.1. If one
deviates from either of these limits, one expects that sufficiently complex systems would heat up,
and eventually reach infinite temperature in the absence of a coupling to a heat bath. This has been
confirmed numerically and analytically in different setups [74—-80].

Away from the adiabatic limit, the analysis of periodically driven systems often relies on Flo-

quet’s theorem [81], which is very similar to Bloch’s theorem in quantum mechanics:

Theorem (Floquet, 1883). Let t — H(t), R — C"™" be a continuous matrix-valued function with
period T, i.e. H{t+T) = H(t). Further, let U(t) be the fundamental matrix of the first-order linear
differential equation id,y(t) = H(t)y(t). Then, U(t +T) is also a fundamental matrix. Moreover,
there exists a non-singular continuously differentiable matrix-valued function t — P(t), R — C"™*"

with period T, and a constant (possibly complex-valued') matrix Hr, such that U (t) = P(t)e "1,

Proof. Let us first check that U (¢ 4 T') is indeed a fundamental matrix. We have
iU(t+T)=iU(t+T)=H@t+T)U(t+T)=H(U(t+T),

which proves the assertion. Since both U(¢) and U (¢ + T') are fundamental matrices, they must be
related by a static linear transformation Ur € C"" via U(t 4+ T) = U(t)Up. By the existence of
the matrix logarithm, we can write Ur = exp(—iTHF). Setting P(t) = U (t) exp(itHF ), one readily

checks that

P(t+T) =U(t+T)e DI — y(1)Upe! D — U (1) Upe™r = P(t).

INote that, Floquet’s theorem does not require that the matrix H(z) be hermitian. This is important in the studies of
parametric resonance.



Figure 1.2: . Schematic representation of the parameter space of periodically driven systems. In
this thesis we consider setups in which the amplitude of the driving scales with the frequency,
i.e. A ~ Q. In the infinite-frequency limit we obtain a well-defined local Floquet Hamiltonian
which is qualitatively different from the time-averaged Hamiltonian. For example, in the case of
the Kapitza pendulum, the Floquet Hamiltonian allows for oscillations around the upright position,
a phenomenon known as dynamical stabilisation (see Sec. 3.1.1).

Thus, P(t) is periodic with period 7. Inverting the definition of P(z) above, we have U(t) =

P(t)exp(—itHp), which concludes the short proof of the theorem. O

In its most general form, Floquet theorem states that one can write the evolution operator

U (tp,11) from time 7, to time 7, as
U(tz, tl) _ efile(tz)efi(tl 7I2)I:Ip‘eik(t1) , (1 1)

where K(t) = K(¢ + T) is a periodic hermitian operator, and A is the time-independent Floquet
Hamiltonian. In fact, the choices of the periodic operator K and the Floquet Hamiltonian Ay are
not unique, and there is some freedom in defining them. As we shall discuss in the next chapter,
different choices correspond to different gauges. There can be several convenient gauge choices,
depending on the details of the setup. Despite being equivalent, these gauge choices can lead to
different approximation schemes.

The evolution operator in Floquet systems simplifies if one observes the system stroboscopi-

cally, i.e. at times t, = t; + [T, where [T is the stroboscopic time measured in units of the driv-



ing period. In this case the operators K(r>) and K(¢;) are identical, and the full evolution op-
erator is equivalent to the evolution of the system generated by the static Hamiltonian Hp[t] =
exp[—iK (t;)|Hr exp[iK (11)].

In general, it is not possible to evaluate A and K(¢) explicitly, and one has to rely on approx-
imations [4, 9, 32, 82—-87]. Moreover, in macroscopic systems, there is no guarantee that Hr is a
local physical Hamiltonian. In fact, in the case of generic interacting systems, a local Hr might
not exist [78]. In such situations, the dynamics of the system can be completely chaotic and the
Floquet theorem is not particularly useful.

An important limit, where the Floquet Hamiltonian can be defined at least perturbatively, corre-
sponds to the fast driving regime, in which the driving frequency is larger than any natural energy
scale in the problem. Then the driving does not couple resonantly to the slow degrees of free-
dom, but rather results in renormalisation and dressing of the low-energy Hamiltonian. In many
instances the Floquet Hamiltonian in the high-frequency limit is simply the time-averaged Hamil-

tonian, L [[ H (t)dt. But there are important exceptions, in which the Floquet Hamiltonian is not

> T Jo
given by % fOTH (¢)dt, even in the infinite-frequency limit. These situations are of particular in-
terest since the system can display interesting and counterintuitive behaviour, such as dynamical
stabilisation, as it happens in the Kapitza pendulum [7]. Such situations naturally occur, for in-
stance, when the amplitude of the driving is proportional to a power of the driving frequency,
c.f. Fig. 1.2. This was the case in the recent experimental realisation of the Harper-Hofstadter
Hamiltonian [52, 53, 57, 88], and the Haldane Chern insulator [38]? using cold atoms. A general
understanding of such nontrivial limits is the main purpose of the present work.

Of course, in real systems the infinite-frequency limit is a mathematical abstraction. Typically,
as one increases the driving frequency, new degrees of freedom can enter the game. Examples
include internal molecular or atomic resonances in solid state systems or intra-band transitions

in cold atom systems confined in optical lattices. Thus, one always deals with finite driving fre-

quencies, which could still be larger than any natural frequency of the non-driven system. In such

ZWe note that the key equilibrium property of topological states, namely robustness against various small perturba-
tions, is not guaranteed to always hold true due to generic heating in ergodic driven systems [77-79].



situations, the infinite-frequency limit of the Floquet Hamiltonian can be a good reference point,
but finite-frequency corrections can still be significant. For this reason, here we discuss both the
infinite-frequency limit of various model Hamiltonians, and the leading Q~'—corrections [89].

The main purpose of this thesis is three-fold: first and foremost — to discuss different generic
scenarios, where one can engineer non-trivial Floquet Hamiltonians in the high-frequency limit.
Second, once a protocol has been found to realise a desired Floquet Hamiltonian, we address the
problem of preparing the desired Floquet state out of the initial state of the original non-driven
Hamiltonian by deriving Floquet adiabatic perturbation theory. Last, we discuss thermalisation in
closed driven systems focussing on the stability of the states w.r.t. to indefinite energy absorption.

While these high-frequency scenarios are not exhaustive, they cover a large class of driving
protocols, and identify possible routes for finding new interesting Floquet systems. We shall re-
fer to the different classes of driving protocols corresponding to these scenarios as (i) Kapitza
class: the Hamiltonian is quadratic in momentum, and the driving potential couples only to the
coordinates of the particles (either as an external potential or through the interaction term). (ii)
Dirac class: same as the Kapitza class but for the system with relativistic linear dispersion such as
graphene. (iii) Dunlap-Kenkre class: the periodic drive couples to a single particle potential such as
a periodically driven external electric or magnetic field. In the Dunlap-Kenkre class the dispersion
relation between particles is not restricted. These classes are not mutually exclusive, e.g. there is
a clear overlap between the Kapitza class and the Dunlap-Kenkre class if one drives a system of
non-relativistic particles by an external field, and a similar overlap exists between the Dirac class
and the Dunlap-Kenkre class for particles with a relativistic dispersion.

We shall argue that, in models belonging to these three classes, the Floquet Hamiltonian has
a nontrivial high-frequency limit, which is different from the time-averaged Hamiltonian allowing
the systems to display new, qualitatively different features. These non-trivial limits can be used as
a tool to realise synthetic matter, i.e. matter with specific engineered properties. On the theoretical
side, we justify the existence of stable high-frequency fixed points in Q—space, whose physics is
governed by a well-defined effective (local) Hamiltonian. Although such fixed-point Hamiltonians

may never be accessible experimentally, they provide a good reference point in many realistic situ-



ations: later on, we study the adiabatic preparation of a desired target Floquet state in the presence
of strong periodic drives. Moreover, the corrections to this effective (Floquet) Hamiltonian, which
we also discuss in detail, allow one to estimate the finite-frequency effects for particular setups,
and find the regimes where these corrections are negligible. We stress that these non-trivial limits
exist even for driven ergodic interacting many-particle systems, though interactions often lead to
additional finite-frequency corrections to the effective Hamiltonian, which may ultimately result in
faster heating rates. This will lead us to the discussion of prethermalisation and thermalisation in

Floquet systems.

This thesis is organised as follows:

e In Chapter 2 we review some general properties of Floquet theory. Section 2.1 introduces
the stroboscopic Floquet Hamiltonian and Kick operator, and the associated concept of the
Floquet gauge, followed by the more general notion of the non-stroboscopic Floquet Hamil-
tonian and non-stroboscopic Kick operator. We illustrate these concepts using an exactly
solvable model of a two-level system in a circularly polarised periodic drive. After that,
we introduce the concept of the Floquet non-stroboscopic (FNS) and Floquet stroboscopic
(FS) dynamics, and compare them. In particular, we explain how Floquet theory extends to
systems where the initial phase of the drive and/or the measurement time fluctuate within
the driving period. In Section 2.2 we briefly review the Floquet-Magnus inverse-frequency
expansion for the stroboscopic Floquet Hamiltonian and the related but not equivalent van
Vleck expansion for the effective Floquet Hamiltonian. We present the discussion both in
the laboratory (lab) and in the rotating (rot) frames. At the end of this chapter, we briefly

comment on the convergence properties of the inverse-frequency expansion.

e Chapter 3 is devoted to Floquet engineering. We begin by defining three universal high-
frequency limits of periodically-driven systems: (i) in Section 3.1.1 we define the Kapitza
driving class. We thoroughly analyse the prototypical example of dynamical stabilisation -

the Kapitza pendulum. We derive the leading corrections to the infinite-frequency Hamil-



tonian as well as the dressed observables and the dressed density matrix appearing in FNS
dynamics. At the end of this section we discuss higher-dimensional and many-body gen-
eralisations of the Kapitza model. (ii) in Section 3.1.2 we define and study the Dirac class,
which describes relativistic systems with a linear dispersion. We derive the infinite-frequency
Hamiltonian and describe some interesting effects, such as a dynamically generated spin-
orbit coupling. (iii) in Section 3.1.3, we define the Dunlap-Kenkre driving class, which
includes periodically driven tight-binding models. We begin by studying the shaken bosonic
chain, and demonstrate the consequences of FS and FNS dynamics for different observables.
Afterwards, we derive the leading corrections to the Harper-Hofstadter Hamiltonian, and the
driven Fermi-Hubbard model relevant for Floquet topological insulators. Finally, we briefly
discuss some spin Hamiltonians which can be implemented in existing nuclear magnetic res-
onance setups. Still as part of Floquet engineering, we show the equivalence of the van Vleck
expansion and the Schrieffer-Wolff transformation in Section 3.2, which allows us to gener-
alise the latter to the non-equilibrium setup of Floquet systems. This includes a detailed study
on the application of Floquet theory to static and driven Hamiltonians with large separation
between energy levels. After discussing the toy model of a static two-level system, we show
that one can apply this expansion to derive the Heisenberg model out of the Fermi-Hubbard
model, as well as the Kondo model from the Anderson impurity model. In Sec. 3.3 we show
how one can derive the Rotating Wave Approximation (RWA) as the leading term in the
inverse-frequency expansion and explain how one can derive systematic corrections to the
RWA. We conclude this chapter with the discussion of the RWA and leading finite-frequency
corrections applied to the Rabi model, going beyond the Jaynes-Cummings Hamiltonian,
and show how ideas from the RWA can be used to extend the inverse-frequency expansion

to capture resonances.

In Chapter 4, we give a systematic review of the adiabatic theorem and the leading non-
adiabatic corrections in periodically-driven (Floquet) systems. These corrections have a two-

fold origin: (i) conventional ones originating from the gradually changing Floquet Hamilto-
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nian and (ii) corrections originating from changing the micro-motion operator. These cor-
rections conspire to give a Hall-type linear response for non-stroboscopic (time-averaged)
observables allowing one to measure the Berry curvature and the Chern number related to the
Floquet Hamiltonian, thus extending these concepts to periodically-driven many-body sys-
tems. The non-zero Floquet Chern number allows one to realize a Thouless energy pump,
where one can adiabatically add energy to the system in discrete units of the driving fre-
quency. We discuss the validity of Floquet Adiabatic Perturbation Theory (FAPT) using five
different models covering linear and non-linear few and many-particle systems. We argue
that in interacting systems, even in the stable high-frequency regimes, FAPT breaks down
at ultra slow ramp rates due to avoided crossings of photon resonances, not captured by the
inverse-frequency expansion, leading to a counter-intuitive stronger heating at slower ramp
rates. Nevertheless, large windows in the ramp rate are shown to exist for which the physics

of interacting driven systems is well captured by FAPT.

In Chapter 5 we study heating in periodically-driven systems. We begin by defining the con-
cept of prethermal Floquet states and quasi-conserved integrals of motion. We then move
on to study the main source of heating — resonances between states whose energy differ-
ence is close to an integer multiple of the driving frequency. In particular, by studying an
experiment-related ergodic spin chain, we show that the number and strength of these res-
onances determines the heating rates to an infinite-temperature state. We then study the
instabilities and Floquet steady states in the weakly-interacting Bose-Hubbard model at arbi-
trary drive strengths. A stability diagram is derived which features a stable prethermal phase
at large driving frequencies, and a parametrically unstable phase at frequencies close to the
single-particle bandwidth where the system starts heating up strongly immediately after the

drive is turned on.

In Chapter 6 we give the summary of the current standing of this fascinating field with an

outlook to some important open problems in closed Floquet systems.



Chapter 2
Floquet Theory from a Modern Perspective

In this chapter we review Floquet’s Theorem [81] and study its implications. We shall use the
language of quantum mechanics but, as it becomes apparent later on in the Sec. 2.2, all results have

a well-defined classical limit. Therefore, unless otherwise stated, we shall work in units of 7 = 1.

2.1 Stroboscopic and Non-Stroboscopic Time Evolution

2.1.1 The Stroboscopic Floquet Hamiltonian and the Stroboscopic Kick Operator

Let us consider a dynamical process in which the Hamiltonian depends periodically on time,
e.g. through a periodically modulated coupling constant. This means that the evolution operator

defined as

153 . B
U(tr,t1) = T/ exp [—i/ H(f)df] ~ 1 e iH{T)(Ej+1-1)) 2.1

gl Jih<ti<n
is invariant under discrete translations in time (¢, ;) — (t; +I7T, t,+1T), where [ is an integer. The
factorisation (group) property of the evolution operator, U (f2,t1) = U (t2,t")U (', ;) for arbitrary ¢/,

implies that U (tg + 2T ,t0) = U(tg+ 2T, to+T)U (to +T,ty) = |U (to+ T, 19 2, which generalises to
p 9 9 9 } g

Ul(to+1T,10) = [U (1o + T, 10)]'. (22)
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Figure 2.1: Floquet gauge: the system evolves from time #; to time f. The stroboscopic frame
begins at time 7y which can be chosen to be anywhere within the first period [¢1,#; + T'). The choice
of the Floquet gauge, i.e. the choice of #y, in general affects the form of the stroboscopic Floquet
Hamiltonian H[ty] (see text).

It is convenient to formally define the evolution within one period as an evolution with the time-

independent stroboscopic Floquet Hamiltonian' H [to):

U(to+T,10) = exp[—iHF[to]T]. (2.3)

This representation is always possible because U (fy+ T, 1) is a unitary operator. The stroboscopic
Floquet Hamiltonian H [ty] defined in this way depends on the choice of the time #y which defines
the beginning of the stroboscopic driving frame. This is a gauge choice, and it is completely
arbitrary. To avoid confusion with general gauge transformations, related to the arbitrary choice of
basis, we shall term the gauge associated with the choice of 7y the Floguet gauge. Very often, one
chooses a particular Floquet gauge, in which the Floquet Hamiltonian assumes its simplest form.
This often happens when 1y is a symmetric point of the driving protocol. For example, if the driving
field is cos Qt, it is often convenient to choose ty = 0.

Figure. 2.1 suggests that for arbitrary times #; and #, the evolution operator can always be

'We use the word ‘Hamiltonian’ in a broad sense here; in general Hy can be a non-local hermitian operator.
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written as

U(tz,tl) = U(tz,l() —l—lT) exp [—iHF[lo]lT] U(to,tl). 2.4)

The initial and final evolution operators U (fy,#1) and U (t2,10 + IT) effectively occur during small
intervals of time &f; = (f; —1tp) and Ot = (o — [T — tp) which can always be chosen such that
ot € [-T,0] and o, € [0,T]. The operators U (y,t;) and U (t2,1p + [T) are necessary to bring the
time from the initial point of the evolution #; to 7o, and from the last full period 7y + [T to the final
point of evolution #,. By construction U (ty,%y) = 1 and U (to + T,ty) = exp|—iHp|[to]T]. Now we

can easily rewrite Eq. (2.4) in the form of Floquet’s theorem [81] by doing a simple trick

U(tz,tl) :U(tz,t() + lT)eiHF[I()](sztoflT)efiHF[I()](sztoflT)efiHF[I()]IT %
« e*l.HF[10}(fO*tl)eiHF[fO](fO*tl)U(to’tl) — (2.5)

=P(ty, o)~ Hrlol=t) pt (¢ 1) = ¢~ Krliol(2) o= iHlrlt] (12 =11) giKr o] 11)

where we have defined the fast motion unitary operator P:
P(ty,10) = U(lz,l‘o)eiHF[tO](tz_[O) = e_iKF[to](tz), (2.6)

and the last equality defines the stroboscopic kick operator Kr|t](t) which depends explicitly on
the Floquet gauge #(. Note that, with the above definition, the operator P is periodic P(t, +IT,ty) =
P(ty,to+IT) = P(t2,1y) and, by construction, it also satisfies the property P(fg +IT,ty) = 1, for an
arbitrary integer /. This means that the stroboscopic kick operator reduces to zero at stroboscopic
times, i.e. Kp[to|(to+1T) = 0. From Eq. (2.6) it immediately follows that K [1y](z) = ilog[P(t,1))].

Floquet’s theorem can be simplified by choosing #; to coincide with either ¢, or #,, thus eliminat-
ing one of the two P—operators. However, this simplification can be somewhat deceptive, because
in these cases, the Floquet Hamiltonian is tied to the initial (final) times of the evolution, and its
definition continuously changes with one of those times. Since in experiments, especially in the
high-frequency limit, both the initial time and the final (measurement) time often fluctuate within

a period, it is more convenient to tie the Floquet Hamiltonian to some fixed Floquet gauge #y,
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independent of both #; and ;.

From Eqgs. (2.3) and (2.4) together with the factorisation property of the evolution operator it
becomes evident that the choice of 7y, defining the Floquet Hamiltonian, is indeed a gauge choice.
To see this explicitly, we write the evolution operator U (ty+IT,fy) in two different (but equivalent)
ways:

U(l‘() +IT, l‘o) = eiiHF[IO]ZT =yt (l‘() + 81‘0,l‘o)eiiHF[to+8tO]lTU(t0 + 62‘0,1‘0). 2.7

This is equivalent to the gauge transformation of the Floquet Hamiltonian

Hptoy+0ty] = Ul(ty+ dto,to)Hr [l‘o]UT(to + 010, 19),

= P(f()+6t0,t0)HF[IO]PT(tO+6l0,t()). (2.8)

As expected, this Floquet gauge is periodic and continuous, such that Hp[tg + T| = Hp|to].
Let us also point out that one can rewrite Floquet’s theorem in a differential form [10, 85, 90].

Indeed, on the one hand, for any Hamiltonian evolution one can write
i0,U (t2,11) = H(02)U (t2,11). (2.9)
On the other hand, using Eq. (2.5) we arrive at

i0,U(tr,1) = [id,P(ta,10)] e HFl0l2=10) p¥ (1) 1)

+P(ty,10)Hp [to]e " FI0I2=10) pT (1 1), (2.10)
Equating these two expressions, we find
Hr[to] = P’ (ta,10)H (12)P(t2,10) — iP" (t2,10) 01, P(12,10) (2.11)
or, equivalently,

H(l‘z) = P(lz,lo)HF [ZQ]P% (tz,lo) +1 [B,ZP(tz,to)] PT(Iz,to). (2.12)
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Equation (2.11) can be viewed as a statement of the existence of a periodic operator P(¢,%) such
that the RHS of this equation is time-independent. Very often, in the literature this equation is
used as a starting point to find the Floquet Hamiltonian iteratively [10, 82, 85, 90]. Due to the
gauge freedom associated with the choice of 7y, the solution of this equation is not unique, but all
solutions are gauge-equivalent. Another possible application of Eq. (2.12) is that it allows one to
do ‘reverse-engineering’. Once the Floquet Hamiltonian Hp[ty] and the periodic operator P(z,f)
with interesting properties are chosen, one can use Eq. (2.12) to determine which time-dependent

driving protocol H(t) needs to be experimentally implemented to realise those properties”.

2.1.2 The Non-Stroboscopic Floquet Hamiltonian and the Non-Stroboscopic Kick Operator

In the previous section, we showed that one can choose a family of stroboscopic Floquet Hamil-
tonians Hp [fy], each one of which exactly describes the evolution operator at stroboscopic times
U(to +IT,1y) = exp|—iHF[1o]IT]. As we discussed in Sec. 2.1.1, the choice of 7 is the Floquet
gauge choice, and different stroboscopic Floquet Hamiltonians are gauge equivalent. In other
words, by choosing one member of this family and applying to it the gauge transformation us-
ing the P—operator, one can obtain all other Floquet Hamiltonians from this family, c.f. Eq. (2.8).
On the other hand, since 7 is a gauge choice, all these Hamiltonians are gauge-equivalent to
each other; we thus denote a general Floquet Hamiltonian by Ay. Therefore, there exists a family

of Hermitian operators K (fo) which, following Ref. [32], we call kick operators, such that

Ay = K0 gy (1] e K W0), (2.13)
or equivalently
Hy[to] = e K0 . ¢iK (o), (2.14)

From now on we shall always reserve the hat to indicate some fixed Floquet Hamiltonian Ay and

the notation Hplfy] to indicate the stroboscopic Floquet Hamiltonian introduced in the previous

2The resulting drive protocols often appear too fine-tuned to be of any practical and fundamental advantage, though.
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section.
It becomes evident from Egs. (2.13) and (2.14) that the fixed kick operator and Floquet Hamil-

tonian are not completely independent: if S is any static, unitary transformation, then

elk) _ ¢ik'(00) . geik(0)  fy. H. .= SHS'

leaves Eq. (2.14) invariant. Usually, one uses the freedom in the definition of the kick operator
to obtain Ay in its simplest form. Developing separate inverse-frequency expansions for A and
the kick operator K(t) allows one to separate the Floquet-gauge independent terms, which fix
the Floquet Hamiltonian, from the Floquet-gauge dependent terms, which are all part of the kick
operator. The latter are also responsible for the effect of the Floquet gauge on the initial state and
the observables under consideration, as we emphasise later on throughout this thesis.

It is straightforward to find the relation between the kick operator K and the fast-motion oper-

ator P. Namely, substituting Eq. (2.14) into Eq. (2.8) we find

Hp [t() + Slo] = P(t() + Sl(),l‘o)HF [to]PT(lo + Slo,to)

= P(to + oy, l‘o)e_ik(m)ﬁp eik(h’)Ffr (lo + drg, t()) .
On the other hand, by construction
HF [t() + St()] _ e—ik(lo—i—Slo)IfIF eik(l‘o-‘rﬁl‘o) )

Since Oy is arbitrary, we see from these two equations that the kick operator and the fast-motion

operator are not independent:

P(t,10) = e KK (i) — g=iKrlo](r), (2.15)

Hence, similar to the fast-motion operator P, the kick operator K describes the dynamics of the

system within the driving period [32]. We thus stress that the stroboscopic kick operator Kr [f] ()
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is, in general, a different object from the fixed kick operator K(z). Using Eq. (2.15) and Eq. (2.13)

we can rewrite the evolution operator in Eq. (2.5) as

U(tz,tl) — efik(l‘z)eik(l‘o)efiHF[l‘()](l‘zftl)efi[%(to)eik(tl)

efif((tz)efiﬂ[:(tzftl)eik(tl)7 (216)

which is precisely the form of Floquet’s theorem introduced in Eq. (1.1).
By construction, the kick operator always carries a Floquet-gauge (i.e. tp) dependence, and it is

periodic in time: K(to+IT) = K(to). If K(to) satisfies the
stroboscopic (Floquet-Magnus) boundary condition : K(tg) =0, ty € [0,T), (2.17)

i.e. reduces to the zero operator 0 at some time £ then, following Eq. (2.13), Hr coincides with
the stroboscopic (Floquet-Magnus) Hamiltonian Hp [fy], and 7 fixes the Floquet gauge. Thus, in
the stroboscopic gauge, Hr = Hr [to] is indeed Floquet-gauge dependent. We not in passing that
it is this gauge to obtain Ay in numerical simulations. From Eq. (2.15) it also follows that if the
kick operator K (ty) vanishes for some particular value of 7, (and as a consequence Hy describes
stroboscopic dynamics) then the kick operator becomes identical to the stroboscopic kick operator,
i.e. K(t) = Krto](t), defined in the previous section.

However, if Eq. (2.17) is not satisfied, then A does not describe the stroboscopic evolution for
any choice of #y. This happens, for instance, for circularly-polarised drives. We should mention
here that there exists yet another particularly convenient choice of boundary condition for the kick
operator:

T
effective (van Vleck) boundary condition : / dtK(t) = 0. (2.18)
0

Adopting this gauge choice results in the non-stroboscopic Floquet Hamiltonian Hr = Heg, which
is typically termed the effective (or van Vleck) Hamiltonian [9, 10, 32, 86, 87], and the correspond-
ing Kick operator is commonly denoted as K () = Keg(t). For this gauge choice, one can show

that Hegr is manifestly 7p-independent and, consequently, K (#) carries all the dependence on the
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Floquet gauge fg.

Notice that the stroboscopic and non-stroboscopic boundary conditions are not necessarily mu-
tually exclusive; it can happen that both are satisfied simultaneously, e.g. when K (¢) ~ cos Qs and
to =t = T /4. In fact, they shall lead us to find two different variants of the inverse-frequency
expansion: the stroboscopic Floquet-Magnus expansion and the non-stroboscopic van Vleck ex-
pansion, see Sec. 2.2. In the next section, we discuss an example and calculate explicitly both the

stroboscopic Floquet Hamiltonian Hr [fy] and the effective Floquet Hamiltonian He.

2.1.3 A Case Study: Two-Level System in a Circularly Driven Magnetic Field

Let us illustrate the construction above using the simple example of a two-level system in a rotating
magnetic field:

H(t) = B,6°+B| (0" cos Qt + 6" sin€) . (2.19)

Not surprisingly this problem becomes time-independent after a transformation to a rotating frame
(such problems are part of the class of Floquet-integrable models). The evolution operator in the
original (lab) frame can be evaluated by first going to the rotating reference frame, where the
Hamiltonian is time-independent (and therefore the evolution is simple), and then transforming

back to the lab reference frame:
Ulta,t) = V(ta, 1) e HHl2=1) i1y 40y, (2.20)

where V (t,t9) = exp [—iSQ(t —19)] is the operator which transforms from the rotating frame into

the lab frame and the Hamiltonian in the rotating frame is:

H 1] = VI(t,00)Ht)V (t,10) — iV (t,10)V (1,10)

;. Q
= B,6°+B) (6" cosQty+ 0" sinQtp) — EGZ' (2.21)

Equation (2.20) for the evolution operator resembles the Floquet ansatz (2.5) with the only caveat

that the function V(z,#y) is periodic with twice the period of the driving. This is however not
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a problem since the correct periodicity can be easily restored by redefining the operator [91] V:
V(t,to) — V(t,to) = V(t,t0) exp[—iQt/2]. More importantly, the eigenvalues of H™[tg], %€,

where

Erot = \/(BZ - 9/2)2 +Bﬁv (2.22)

diverge in the high frequency limit, while naively one would expect that for Q — oo the Floquet
Hamiltonian reduces to the time-averaged Hamiltonian % fOT H (t)dt = B,c* whose energies do not
diverge as Q — oo,

Before showing how to resolve this issue, we mention that the discussion here is not limited
to two-level systems and the transformation to the rotating frame can be performed for any spin
using the operator V(¢) = exp[—iL-Qt], where L is the total angular momentum. Obviously,
doing a transformation to the rotating frame helps only, if the stationary part of the Hamiltonian
is rotationally invariant. Otherwise, Floquet’s theory tells us that Eq. (2.5) still applies but the
stroboscopic Floquet Hamiltonian Hp[to] is not directly related to the Hamiltonian in the rotating
reference frame.

In certain situations one can completely eliminate the time dependence of the lab-frame Hamil-
tonian, and find Hr [to] by performing two consecutive transformations in two rotating frames [92].
In general, however, Hr[tp] can only be written through an infinite series of transformations. In
Refs. [10, 82, 90] it was realised that the operator P can be interpreted as a quantum analogue of
the generating function of a canonical transformation, and Hr[tg] — as the Hamiltonian in the new
reference frame (see Eq. (2.11)). Therefore, Floquet’s theorem could be stated as follows. For any

4 in which the time evolution is

time-periodic Hamiltonian, there exists a unique’ reference frame
generated by a time-independent Hamiltonian. Unfortunately, in general, it is not possible to find
the transformation from the lab to this new reference frame explicitly.

We now show how to obtain the exact Floquet Hamiltonian and fast-motion operator P for this

3The uniqueness is guaranteed by the theorem of Picard-Lindeldf.

4Note that, while static gauge transformations result in a change of basis and all quantities, such as the energy,
remain unchanged, time-dependent gauge transformations result in a change of the reference frame and induce additional
Galilean terms which can alter the value of observables (e.g. the energy).
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problem. We start by noting the identity
exp (—iHp[10]2T) = U (to + 2T, 1y) = exp (—iH"'[10]2T ), (2.23)

from which it is clear that Hp[fo] and H™'[to] share the same eigenstates while their eigenvalues can

only differ by a shift £Q /2. We fix the Floquet energies € by requiring that they do not diverge

Q Q
€F = | &rot — 5 = Erot 1— 2¢ .
Tot

If S is a unitary matrix diagonalising H™[ty], such that SH™'[ty]S" = €,,,6% then it is clear that the

when Q — o0, i.e.:

stroboscopic Floquet Hamiltonian, which does not suffer from the infinite-frequency divergence, is

Q
Hr[to] = STerots = (1 — > Hmt[to]. (2.24)
28101

From Eq. (2.20), the Floquet ansatz in Eq. (2.5), and the relation between Hp[tg] and H™'[f] in
Eq. (2.23) it immediately follows that the fast-motion operator P is a composition of two rotations
in spin space:

Z Tot
P(1,10) = exp [—iiﬂ(t—to)} exp [—i%mg(z—m)} . (2.25)

Equations (2.24) and (2.25), together with Eqs. (2.21) and (2.22) provide the explicit solution for
the Floquet Hamiltonian and the fast-motion operator. Note that, as required, P is periodic with
period 7 = 21/Q, and reduces to the identity at stroboscopic times, i.e. P(fo +nT,f)) = 1. The
stroboscopic kick operator is K [to| (1) = ilog(P(t,1)).

Finally, as we explain in Sec. 2.1.2, there exists yet another natural choice for . It is equiva-

lent to choosing the effective Hamiltonian: Heg, where

Q z
Heff = E — &t | 07,

o0—T B, —Q/2 B
Keir(t) = —— (—0"sinQt +6"cosQ), cosoczzi/,sinoc:—ﬂ. (2.26)

2 €rot €rot
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This form of Keg(t) is valid for Q > 2B, 7. Note that in the high frequency limit, Q > 2B., with
our convention o — T as By — 0. One can check that the operator Kefi(19) is the generator of the
gauge transformation between Hr[to] and Hegr, (c.f. Eq. (2.14)), i.e. Hegr = e'Keft (t0) H [to]e ~Kert (o).
According to Eq. (1.1), in this representation (which we call the van Vleck picture) the evolution

operator reads
Ulty,1) = o~ iKett(12) g —iHeit (2 —11) g ikett (1) (2.27)

The effective Hamiltonian Heg is clearly non-stroboscopic because K(f) does not vanish at any
point in time. This is a general feature of the effective kick operator for circularly-polarised drives.

The analysis above can be extended to more complex rotating setups. However, finding the
properly folded Floquet Hamiltonian can, in general, be a formidable task, since it requires the
knowledge of the spectrum of H™![t], which may be quite complicated if the system is interacting.
In Sec. 2.2, we shall discuss how one can perturbatively construct Floquet Hamiltonians, which

have well-behaved infinite-frequency limits.

2.1.4 Stroboscopic versus Non-stroboscopic Dynamics

Following the discussion in Secs. 2.1.1 and 2.1.2, the evolution operator can be written as the
exponential of the Floquet Hamiltonian, sandwiched between two periodic unitary operators in

two equivalent ways, c.f. Eq. (2.16):

Ulta, 1)) = e K(0)g—iflr(tn=11) iR (1),

We now use this observation to find the expectation values of observables. To simplify the discus-
sion, we shall focus only on equal-time expectation values. The generalisation to nonequal-time

correlation functions is straightforward®.

>In fact, one can show that K.g(7) is not continuous at Q = 2B,, which is related to a topological phase transition,
see Sec. 4.3.4.1.

oWe focus on the representation of the evolution operator through the fixed kick operators K () and the Floquet
Hamiltonian Ar. The equivalent expressions in terms of K [to](t) and Hr[tg] (Ker(t) and Hegr) can be obtained by the
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Figure 2.2: Floquet stroboscopic (FS) vs. Floquet non-stroboscopic (FNS) evolution. (a) In the
FS scheme the driving is initialised at time fyp = 0 when the stroboscopic frame starts and the
measurement is performed after exactly / periods at time [7". (b) In the FNS scheme the driving
is initiated at time #;, the stroboscopic evolution begins at fy and the measurement is carried out at
time 7, within the (I + 1)-st driving period. In the FNS scheme, the initial density matrix and the
expectation values of the observables are obtained by averaging over ot; and z,.

Consider an observable O(t;) in the Heisenberg picture, where it explicitly depends on time.
Also, let us assume that initially (at time ¢1) the system is prepared in some state described by the

density matrix p, which in the Heisenberg picture remains time-independent. Then

(0(h)) = Tr(pU'(t2,11)OU(12,11)) (2.28)

— Tr <pe—iK(tl )ei[:]F(lz—ﬁ )ei[e(lz) Oe—ik(l‘z)e—iﬁl}r(lz—t} )eik(h))

- T (eik(tl)pefile(l‘l)eﬂ;’F(tz*tl)eik(l‘z)Oefile(tz)efilfllr(tzftl)) ‘

We see that the dynamics of the system is solely generated by the Floquet Hamiltonian if we

properly identify a new density matrix and a new observable as
ik(ﬁ)p e—ik(r.)’ 0 — ¢ik() g oK) (2.29)

Pp—¢€

The operators K(t;) and K(t,) can be viewed as time-dependent gauge transformations applied

to the initial density matrix (wave function) and the observable. The main difference with the

simple replacement K (¢) — Kr[to] () and Hr — Hrto] (K(t) — Kegi(t) and Hr — Hygr). Moreover, using Eq. (2.15), it
is immediate to transform all the expressions in the language of the fast motion operator P(¢,z).
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conventional gauge transformation is that the density matrix and the observable are transformed
differently unless r, —t; = [T . In Ref. [32] the generators of these transformations were termed the
initial and the final ‘kicks’. As we discussed, these operators are also periodic.

The simplest case, which is often discussed in the literature, is when the initial time #; coin-
cides with #y, and the final time is #, = #o + [T (see Fig. 2.2a). This condition defines the so-called
Floquet stroboscopic (FS) dynamics. In this setup, it is convenient to use the stroboscopic kick
operators Kr [fo](¢1) and Kr|fo](z2) which vanish identically at times #; and 1,, as defined above. As
a consequence, the operators p and O are not modified and the evolution is generated by the stro-
boscopic Hamiltonian Hr [fp]. Sometimes, analyzing such FS dynamics is sufficient for describing
the whole time evolution. This happens, for example, when the observable and the initial density
matrix do not change significantly within a period. The FS dynamics can also be described in terms
of the non-stroboscopic kick operator K (¢) and non-stroboscopic Floquet Hamiltonian Hy. Then
one has to include the effect of the kick operator K(zy) on the observables and the density matrix
[see Eq. (2.29)]. In this case, the gauge transformations for the density matrix and the observable
are identically given by the same operator K (fo), which is equivalent to the standard static global
gauge transformation.

Another common setup, which naturally occurs in experiments, emerges if the initial time of
the driving #; (which is equivalent to the driving phase) and the measurement time #, are random
variables which fluctuate independently. We call this scenario Floquet non-stroboscopic (FNS)
dynamics. In this case, one has to average the expectation value of O(r) over the intervals ot
and of, (c.f. Fig. 2.2b). From Eq. (2.29) it becomes clear that this averaging procedure affects
both the density matrix and the observable. One can also consider other schemes, where e.g. the
initial phase is deterministic but the measurement time is random, or conversely the initial phase
is random but the measurement is locked to the phase of the drive. We shall not consider such
situations but from our discussion it will become clear how one can find the appropriate density
matrix and the observable.

In order to obtain an accurate description of the FNS evolution, one needs to average the density



24

matrix and the operator in Eq. (2.29) with respect to the uncertainty in ¢; and #,:

p = ciknp eik(n), 0 = eik(e) 0 e-ik(), (2.30)
where the bar implies averaging over some, say Gaussian, distribution for #; ». Further, because
K(t) is a periodic operator, the averaging over #; and #, becomes equivalent to averaging over one
period if the width of the distribution becomes larger than the driving period. In the following, we
shall focus on this situation. Then the whole time evolution is effectively described by the quench
to the Floquet Hamiltonian starting from the dressed density matrix p instead of p and measuring
the dressed operator O instead of O. There is a certain care needed in precisely understanding
this statement. We assumed that #1, ; and ¢t = f, — #; are statistically independent variables, which
is clearly not the case. However, they become effectively independent when the total time ¢ is
much longer than the uncertainty in both #; and #,. Intuitively, one can understand this averaging
procedure using a time-scale separation argument. In the high-frequency limit, the periodic kick
operator K(t) is responsible for the fast dynamics, while the Floquet Hamiltonian Hr governs the
slow dynamics. Therefore when averaging over f; >, provided that t = 1, —#; is much larger than
the uncertainty in both 7; and #,, one can assume that the operator exp[—iHr (t, —t1)] in (2.29) is
practically unchanged and the averaging procedure only affects the observables and the density
matrix (see Eq. (2.30)). Finally, notice that, by construction, p does not depend on the initial
phase of the drive since it is averaged over a full cycle. Similarly O does not depend on the final
measurement time.

Note that, even if one starts from a pure state described by a wave function, in the FNS scheme,
averaging over #; typically generates a mixed state. In this sense, the original uncertainty in the
initial time #; plays a similar role to temperature since both broaden the initial density matrix.
Intuitively, the difference between p and p is determined by how much the density matrix changes
within one period. Similarly, the difference between O and O can be large or small, depending on
how much the observable changes within one period.

The dressed operators have some unusual properties. In particular, from the definition it be-
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comes clear that 02 (5)2, e.g. in the rotating spin example (6¥)2 = 1 # (6¥)2, c.f. Sec. 2.1.4.1.
Another example illustrating this property of dressed operators is discussed in detail in Sec. 3.1.1.4,
Eq. (3.24). We also observe that, in the high-frequency limit, the dressed operators satisfy the
Heisenberg equations of motion with the Floquet Hamiltonian. Indeed, let us consider the Heisen-
berg equation of motion for some operator O(¢). Using the Floquet ansatz (2.16) and ignoring the

kick operator at #; because it only dresses the density matrix, we obtain:

i9,0(1) = id, (e:l”9F<f—’1)ef"e 1) g~k <f>e—”9F(f—“>) 2.31)

— elf]}r(f-l‘]) [eik(l) Oe—iK(l)’FIF]e—iﬁF(t—tl) + ieiﬂp(l‘—ll)at (eik(l‘) Oe—ik(l)) e—iI:[F(l‘—I]).

We can average both sides of this equation over a period w.r.t. the time ¢ assuming, as before, that
it is independent of the total time interval t —¢#;. The last term in Eq. (2.32) vanishes, since the

average of a derivative of a periodic function is zero. As a result we find

A

i0;0 = id,0(t) = [O(t), HF). (2.32)
where we have defined the Heisenberg picture of the dressed operator

Oo(t) = eiﬂF([_tl)be—iﬂF(t—tl)

This equation is the Heisenberg equation of motion for the dressed operator. The first equality in
Eq. (2.32) is similar to the Hellmann-Feynman theorem, in which the average over the quantum
state plays a role analogous to the average over the period.

If O represents a conserved quantity, then we can define an associated current J o through
0;0(t)+V-Jp(t) =0. (2.33)

Averaging both sides of this equation over time and using Eq. (2.32), we see that the time average
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of the current operator must represent the dressed current J o governing the slow evolution of O:
0,0+V-Jo(t) =0, (2.34)

where

To =ik ], iR (2.35)

Thus, both in numerical simulations and in experiments, in order to measure the current associated
with the Floquet Hamiltonian one has to appropriately dress the current operator using the FNS av-
eraging. In contrast, the current evaluated at some fixed stroboscopic time t = [T will be a different
object, involving both information about the Floquet evolution governed by A, and an additional
contribution related to the derivatives of the kick operator (the last term in Eq. (2.32)). A similar
average over a period to FNS evolution arises naturally when one studies linear response in the
presence of the drive, see Chapter 4. We shall return to this issue as well as to general differences
between FS and FNS dynamics later on, when we discuss specific examples. In particular, we shall
show that, using stroboscopic measurements, one cannot obtain the current corresponding to the
Floquet Hamiltonian at any driving frequency whenever the latter contains a Floquet-engineered
gauge field. On the other hand, implementing the FNS scheme and averaging the expectation
values over the driving period, the Floquet current can be obtained in the high-frequency limit,
c.f. Sec. 3.1.3.2. Recently, it was proposed to detect the topological character of the ground state in
fermionic systems by measuring the magnetisation of a finite-size sample due to the chiral currents

flowing at the edges [93]. This proposal explicitly made use of the FNS measurement protocol.

2.1.4.1 Non-Stroboscopic Evolution in the Two-Level-System.

Let us briefly illustrate the implications of FNS evolution for the driven spin example of Sec. 2.1.3.

Consider first the stroboscopic Floquet Hamiltonian

Q
28rot

HF[O] = <1 - )Hrota Hio = [(BZ —,Q/Z)Gz—i—BHGx] ’
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' z HrOt
e K00 = exp (=i ) exp | —in—Qr ). (2.36)
2 280t

We discuss two representative initial states |y;) and |y;) defined by

i) =4 = pr=5(1=0). a) = = D)+11) = p = 5(1+0).

Then the corresponding dressed density matrices and dressed operators (the dressed Pauli matrices)

are found according to Eq. (2.30) to be:

G1[0] = ekrll()gre—iKrl0)(r) = —cosasinzg o'+ sinocsin2% o,
GLl0] = ekrgre KW =Sin2% o
G5[0] = eKrl0l()gie—Krl0l() = cos® o 6° 4 sinaicos 057, (2.37)
where
B,—Q/2 . B
o= ——"",sin0=—", &y =4/(B,—Q/2)2+B}
cos -~ , sin P \/ (B:—€Q/2)* +B|
and
R o,
plzi(l—cF[O]), P2=§(1+G§[O])

In the high frequency limit, > B;, B, we have o0~ T and the dressed operators are approximately
equal to the original operators 6{; [0] ~ o/. This is expected since the rapidly rotating magnetic field
averages to zero without having any significant effect on the spin operators. One can obtain non-
trivial dressed operators if B/ is kept constant as Q gets large and hence tana ~ —2B)/Q is
fixed. As we discuss in subsequent sections, this is precisely the key idea behind obtaining non-
trivial Floquet Hamiltonians, namely to scale the amplitude of the drive with the driving frequency.
Let us also point out that, in the low-frequency regime € < 2B, in the limit B — 0 we have
6%[0] — o and 6%.[0],6%[0] — 0. This result might look a bit counter-intuitive (a zero dressed
operator G}, [0] means that the outcome of any FNS measurement with any initial conditions of ¢*

will be zero), but one has to keep in mind that in the low-frequency regime there is no time scale
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separation. For example if Q < 2B_, then averaging over one period necessarily implies averaging
over many precession periods in a static magnetic field. Usually, the dressed operators are useful
in the high-frequency regime, if there is a clear time scale separation between the fast dynamics
governed by the kick operators and slow effective dynamic governed by the Floquet Hamiltonian.

Similarly, one can find the dressed spin operators and the density matrices in the effective

Hamiltonian picture (see Eq. (2.26). In this case we have

Q o—T :
Hpg=—|(1- €o0t0°, Keft(t) = —— (—0*sinQr + 6" cos Q1) , (2.38)
28rot 2
and the averaging over the period gives
o a
Gl =sin® —6%, Gy =sin’ =06, G4 = —coso o (2.39)

2 2

As expected, the effective Hamiltonian picture gives qualitatively similar asymptotic expressions
for the dressed operators as the stroboscopic Floquet picture in the high frequency limit (a0 — ),
where the dressed operators approach the bare operators. The main difference is that the effective
Hamiltonian picture, unlike the stroboscopic picture, preserves the rotational symmetry around z-
axes, while the stroboscopic Floquet picture breaks this symmetry. Thus the difference between
stroboscopic and effective Floquet descriptions is similar to the difference between Landau and
symmetric gauges for a particle in a magnetic field. Both gauges are completely equivalent. One
breaks the rotational symmetry, while the other preserves it. It might seem that the symmetric
(effective) gauge is more convenient, but the Floquet gauge also has its own advantages giving a
more intuitive picture of the spin dynamics in the lab frame. One can check that the kick operator

Ker(0) defines the gauge transformation between the two representations as (c.f. Eq. (2.13)):
HF [0] — e—iKeff(O)Heff eiKeff(O)’ 6}: [0} — e—iKeff(O)aéff eiKeff(O)

It is interesting to note that the dressed Pauli matrices no longer obey the commutation relations

[6',67] # 2ig; jkﬁk. Also it is straightforward to check that the dressed density matrices represent
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mixed states: p> # P, unless o = T.

2.2 Inverse Frequency Expansions

With very few exceptions, like uniform rotations or driven harmonic systems where the evolution
operator can be found exactly, it is impossible to obtain the Floquet Hamiltonian in a closed form.
Moreover, in situations where the periodic driving leads to chaotic dynamics at a single-particle
level [94, 95] or to heating to infinite temperatures for many-particle systems [77-80] local Floquet
Hamiltonians do not exist. An important limit, where one can define the Floquet Hamiltonian at
least perturbatively, corresponds to the situations of fast driving, where the driving frequency is
much faster than all natural energy scales of the system. For example, for a pendulum the driving
should be fast compared to the oscillation period, for particles in a periodic potential the driving
should be faster than the band width or a typical interaction scale. In such situations, the system
has a hard time absorbing energy from the drive, which results in virtual processes dressing the
low-energy Hamiltonian. With the high-frequency driving limit at the back of our mind, in this
section, we discuss three different, but equivalent inverse-frequency expansions developed to find

the effective low-energy Floquet Hamiltonian.

2.2.1 The Floquet-Magnus Expansion for the Stroboscopic Floquet Hamiltonian

A very efficient tool to compute the Floquet Hamiltonian in the high-frequency limit is the Floquet-
Magnus high-frequency expansion (FM HFE), which is a perturbative scheme in the driving period
T to compute Hp[fy]. We refer to Ref. [96] for a summary of other stroboscopic perturbative
methods to find Floquet Hamiltonians in the high-frequency limit. In general, given a model it is not
known how to predict whether the Floquet-Magnus expansion has a finite radius of convergence,
especially in the thermodynamic limit. It has recently been shown that the FM HFE is at least an
asymptotic series [97, 98], see Sec. 2.3. The issue of the convergence of the FM HFE is important
for understanding the behaviour of the system in the limit # — . However, if one is interested

in describing a finite-time evolution, then the short period expansion is well-behaved and the FM
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expansion can be safely used.
The evolution operator over a full driving cycle is, in general, given by the time-ordered expo-

nential of H(r):

T+t

U(T +10,10) = T exp <—;/t dtH(t)> — exp <_;HF[;0]T> ,

where we have used Floquet’s theorem (2.3). In this section we explicitly insert the factors of
to highlight that the limit 2 — 0 is well-defined, and the expansion applies both to quantum and
classical systems’. Taking the logarithm of both sides of the equation above and expanding the
exponents in a Taylor series (c.f. App. B), which is justified if the period is sufficiently short, one

can represent Hr [to] as [89]:

Hrlt) = HY +H o]+ HP 1] + ...,
Kelo)t) = K%o)(t) + KM [t0] (1) + K Jto) (1) + ... (2.40)

The Floquet-Magnus expansion can be uniquely obtained from the general expression in Eq. (2.16)
by imposing the boundary condition on the kick operator K¢ [fo](fo) = 0. The superindex ") means

that H 1(;") [to] is of order Q7" and similarly for the stroboscopic kick operator K é") [to] (¢)®. The first

TThere is an important caveat here: classical systems are often governed by non-linear equations of motion, while
Floquet’s theorem, strictly speaking, applies to linear problems only. It is an open question what is the correct regime of
validity, when one first quantises the system, then applies Floquet’s theory, and finally takes the classical limit 2 — O.

8We cautiously use the notation -+... to emphasise that the approximate Hamiltonian on the RHS of Eq. (2.40)
need not necessarily converge to the exact Floquet Hamiltonian. In fact, as we shall show later, all approximate Flo-
quet Hamiltonians (and thus kick operators) obtained using the inverse-frequency expansion in general miss Floquet
resonances, depending on the reference frame the expansion is applied in, see Chapters 4 and 5.
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few terms are given by
1 T+to
HY = / dtH(t) = Ho,

T+t
HF lo Z'Th/to dtl/ dl2 tl lz)]

(2.41)
H H_ IEQZ‘() H H l’th() H_ H )
mé:lg 7 (1H H_] — 0y, Fol 4 ¢ 0[]
(2) 1 T+t 151 153
H. | = ———— dr dr ds | [H(t H(t,),H(t 13
Pl = s [ o0 [ e [ (100, ). )+ (103
where we have expanded the time-periodic Hamiltonian in its Fourier harmonics as:
leZ
Similarly, the leading terms in the series for the stroboscopic kick operator are given by
Ky 0] (1) = 0.
(1) 1 t , , (1) tZQt zéQto (243)
K¢ [to](t):h/ ar' (1)~ H ) = Z H

0 Q7

Higher-order terms can be obtained directly, e.g. following Appendix B.1. The zeroth-order term
in the Floquet Hamiltonian is simply the time-averaged Hamiltonian while the zeroth-order stro-
boscopic kick operator is identically zero. Obviously both zeroth-order terms are Floquet-gauge
invariant, i.e. independent of #y. On the contrary, the corrections to the stroboscopic Hamiltonian
Hp [ty] and kick operator Kr[t](¢) depend on the Floquet gauge fy. This gauge dependence is not
always convenient especially for FNS dynamics. As we discussed in the previous section using the
circularly driven two-level system, fixing #; in the stroboscopic Floquet Hamiltonian is similar to
using the Landau gauge for a particle in a constant magnetic field, which explicitly breaks the U(1)
symmetry of the Hamiltonian (rotations around the magnetic field). In the Floquet Hamiltonian
this U(1) symmetry corresponds to the symmetry with respect to the phase shift of the drive and

is equivalent to the translations of f5. In many situations, it might be preferable to work with a
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Floquet Hamiltonian which does not break this U(1) symmetry. This can be achieved by doing a
different expansion for the effective Hamiltonian [9, 10, 32, 86, 87] which we discuss in Sec 2.2.2.

For classical systems, the equivalent FM HFE expansion can be obtained by substituting the
commutators between the operators with the Poisson brackets of the corresponding classical func-
tions: [-,-]/ih — {-,-}. It is interesting to note that there is no formal Floquet theorem for classical
non-linear systems. Nevertheless, there is a well-defined classical limit for the high frequency
expansion of the Floquet Hamiltonian. So if this expansion has a finite radius of convergence, ef-
fectively the result of Floquet theory applies to classical systems as well. For a numerical algorithm

to implement the Floquet-Magnus series, see Ref. [99].

2.2.2 The van Vleck Expansion for the Non-Stroboscopic Floquet Hamiltonian.

As mentioned in Sec. 2.1.2, it is possible to change basis and work with the manifestly Floquet-
gauge invariant effective Hamiltonian Heg and the kick operator Keg(#p). The latter carries all the
dependence on the Floquet gauge 7y, and describes the micromotion. This approach offers the ad-
vantage that the dependence on the Floquet gauge will not enter the inverse-frequency expansion
of H., and is enabled by the fact that the unitary change-of-basis transformation generated by
K.t (19) effectively re-organises the terms in the perturbative series expansions. Such an expansion
is provided by the van Vleck High-Frequency Expansion (vV HFE) for the effective Hamilto-
nian [9, 10, 32, 86, 87].

The vV HFE is obtained uniquely if we impose another boundary condition on the general kick
operator from Eq. (2.16): fOT drKes(t) = 0. This condition is non-stroboscopic in the sense that, in
general, there does not exist a time 7y for which Kf(#9) vanishes, see the circularly driven two-level
system in Sec. 2.1.3. In a similar fashion to the Magnus expansion, we can decompose the effective

Hamiltonian and the kick operator as
0 1 2
Har = Hy +HYy +HE + ...,

Kei(t) = KPO+KYO+KD @) +..., (2.44)
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where Hégc) ~Q " and Ké?f) (t) ~ Q7" Then, using the Fourier decomposition of the time-dependent

Hamiltonian H () in Eq. (2.42), one has [9, 32, 87] (see also Appendix B):

1 T
He(?f) = HO:T/O drH(t),

. 1 &1
HY = —Q;z[Hg,H,g]
1
_ zvm/ dtl/ dr» [( >modT} H(n), H(ba)],
@) H_;,[Hoy,Hy)| [H_p, [Hz/e,Hé]])
HY = + . (2.45)
ff h292 E;) ( 202 [/;j 300

The mod-function in the integral above should be understood in the sense that the expression given
by the function with dimensionless argument T = Qt: f(1) = 1 —1/m, T € [0,27] is 2x-periodic [87].

The expansion for the kick operator is given by [9, 32, 87]

(0)
Keff (t) = 0,
1 1 eiZQt 1 T+t f—t

!/

) mod T} . (2.46)

The relation between the stroboscopic and the effective (non-stroboscopic) Floquet Hamiltonian

and kick operator reads

! 0 0
Hrlto] = He(ff) +H(ff) —i ([Kéfg (t0)7He(ff):| + |:K<£ff) (fO)aHe(ff)D +0(Q7?)
1 N T,0 0
HI(’ )[IO] = He(ff) -1 |:Ke(ff) (IO)vHéff)} )
Kol = K () — K (1) (247)

Unlike the FM expansion, no closed form expression for the n-th order term is known to date.
Some higher-order terms in the vV HFE, including the third order, are calculated and tabulated in

Ref. [59].
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2.2.3 The Brillouin-Wigner Inverse-Frequency Expansion

A third alternative expansion was introduced in Ref. [59], based on Brillouin-Wigner perturbation
theory in the one-photon sector. Similar to the vV HFE, the Brillouin-Wigner high-frequency ex-
pansion (BW HFE) also produces a manifestly Floquet-gauge (i.e. fg) independent Floquet Hamil-
tonian Hpy . Like the FM HEFE, it has the advantage that it allows one to write down a closed-form
expression for the n-th order term, which can facilitate numerical studies. It is interesting to note
that beyond the order of the approximation the BW expansion contains fictitious non-hermitian
terms. Nonetheless, due to the difference in the perturbation theory, the BW HFE might actually
have different convergence properties than the FM and the vV HFEs and can thus prove very use-
ful. Since we shall not make use of it throughout this thesis, we do not discuss it explicitly here;
instead, the interested reader is invited to consult Ref. [59], where the BW expansion is applied to
topological band models.

Whenever the parameters in the Hamiltonian do not scale with the driving frequency, the n-
th order term in all expansions is proportional to 7". Thus, the higher-order terms get more and
more suppressed as the period T — 0. It then follows that in the infinite-frequency limit all of
Hrto], Her and Hpy reduce to the time-averaged Hamiltonian, as one would intuitively expect.
As we shall discuss in the next Chapter in greater detail, very interesting non-trivial limits can
occur when some couplings in the Hamiltonian scale with frequency. In this case, terms in dif-
ferent orders in the above expansions can scale with the same power of the period 7. Then in the
infinite-frequency limit, one can obtain nontrivial Floquet Hamiltonians, quite different from the
time-averaged Hamiltonian, as it is the case for the Kapitza pendulum. The FM, vV and BW expan-
sions help one identify both the leading and subleading terms in the driving period T for different
models. They also allow one to understand the required scaling behaviour of the driving amplitude
with frequency to obtain novel and interesting infinite-frequency limits. And finally, they can be
used to design protocols suitable for engineering synthetic Floquet Hamiltonians with prescribed
properties. In the next section, we discuss the differences and similarities between the FM and vV

expansions using an exactly-solvable model.



35

2.2.4 Floquet-Magnus vs. van Vleck Expansion: the Two-Level System in a Circularly Driven

Magnetic Field Revisited

Although the Floquet-Magnus expansion (FM HFE) and the van Vleck expansion (vV HFE) share
many common properties, they also possess some very distinctive features. In order to illustrate
them intuitively, we shall briefly revisit the exactly solvable model of a two-level system in a
circularly-polarised magnetic field, see Sec. 2.1.3.

We want to compare the exact expression for Hrlfo] and Hes to the approximate Hamiltoni-
ans H 1(V0+1+2)[ fo] and He(?fHH) obtained from the FM HFE and vV HFE, respectively, up to and

including order Q2. Using Eq. (2.41) we find:

Y = Bo
i
Hj(vl)[fo] = —Q[ HGZ+ZBHB (GxCOS(Qto)—l—Gysm(Qto))]
HOl = (2B}~ 48,82) (6" cos(@uo) + ' sin(Q1y)) — 4B B.o°
F 10 Q2 [ 0 0 |B:o" |-

Similarly, from Eq. (2.45) we derive:

HY =B.o", HYy = —§”GZ, H}) = —¢cz. (2.48)

One can check that these expansions are consistent with the corresponding ones obtained from

Egs. (2.24) and (2.26), respectively.

Let us compute the approximate spectra 8}(p0+1+2) and E(OHH) obtained by summing the FM
and vV HFE up to order Q2. The inverse-frequency expansions of S(OHH), ng 142) a5 well as

the exact Floquet spectrum € read:

2 2 22
01142 _ 4 [ _p BH BHB (H 4B\|BZ)
&F - taotr e Q3

B  BIB, 1
g0+ i( B+ 422 +0><>

+0(Q7),

Q Q2 Q3
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Bj  BiB, 4BjB:-B| L
er = | Bttt — +0(Q7). (2.49)

Clearly, the spectra of the approximated Hamiltonians agree to each other, and to the exact spectrum
up to order 2, i.e. within the validity of the approximation. They differ, however, starting from
order Q3. This is not surprising since we have computed H 1(D0+1+2) [fo] and He(?fﬂﬂ) to order Q2
and, therefore, all terms in the spectrum to higher order should be considered spurious. If we
include the Q3—correction in both expansions, the spectra will agree to order Q3 and disagree
starting from order Q~*. Other quantities, which are invariant under a change of basis, are expected
to display similar behaviour.

For generic models (but not this one), it is possible that the spectrum of the approximated Flo-
quet Hamiltonian contains #y (or driving phase-dependent) corrections. However these corrections
always appear beyond the order of the validity of the approximation and should not be taken into
consideration [87].

Equivalence of the two descriptions. Within this example it is easy to understand the differ-
ence between the stroboscopic Hp[tg] and the effective Hesr Hamiltonian. For simplicity, let us
approximate both Hamiltonians to order Q. In the stroboscopic Hamiltonian the Floquet-gauge
dependent term represents a small magnetic field of magnitude —2B B, /€, confined to the xy-
plane. Its direction with respect to the x-axis is determined by the angle ¢ = Q, i.e. it explicitly
depends on the Floquet gauge. In particular, for #y = 0, it points along the x-axis (see Fig. 2.3).
On the contrary, such a term is not present in Hefr, Which is explicitly fp-independent. Instead,
the gauge dependence is encoded in the kick operator K(7), which defines the direction of the
instantaneous magnetic field, c.f. Fig. 2.3.

For instance, if we are interested in stroboscopic dynamics with t; =#y =0 and t, =t +nT
(i.e. we initialise the system at r; = 0 and measure observables at the final time t, = nT), we can
either use the stroboscopic Floquet Hamiltonian, which contains a small x-magnetic field, or the
effective Hamiltonian, whose magnetic field is purely along the z-direction. However, in the latter

case one has to apply the kick operator Ke(fo) to both the initial state and the measured observ-
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Figure 2.3: Precession of the initial state (blue) around the effective magnetic field (red) B de-

scribed by the Hamiltonian H, I(DOH) [0] = (B, — Bﬁ /Q)c* — (2B B, /Q)c". The non-primed coordi-

nate frame is the lab-frame, where the dynamics is described by Kr[0](¢) and Hr[0]. The primed
coordinates correspond to the frame where the dynamics is governed by Kefr(f) and Hegr. The trans-
formation between the two is given by the initial kick K.(0). This image assumes that the Floquet
gauge is #p = 0, so that Ke(0) is the generator of rotations along the y-axis, c.f. Eq. (2.26).

ables. This kick operator transforms the initial state and the observables into the new coordinate
system (see Fig. 2.3). Similar considerations apply to FNS evolution where the stroboscopic and
effective descriptions are completely equivalent.

Whenever one is interested in stroboscopic dynamics only, the FM HFE can be preferable to the
vV HFE, as one needs to calculate only the stroboscopic Floquet Hamiltonian Hr [ty]. Conversely,
in the vV picture, one has to compute both the effective Hamiltonian H.g and the effective kick
operator K (¢). If one is interested in FNS dynamics, or in the spectral properties of the Floquet
Hamiltonian, then the effective description offers an advantage, since it gives a Hamiltonian which
does not contain terms that depend on the Floquet gauge, i.e. the phase of the drive. One has to
keep in mind, though, that it is crucial to use the properly dressed operators and the dressed initial

density matrix in both the stroboscopic and effective description for FNS evolution.
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2.2.5 The Inverse Frequency Expansion in the Rotating Frame

In some cases, for example when the driving amplitude scales with frequency, one is confronted
with the problem of re-summing an infinite sub-series in the FM (vV) HFE to obtain the proper
infinite-frequency stroboscopic (effective) Hamiltonian. For example, let us imagine the simplest
protocol

H(t) = Ho+ QA1) H, (2.50)

where A(7) is a periodic function with zero mean, whose period is 7. To emphasise that the am-
plitude of the driving protocol is proportional to the driving frequency € we made this explicit in
Eq. (2.50). Using Eq. (2.41) we infer that the n-th order term in the inverse-frequency expansion
involves a nested commutator containing n 4 1 terms (e.g. H z(V]) [fo] has a commutator containing
the Hamiltonian H (¢) twice, Hl(pz) [fo] has a nested commutator containing H(¢) three times, etc.).
It then becomes clear that the terms in the n-th order of the expansion containing once Hy and
n-times H; are all independent of the driving frequency, since the power-law divergence with Q
is precisely cancelled by the Q-dependent factor coming from the measure when the time-ordered
integral is made dimensionless. On the other hand, the other terms, which contain Hy more than
once are subleading and vanish in the limit 7 — 0 (Q — o). This may look like a special case,
but it is precisely the setup necessary to obtain interesting and counter-intuitive behaviour in the
high-frequency limit.

One can significantly simplify the analysis if the Hamiltonian can be written in the form (2.50)
or more generally as

H(l) :H()—‘r.Q.Z}\,j(l)Hj,
=1

where A (1) are periodic functions with the same common period and Hj, j = 1,...n, are mutually
commuting terms (but not commuting with Hp). Notice that since the driving amplitude scales
with the driving frequency, it is not immediately clear what the infinite-frequency limit is. In such

situations, it is convenient to first make a transformation into a rotating frame (rot frame). Focusing
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on the Hamiltonian (2.50) we define the rotation operator as
t
V(t) =exp [—iQ/ l(t’)dt/Hl] =exp|[—iF(t)Hi],) (2.51)
fo

where F(t) = f[f) QA(#")dr" only depends on the driving frequency via its the time-periodic argu-
ment. As before, the choice of 7y is the Floquet gauge choice for the rotating frame. The transfor-
mation to the rot frame V (¢) explicitly depends on the choice #, and hence the 7y-dependent part of
it represents a Floquet gauge transformation. We adopt the convention that V (¢) transforms from
the rotating frame into the lab frame. Then the wave function, the density matrix and the operators

transform as

W (n) = Vin)lw(n)),
P () = Vin)p(m)V(n),

0°n) = Vi)on)V(s). (2.52)

The Hamiltonian in the rotating frame acquires an extra Galilean term due to the fact that the
transformation is time-dependent:
H™ (1) = V' (1) [Hy+ QA()H |V (t) — iV (£)0,V (1)
(2.53)
=V()HyV ().

Thus, the transformation to the rotating frame removes the oscillating term with a divergent ampli-
tude Hj, effectively replacing it by a Hamiltonian with a fast oscillating phase. Note that H™'(z) is
a periodic function of time if A(7) has a zero mean (if the mean is nonzero the rot frame Hamilto-
nian can be still periodic in special cases, e.g. when the spectrum of H is quantised in integers, as
will be the case for the realisation of the Harper-Hofstadter Hamiltonian discussed in Sec. 3.1.3.3,
or when we discuss the static and the dynamic Schrieffer-Wolff transformation in Sec. 3.2; alterna-
tively, one can always separate out the mean by re-defining Hy). If V¥ (¢)H,V (¢) is a local operator,

one can find the evolution in the rotating frame by applying the inverse frequency expansion. But
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unlike in the original lab frame, there are no more divergent terms in the transformed Hamilto-
nian. Hence, the infinite-frequency limit is simply determined by the time average of H™'(¢), and
the n-th order corrections in the inverse frequency are precisely given by the n-th order inverse-
frequency expansion in the rotating frame. Evaluating H™'(z) explicitly is only possible when V (¢)
is simple. This is the case, for example, when H is a single-particle operator. These are precisely
the situations, in which one can do a partial resummation of the FM (vV) HFE in the lab frame.
We note in passing that for F(—t) = F(t) the driving protocol in the rot frame is an even function
of time, and hence all odd-order corrections in the FM expansion in this symmetric gauge vanish
identically [89].

It is straightforward to find the relation between the Floquet Hamiltonians as well as the
kick operators in the original lab frame and the rot frame. Recall from general Floquet theory

(c.f. Eq. (2.5)) that in the lab and the rot frames the evolution operator reads as:

U(lz,tl) = e_ik(tz)e_lﬁF(tZ_fl)eik(tl)

Umt(lz,l‘l) _ e—il%“"(tz)e—ilfl;"‘(tz—tl)eikrO‘(tl)‘ (2.54)
On the other hand, the evolution operators in the two frames are related by
Ul(ta,t1) = V(02)U™ (12,11)V (11). (2.55)

Comparing the three expressions above and noting that V(¢) is periodic with period T by construc-

tion, we see that:
e k() _ V(t)e—ik“"(t) _ e—iF(t)Hle—ik“"(z), FIF _ ﬂ;ot’ (2.56)

where we used Eq. (2.51). The expression above allows one to transform the kick operator from
the lab to the rotating frame using the operator V (). We can calculate the expansions for the kick
operator and the Floquet Hamiltonian directly in the rotating frame by replacing H(t) — H™(¢) =

4l (t)HoV (¢) in Egs. (2.41), (2.43), (2.45) and (2.46). Using specific examples, we shall illustrate
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that a successful strategy for finding the Floquet Hamiltonian and the dressed operators is: i) to
first perform the transformation to the rotating frame w.r.t. the driving Hamiltonian in order to
remove the terms which diverge with the driving frequency, and ii) then use the inverse-frequency
expansion to find the stroboscopic (effective) Floquet Hamiltonian as well as the dressed operators.
Finally, iii), (if needed) we return back to the lab frame. Going to the rotating frame can offer
the same benefits for calculating dressed operators (including the density matrix) as for calculating
Floquet Hamiltonians. Namely, if the amplitude of the driving diverges with the frequency, going
to the rot frame and evaluating a simple time-average of the corresponding operator (or the density
matrix) is equivalent to a re-summation of an infinite sub-series for O in the lab frame. So both
for the Hamiltonian and for the dressed observables the FM and vV HFE are the proper Q!
expansions even if the driving amplitude scales with the driving frequency.

Let us also emphasise that the exact dressed operators and the exact dressed density matrix are
the same in the lab and in the rotating frames both in the stroboscopic (Floquet-Magnus) and the

non-stroboscopic (van Vleck) pictures:

prt=p, O = 0. (2.57)
Obviously, this is not ture in general for the bare operators and the bare density matrix

P (r) # p, O°Y(r) # O.

Equation (2.57) follows from an observation that V (¢) entering the new kick operator, Eq. (2.56),
exactly cancels the corresponding transformation of the operator O into the rotating frame (Eq. (2.52)).

As anticipated above, it is often convenient to compute the the dressed operators and dressed
density matrix in the rotating frame where the driving amplitude does not scale with the driving
frequency. The leading terms in Q! are given by

Aot 1 Td rot . 1 rot,(1) rot Q2
0~ = T/o t (0°(t) —i [K™D(r), 0°'(1)]) + O(Q?)
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T
ﬁrOt _ 7{/ dr (prot(t) —i [krot,(l)(t% prot(t)]) + O(Q—Z) (258)
0

where we recall that, by construction, K*() ~ Q1. If an observable commutes with the operator
H; to which the driving couples, then it is left unchanged by the transformation to the rotating
frame V (¢), i.e. the observable O™'(¢) is time-independent and equal to the observable in the lab
frame O™'(¢) = O'%. As a consequence, all time dependence in the integral comes from the kick
operator K (1)(1‘). If the kick operator has a zero average (as it is the case in the van Vleck picture,
RW(r) = Kéfl) (1), c.f. Eq. (2.46)), then the dressed observable does not have a Q~'—correction. A
similar reasoning applies to the density matrix, p™(¢). Notice, however, that the Q~!—corrections
are in general present if: i) the observables and/or the density matrix do not commute with Hj, or
ii) if one chooses the stroboscopic picture since, in this case, K(V(¢) = K}l) [to](¢) does not have a
zero average, c.f. Eq (2.43). We demonstrate this explicitly in Sec. 3.1.1.4 using the example of the
Kapitza pendulum.

Finally, the dressed observables in the FM and vV pictures are related by the transformation

Or[0] = e KOOy eKeri®) 5 [0] = e KO . eKerr(0), (2.59)
Expanding these equations to leading order in Q' and using Ké?f) =0, we find

—(1) . 1 —(0) —(1 . 1 —(0

Op Il = —i [k (0). Ot |, P ltol = —i [KL(10). R (2.60)

2.3 Convergence of the Inverse-Frequency Expansion: a Collection of Facts and

Ideas

The motivation and physical intuition behind the statements made below can be best understood
after the reader has become familiar with the models from the remainder of this thesis. Neverthe-
less, we do not consider this topic to deserve a special Chapter due to the heuristic character of
the majority of the arguments presented. Wherever references are made to specific concepts that

were not yet introduced, the reader is invited to consult the corresponding discussion later on in the
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thesis’.

Below, we summarise a collection of results about the convergence of the Floquet-Magnus
expansion (FM HFE). To present date, little is known about the convergence of the van Vleck
expansion (vV HFE) and the Brillouin-Wigner (BW HFE), which are related to the FM HFE by a
static, Q—dependent unitary transformation, see Sec. 2.2. Therefore, here we focus predominantly
on the convergence of the FM HFE. We would like to emphasise, though, that the statements we
make for the inverse-frequency expansion below likely hold true for any of the three variants.
There are arguments in the literature that in general the vV HFE and the BW HFE may have better
convergence properties than FM HFE for some problems since they are manifestly fp—invariant [59,

], but, to the best of our knowledge, there are no rigorous statements available to this date.

As we discussed throughout this thesis, the FM HFE is a very powerful tool to compute the
Floquet Hamiltonian in the high-frequency limit. However, as it often happens in physics, pertur-
bative expansions can be asymptotic, i.e. can have a zero radius of convergence. This does not
mean that these expansions are useless because they still can give very accurate predictions for the
behaviour of the system, e.g. for finite evolution times, but eventually such asymptotic expansions
inevitably break down.

It was long believed, in the context of the Floquet-Magnus expansion, that the question of
true vs. asymptotic convergence is ultimately related to the question of heating in the driven sys-
tem [33]. As we shall see below, in fact, the convergence of the expansion depends strongly on the
reference frame used to calculate the Floquet Hamiltonian, see Sec. 3.3.3.1 for an explicit example.
In particular, if the FM HFE converges in the original lab frame, then this implies that the Floquet
Hamiltonian is a local operator and, thus, the evolution of the system (up to the kick operators)
is stroboscopically governed by a local static Hamiltonian, whence the total energy of the system
is conserved. This is the situation for Floquet integrable systems, i.e. systems where quasienergy
conservation and energy conservation are equivalent for finite (though likely large enough) fre-

quencies. Namely, it can happen that the inverse-frequency expansion is convergent above some

9Doing a detour to a section or equation by clicking on the reference in colour, one can conveniently come back to
the original page and line by using the shortcut key for back in the corresponding pdf viewer. For instance in Preview
(Mac OS X), use “cmd + [ ".
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critical frequency, and divergent otherwise. If this scenario is realised in a generic many-body sys-
tem, this leads to a dynamical localisation transition [77] where the system does not absorb energy
from the external drive even in the infinite-time limit. Such an energy-space many-body localised
Floquet system is given by the Hamiltonian in Eq. (3.115) for { = 0'°, where the Floquet Hamilto-
nian at any frequency Q is given by the (ergodic) Fermi-Hubbard model with interaction strength
Q. On the other hand, a divergent HFE indicates that there exists no local Floquet Hamiltonian,
and the system heats up indefinitely ''. In Floquet non-integrable systems, heating is believed (yet
not proved!) to be generally present at infinite times and comes about through Floquet many-body
resonances, cf. Sec. 5.3. Interestingly, however, energy absorption at high frequencies is at least
exponentially suppressed [98, 100-102] in the thermodynamic limit, which can be explained using
the concept of quasi-conserved local integrals of motion, see Sec. 5.1.1.

Even in the situations, where the HFE formally diverges, heating remains slow at fast driving
frequencies [82, 98, 100—102]. Then the inverse-frequency expansion truncated to the first few or-
ders can accurately describe the transient dynamics of the system for many periods of oscillations.
In particular, in Ref. [82] it was shown that, for a dipolar-coupled periodically driven spin systems,
the magnetisation quickly approaches a quasi-stationary value predicted by the Magnus expansion
truncated at second order. Afterwards, at much longer times, the magnetisation decays to zero due
to slow heating processes which are not captured by the HFE. Therefore, in this context, an impor-
tant question is not whether the HFE expansion has a finite radius of convergence or only asymp-
totic, but whether there is a time-scale separation between interesting transient dynamics described
by the local Floquet Hamiltonian truncated to some low order, and heating phenomena at longer
times. While this issue is also not very well understood in general, there is sufficient evidence to
indicate that such a time scale separation always exists at high driving frequencies [97, 98, —

]. For this reason, in Secs. 3.1.3.3, 3.1.3.4 and 3.1.3.5, the approximate Floquet Hamiltonians
obtained by truncating the Floquet-Magnus and van Vleck expansions to order Q! are, at the very

least, expected to describe the transient dynamics and the relaxation to a quasi-steady state.

101t is currently an open problem whether this system heats up to an infinite temperature state at infinite times for large
finite Q > Jy and small { < 1.
'More precisely, there are initial states, from which the system heats up indefinitely.
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2.3.1 Systems with Bounded Hamiltonians

When the FM HEFE is applied to systems, described by a bounded Hamiltonian at each point of
time, it has well-behaved convergence properties. This is intimately related to the fact that for
these systems quasienergy conservation, which holds at any driving frequency, suddenly turns into
energy conservation above a fixed finite frequency. Such a critical frequency could, for instance,
be on the order of the single particle bandwidth in non-interacting many-body systems.

From a mathematical point of view, the convergence issue has been extensively investigated in
the literature, and a few different theorems are known (see Ref. [89] and references therein). In

particular, the Magnus expansion is guaranteed to converge to the Floquet Hamiltonian if:

T
/ dr |€max (1) — €min(7)| < & (2.61)
0

where €max (), €min(f) are the largest and smallest eigenvalues of the Hamiltonian H(z), and & is a
number of order one (i.e. independent of the system size L for many-body sytems).

The Magnus expansion can be rigorously shown to have a finite radius of convergence for
integrable systems, which can be factorised into uncoupled sectors, e.g. in momentum space. Then
the extensivity of the system is not important and the criterion (2.61) can be applied to each sector
independently. Such systems do not heat up indefinitely and, in the long-time limit, effectively

reach a steady state with respect to the Floquet Hamiltonian [103, 1.

2.3.1.1 Breakdown of the Inverse Frequency Expansion for Small Frequencies

Some conditions for the breakdown of the inverse-frequency expansion can easily be seen already
in two simple exactly solvable examples studied in this thesis. Here, we explicitly draw the reader’s
attention to this interesting fact, which should help building up their intuition.

Shaken Lattice—The first example is the shaken lattice from Sec. 3.1.3.1. Recall the special
role of the boundary condition in this problem: for PBC the model is mapped to a set of indepen-

dent periodically-driven harmonic oscillators. In this case, it is easy to calculate the exact Floquet
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Hamiltonian and kick operators at any Q. Furthermore, there is a perfect match with the ones
obtained from the vV HFE. Interestingly, however, the expansion is insensitive to the boundary
conditions, meaning that the vV HFE Floquet Hamiltonian (and Kick operator) are the same irre-
spective of this choice. On the other hand, it is easy to verify numerically, that the exact Floquet
Hamiltonian in the case of OBC and for frequencies smaller than the bandwidth of the non-driven
model is a more complicated object. The reason for this is that, in the absence of momentum con-
servation, what used to be states of well-defined ‘momentum’ (in the presence of PBC) are now
modes with finite transition matrix elements between each other. These matrix elements can then
be resonantly enhanced by the drive whenever the energy difference of to modes becomes close
enough to the drive frequency. As a result, the exact Floquet Hamiltonian becomes a non-local
hermitian operator, unlike the one obtained with the help of the vV HFE for any finite system
size!?. We conclude that, since the expansion misses these matrix elements, it cannot be conver-
gent. This is the simplest example to exhibit the decisive role of resonances for the convergence of
the inverse-frequency expansion.

Two-Level System in a Circular Drive—The second example is the exactly solvable two-level
system from Sec. 2.1.3. In Sec. 4.3.4.1 we show that this model features a non-equilibrium topo-
logical phase transition whenever the frequency is lowered below a critical value Q. = 2. Although
this is only a two-level system, this critical value is analogous to the bandwidth threshold discussed
above for the shaken lattice. Due to the topological character of the transition, it immediately
follows that the two phases are not continuously connected as a function of the drive frequency
which, in turn, indicates that the inverse-frequency expansion likely does not converge for Q < Q..
In fact, this same discontinuity is manifestly present in the exact expression for the exact effective
Kick operator'?. In the following, we explain more closely the special role of resonances for the

convergence of the expansion.

12The norm difference between the approximate and the exact Floquet Hamiltonians falls off as L~ as L — oo,
13This is intimately related to the mysterious prefactor o, — 7 in Eq. (2.26)
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2.3.1.2 Changing the Reference Frame Changes the Convergence Properties

While we are revisiting models studied throughout the thesis, let us also go back to briefly dis-
cuss the convergence properties of the expansion in the two-band non-interacting model from
Sec. 3.3.3.1, which is driven below the single-particle bandwidth, such that resonant processes
are allowed. In particular, recall Fig. 3.23 which shows a direct comparison of the lab-frame vV
HFE and the rot-frame one. Notice that, while resonances are missed in the lab frame, it is pos-
sible to capture their effect if the reference frame is chosen appropriately. Therefore, while in the
original lab frame the expansion is divergent (it misses the resonances), the latter does converge in
the special rotating frame discussed in Sec. 3.3.3.1, because the criterion (2.61) is satisfied there.
The fact that the lab-frame HFE does not capture the resonances has profound implications
about the convergence of the expansion as a whole. From the example above it immediately be-
comes clear that there is no chance for an expansion, which does not capture an important feature
like these Floquet resonances, to converge in general. What is more intriguing, though, is that the
convergence properties of the expansion apparently do depend on the reference frame used, while
the underlying stroboscopic physics described by the Floquet Hamiltonian obviously does not.
The situations described so far are, however, more delicate because in a non-interacting lattice
system the spectrum is bounded also from above and, in order to observe direct resonant transitions,
it is necessary for the driving frequency to be smaller than the single-particle energy scale Jy.
One might, therefore, suspect that convergence will be granted in the general non-interacting case,
if only the frequency Q >> Jy is greater than the single-particle energy scale. However, as we
demonstrate below using the example of the Kapitza pendulum, capturing the Floquet resonances

is a crucial prerequisite for the converge of all types of systems.

2.3.2 Systems with Unbounded Hamiltonians: the Role of Resonances

Whenever the instantaneous Hamiltonian H (z) of the system has an unbounded spectrum for some
time ¢ during the cycle, we shall refer to this driven system as unbounded. Unbounded Floquet

systems can generally be divided into two categories: continuum models (including single-particle)
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with unbounded kinetic energy, such as the Kapitza pendulum, and many-body lattice systems in
the thermodynamic limit. In the following, we discuss some ideas about the convergence properties

of the inverse-frequency expansion in these setups.

2.3.2.1 Single-Particle Systems: the Kapitza Pendulum Revisited

Let us now ask the more general question whether the vV HFE for the Kapitza pendulum converges
to the Floquet Hamiltonian in the regions away from the detrimental resonances. Recall that the
Kapitza pendulum was studied extensively in Sec. 3.1.1 with the help of the FM and the vV HFE,
as well as from the point of view of Floquet adiabatic perturbation theory, see Secs. 4.3.3 and 4.5.
Below, we follow the setup and notation introduced in these two sections.

The quantum Kapitza pendulum is conveniently studied in the angular momentum basis, where
it maps to a non-interacting lattice model in a harmonic potential with time-varying hopping ma-
trix element, see discussion in Sec 4.3.3. If we want to compare the behaviour of the exact Floquet
eigenstates and quasienergies to those of the vV HFE, as the drive strength A is gradually being
changed in the presence of the drive, we first need to make sure our results are independent of the
cut-off M in the number of states kept (recall that the number of positive angular momentum modes
kept to study the system numerically is given by 2M + 1, see Sec. 4.3.3 for a precise definition),
which is expected to affect the states at the top end of the spectrum. Usually, when one discusses a
cut-off dependence in static systems, one makes sure the results remain unchanged with increasing
the value of the cut-off itself. However, in Floquet systems a larger cut-off amounts to a larger
number of states, all folded within the same Floquet zone. Therefore, this procedure easily aggra-
vates any quasienergy plot, making it impenetrable for the naked eye. Unfortunately, there is no
straightforward algorithm to cut off the high-energy states of an exact Floquet spectrum obtained
numerically, since the latter always comes out folded. Thus, we follow a slightly different route:
we do the numerical calculation of the exact quasienergy spectrum both in the lab frame and in
the rotating frame. In the limit of sending the cut-off M — oo, both calculations trivially result in
the same Floquet spectrum. However, since the transformation to the rotating frame in Eq. (4.60)

couples differently to the cut-off dependent states, this allows us to immediately identify all cut-
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off dependencies upon comparing the two spectra. Figure 2.4 (a) shows the exact quasienergy
spectrum of the Kapitza pendulum for Q/®y = 20 obtained in the lab (blue dots) and the rotating
frame (green dots), while the Floquet ground state is shown in red. Let us fix a value of A, and
focus on a particular quasienergy level, which corresponds to a single dot in the plot. Then, if the
rot-frame and lab-frame data coincide, the quasienergy is identified as cut-off independent. It is
interesting to note that (i) for the Kapitza pendulum, all cut-off dependent states necessarily have
large physical energies, and are thus close to the top of the spectrum, and (ii), where present, the

cut-off dependence becomes more pronounced at larger driving amplitude A.
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Figure 2.4: (a) Comparison between the exact quasienergy spectrum of the Floquet Hamiltonians
obtained numerically using the lab frame Hamiltonian H(z) (blue dots) and the rot frame Hamil-
tonian H™'(r) (green dots) for a finite cutoff M = 30 for the quantum Kapitza pendulum. These
spectra coincide in the infinite cutoff limit but in general differ at a finite cutoff. Finding nearly but
not completely identical states allows us to numerically identify cutoff independent Floquet eigen-
states (see text for details). (b) Comparison between the exact Floquet quasienergy spectrum in the
rot frame (green dots) and the approximate spectrum of the vV HFE to order six (black dots). (c)
Spectrum of the vV HFE at different orders ngpg of the vV HFE. The approximate spectra (black
dots) are calculated for M = 100, but only the lowest 31 states are kept; hence all approximate spec-
tra are cut-of independent. In all panels the Floquet ground state is denoted in red. The Kapitza
pendulum parameters are mwo = 1, Ay = 2, and Q = 200.

Once we have identified the cut-off dependence in the exact Floquet spectrum, we have to do
so for the approximate spectrum obtained within the vV HFE. However, since the latter produces
an unfolded spectrum, this is easily done with standard methods: we first calculate the approximate
spectrum for a larger value of the cut-off Myp, and after diagonalisation we artificially keep only
a desired small number M of the energy states satisfying M < My, from the bottom of the approx-

imate spectrum. Finally, we make sure the chosen M states do not depend on the choice of My,.
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Figure 2.4b shows the quasienergy spectra of the exact Floquet Hamiltonian Hefr in the rot frame,
and the approximate one, H£§+]+m+6).

Note first that all states which are relatively flat as a function of A display a nice agreement.
Not surprisingly, these are the low-energy states, which are not resonantly coupled to the drive.
Second, the entire fan of states which bend down and cross the Floquet GS (red dots) in the exact
quasienergy spectrum is absent in the vV HFE spectrum. Moreover, this entire fan of exact Floquet
eigenstates is cut-off independent, as can be seen from Fig. 2.4a. These are precisely the states that
lead to the breakdown of Floquet adiabatic perturbation theory (FAPT), as discussed in Sec. 4.3.3.
This already hints towards a serious problem with the convergence of the vV HFE for this model,
although the mechanism behind it is expected to be fairly general. Figure 2.4c shows the cut-off
independent folded spectra of the vV HFE depending on the order of approximation nypg. Observe
how, while for the flat quasienergy levels with E < Q the convergence seems quite reasonable, the
high-energy levels with E 2 Q obviously diverge as we increase the order of the expansion. Note
that the frequency used, Q/my = 20, is already an order of magnitude larger than the single-particle
parameters, and the vV HFE was naively expected to converge for such frequencies.

In the following, we focus only on states which do not exhibit any cut-off dependence. To better
quantify the convergence of the vV HFE for such states to their exact Floquet counterparts, we de-
fine the log inverse participation ratio (log-IPR or collision entropy) of the approximate eigenstates

[v) of the vV HFE in the exact Floquet eigenbasis |n) as

R=—1ogY (pn)* . pu=|(nv)]? (2.62)

If an approximate state matches an exact Floquet state, then R = 0, while whenever R > 0 the log-
IPR measures the deviation between the two. We now focus on four representative approximate
states and calculate their participation ratios in the exact Floquet spectrum; these are the Floquet
ground state, a state with E 2 Q, and two high-energy states whose energy differ by approximately
Q. We label these four states by their physical energy E. Figure 2.5a shows the inverse participation

ratios of these states within the sixth order vV HFE with the inset confirming that the data used
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Figure 2.5: [Kapitza penduulm] Inverse participation ratio (log-IPR) of four distinguished approx-
imate states in the exact Floquet spectrum as a function of the amplitude AfA. Inset: system
size-dependence of the log-IPR for AfA =2. Q/mo = 30. (b) The dependence of the log-IPR on
the order of the vV HFE is negligible compared to the curvature of the curves for Q/my = 30. (c)
Frequency-dependence of the log-IPR as a function of A for nypg = 6. (d-f) same as (a) but for the
off-resonant frequencies Q/wy = 30.1, Q/my = 30.41 and Q/®y = 30.8, respectively. The model
parameters are m®y = 1, Ay = 2.

is cut-off independent. As expected from examining the quasienergy spectra discussed earlier, the
log-IPR increases with the physical energy. Interestingly, the participation ratios of the low-energy
states grow as R ~ A? for A — 0. Remarkably, R can exhibit a non-analytic behaviour at small A
for high-energy states. This can be explained as follows: whenever two states of the non-driven
model at A = 0 have energies close to resonance with the driving frequency, any weak coupling
strongly hybridises them, leading to the opening of a photon avoided crossing at infinitesimally
small A. This means that one would not be able to do a successful adiabatic ramp-up of the drive
initialising the system in one of these states, because if the ramp starts smoothly with a vanishing
velocity and acceleration in the region of A — 0, the system will immediately absorb energy due
to the avoided crossing at A — 0. In such cases, it is possible that quench-starting the drive will
produce less excess energy than slowly turning it up. However, this non-analytic behaviour is only

present when the drive frequency matches precisely the energy difference of two bare levels, as
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confirmed by Fig. 2.5(d-f) for frequencies close but not equal to the resonant one. This suggest
that the width of such resonances can indeed be very small for non-interacting systems with non-
dense spectrum. Figure 2.5b shows the inverse participation ratios as a function of the order in
the vV HFE. The results clearly suggest that the vV HFE does not converge to the exact Floquet
Hamiltonian. Interestingly, however, at fixed A the log-IPR curves of these states indeed seem
to converge, but it is not clear what the limit is and whether it carries a physical meaning. Last,
Fig. 2.5c displays the frequency-dependence of the log-IPR R. Unlike increasing the order in the
vV HFE, increasing Q reduces the participation ratio, as expected, since the vV HFE becomes
exact as Q — oo,

The results shown in this section put in doubt the convergence of the inverse-frequency expan-
sion to the exact Floquet Hamiltonian for single-particle systems with unbounded spectra. It has
become clear that the origin of divergence of the vV HFE can be traced back to the unbounded
spectrum due to the (angular) momentum operator p(%, which enables the appearance of photon
absorption crossings. Hence, if one further eliminates this unboundedness by going to yet an-
other rotating frame, which amounts to applying the generalised Schrieffer-Wolff transformation
(SWT) [105], see Sec. 3.2, the convergence properties of the expansion are expected to improve
significantly. The intuition behind is that this way of ‘folding’ the unbounded part of the spectrum
is equivalent to a re-summation of an infinite vV HFE subseries [33]. Hence, if the vV HFE is
divergent due to the presence of a non-analytic in 1/Q term in the exact Floquet Hamiltonian, this
re-summation circumvents the expansion of the non-analytic piece. There exists evidence that the
generalised SW transformation, unlike the bare vV HFE, captures these photon absorption avoided

crossings, as we discuss in detail in Sec. 3.3.3.1.

2.3.2.2 Many-Body Systems

While the result of Eq. (2.61) represents a sufficient criterion, it is not particularly useful for many-
particle systems. It only guarantees the convergence if the driving frequency scales with the system
size, while the relevant time scales, separating the fast and slow driving regimes, are in experiments

never extensive. This condition for the convergence of the Floquet-Magnus expansion is only
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sufficient. It does not give much insight into what happens at longer periods. Recently, a rigorous
theorem was proven, according to which the inverse-frequency expansion for generic interacting
spin and fermionic models is at least an asymptotic series [98, ]. In Refs. [101, ] it is
explicitly demonstrated that there exists an optimal order of the expansion, beyond which adding
more terms leads to larger and larger deviation of the stroboscopic evolution from the one produced
by the exact Floquet Hamiltonian.

In generic situations, where a local transformation to a constant Hamiltonian, as is the case
for the two-level system (see Sec. 2.1.3), does not exist, the situation with the convergence of the
expansion is not completely settled. In Refs. [74, 75, 77, ], a numerical evidence indicated
that for particular driving protocols in one-dimensional fermionic or spin chains, the radius of
convergence of the Floquet-Magnus expansion is finite even in the thermodynamic limit. In other
words, there exists a critical frequency Q* separating regimes of finite and infinite heating. At the
critical frequency a dynamical transition between these two regimes is conjectured, which can be
interpreted as a many-body localisation transition [107—-112] in energy space. This finding is also
consistent with previous numerical results obtained for periodically kicked spinless fermions in
one dimension [74, 75, ] equivalent to a periodically kicked XXZ spin chain. In these works
two qualitatively different regimes were found. In the first one the evolution is well described
by random matrices from the circular ensemble (see also Ref. [78]) strongly suggesting that the
FM HEFE is divergent, while in the other regime the system displays features consistent with the
expansion being convergent to a local Hamiltonian.

At the same time a numerical study of a different driving protocol in a spin chain indicated a
zero radius of convergence [78], i.e. Q* = oo in the thermodynamic limit. In Ref. [79], using the
Eigenstate Thermalisation Hypothesis, it was argued that an ergodic system with a local driving
term always heats up to infinite temperature in the thermodynamic limit, while the energy can stay
localised (and thus the FM HFE converges) if the system is in the many-body localised phase,
i.e. non-ergodic. In Ref. [114] it was shown that the FM HFE has zero radius of convergence for
a Kondo model if the driving frequency is smaller than the bandwidth of the conduction electrons,

though for faster driving the numerical results seem to indicate convergence of the expansion. There
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is no contradiction with Ref. [79] because in the Kondo model the conduction band electrons were
considered non-interacting (i.e. non-ergodic).
The periodic modulation in many-body systems generally falls into two categories: local and

global, which we discuss separately below.

2.3.2.2.1 Local Drive

As we have seen above, the convergence of the inverse-frequency expansion for locally-driven
many-body systems depends severely on the choice of reference frame. Such models are believed
to generally heat up to infinite temperature [79] which can intuitively be understood as follows: the
local drive injects energy only locally in real space. The absorbed energy then ‘diffuses’ into the
rest of the system increasing the total energy density to the maximum possible value which, for a
closed system in the absence of a heat bath, corresponds to an infinite-temperature state.

The fact that generic locally-driven many-body systems heat up suggests that the underlying
Floquet Hamiltonian is a non-local operator. Therefore, the inverse-frequency expansion in the lab
frame does not converge. Nevertheless, there exists a frame in which the FM HFE satisfies the
convergence criterion of Eq. 2.61.

We begin by defining the Hamiltonian for the system as
H(t)=Hy+AcosQt W (2.63)

where A is the drive amplitude, Hy models an ergodic Hamiltonian and W is a local operator,
i.e. [[W|lew~ O(L%) = O(1) and || - || is the supremum (maximum) norm. Note that ||H||.. ~ O(L)
is extensive in the system size, as expected.

To explicitly construct a reference frame where the expansion converges, we first change basis

to diagonalise the non-driven Hamiltonian S*HyS = diag({e$}):

H(t) =Y effo) (o +AcosQr ) Weglo)(B|+h.c. (2.64)
o ap
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where |ot) is a many-body state corresponding to the many-body energy €5, and Wop = (at|STWS|B).
Notice that, in those cases where W does not break the symmetries of Hy, we have absorbed the
diagonal elements Wy, in the definition of the energies €.

Since we are dealing with a periodically-driven problem at a finite frequency, quasienergy
conservation suggests that we should be looking for a folded Floquet Hamiltonian. Therefore, it is
convenient to artificially separate the spectrum of Hy into Floquet zones and write eg ol = e +1Q.
The integer [ enumerates the /-th Floquet zone. At this stage we remark that, although the choice
of the position of the zones might affect the convergence speed of the Floquet states corresponding
to the outermost (w.r.t. the zone boundaries) levels, convergence in general will be guaranteed by

Eq. (2.61). To see this, let us go to the rotating frame w.r.t. the commensurate parts /€.

H'(t) = Y &g |ou ) (o, 1] +Acos @t Y Y Wo . re ¥ 0, 1) (B, 1| + h.c. (2.65)
a,l a£p Ll

This transformation might seem trivial, but we have gained a lot from the point of view of conver-
gence. Notice that in the rot frame, we can write the Hamiltonian as H™(r) = H§* +W™!(z). More
importantly, || H!||.. < Q ~ O(L°) is now bounded by construction even though the spectrum of
Hy was not, and ||[W™4 ()| < A||W|| ~A x O(L?) is also bounded as the drive was assumed to be
local. Therefore, for a sufficiently small driving amplitude the above rot-frame Hamiltonian satis-
fies the convergence criterion (2.61). Note that we also tacitly assumed that A/Q is small: however,
this condition is not restrictive, since otherwise we can in the very beginning change frames to take
into account the large hybridisation effects due to the strong amplitude (see Sec. 2.2 and the models
discussed in Chapter 3), and then continue along the same lines.

Although the FM HFE converges in this reference frame, it is quite interesting to notice that
the corresponding approximate Floquet Hamiltonian is a highly non-local operator. To understand
how this comes about, note that even at the lowest level of the time-average, the drive cos(¢)
will constructively interfere with the oscillatory terms e =109 this results in finite off-diagonal

matrix elements that open up photon-absorption gaps in the folded spectrum of Hy. In the lab-frame

basis, however, the same off-diagonal matrix elements appear highly non-local. Last but not least,
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notice also by counting the number of Fourier harmonics, that the structure of the van Vleck (and
thus also the Floquet-Magnus and Brillouin-Wigner) expansion changes drastically due to these

i(l1-1")Q

new oscillatory terms, e~ , as anticipated for a frame with improved convergence properties.

2.3.2.2.2 Global Drive

The situation for a generic global drive is much more complicated. The change-of-frame proce-
dure from the previous section does not help much here because the drive operator |[W || ~ L is
extensive in the system size L. The arguments above are suggestive enough that the Floquet Hamil-
tonian for a generic system is a non-local operator and, by the same token, the lab-frame expansion
is expected to diverge. Whether one can find a frame, though, where convergence can be proven as
in the locally-driven example above, is an open question at the moment.

All that said, it bears mentioning that the inverse-frequency expansion can definitely be conver-
gent even in the thermodynamic limit, provided the time-dependent Hamiltonian can be mapped to
a static one, by going to some rotating frame. In Sec. 3.2 we discuss such situations in the context
of the Schrieffer-Wolff transformation (SWT) and show that in some cases the inverse-frequency

expansion reproduces the conventional static perturbation theory, which is known to converge.



Chapter 3

Floquet Engineering

3.1 Universal High-Frequency Limits of Periodically Driven Systems

We shall now move on to apply the formalism developed in Secs. 2.1 and 2.2 to specific examples.
In this section, we review various models, in which the Floquet Hamiltonian exhibits a non-trivial
high-frequency limit. By ‘non-trivial’ we mean not equal to the time-averaged lab-frame Hamil-
tonian. We shall also discuss leading corrections in the inverse driving frequency to the infinite-
frequency limit, which are important for experimental realisations. As we show below, the different
setups leading to non-trivial infinite-frequency Hamiltonians can be classified according to three
generic classes of driving protocols. While this classification might not be exhaustive, it covers
most of the examples known in the literature, and suggests possible routes for engineering new

Floquet Hamiltonians in various types of systems.

3.1.1 The Kapitza Class

Let us open the discussion analyzing the Kapitza class which comprises non-relativistic systems
with a quadratic in momentum kinetic energy, and arbitrary (but momentum-independent) interac-
tions. The driving protocol couples only to operators which depend on the coordinates. In other

words, the Hamiltonian should be of the form:

H(pj,x;) = Hiin({p;}) + Hi({x;}) + Qf () H1 ({;}), 3.1)
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where

N2
Hin({pj}) =} 57
m J J;l 2mj

and f(¢) is some periodic function of time with period 7' and zero mean. Note that the driving term
Hj can include both single particle external potentials and interactions. Hence, the Kapitza class
comprises the periodically driven nonlinear Schrédinger equation. It has been shown that when the
interaction strength in the Gross-Pitaevskii equation is shaken strongly and at a high frequency, it
is possible to stabilise the solitonic solution against critical collapse [115—119].

When we say that the Hamiltonian should be of the form (3.1), we imply that it should be
gauge-equivalent to this form. For instance, any time-dependent scalar potential can be absorbed
into a vector potential by choosing a different electromagnetic gauge, as it is well-known from
classical electromagnetism. While we do not explicitly consider here systems in the presence of
an orbital magnetic field, the Kapitza class can be extended to such situations as well. Such an
extension will simply result in a few additional terms in the infinite-frequency Hamiltonian and the
leading inverse frequency corrections. We made the prefactor Q = 2r/T explicit in Eq. (3.1) to
emphasise that, in order to get a non-trivial high-frequency limit, one needs to scale the driving
amplitude linearly with the frequency. This scaling guarantees that, when the driving becomes
infinitely fast, the system is still strongly perturbed, and its evolution cannot be described by the
time-averaged Hamiltonian at any frequency.

To derive the infinite-frequency Floquet Hamiltonian, we employ the inverse frequency expan-
sion in the lab frame up to second order. We give explicit expressions only for the stroboscopic
Hamiltonian Hr[t] obtained using the Floquet-Magnus expansion (FM HFE), Eq. (2.41). Similar
arguments apply for the effective Hamiltonian using the van Vleck expansion (vV HFE), Eq. (2.45).
Since, it is easier to work in the rotating frame, as we show in the next section, we shall discuss in

detail the comparison between the effective and stroboscopic pictures later on in the section.

2n
1
HO — o /dtH(‘c) = Hin + Hint, ©2)
0
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2n T 2n
a0 = e [ [ e, pie)—pte) = B [ -mse. 6
0 0 0
27 T1 T
H inaH 7H in
H®0] = _w / dr, / dr, / dts 2£(12) — f(T1) — f(13) (3.4)
0 0 0
21 T1 Ty
- WP fany [aes [an fesw) + s - 20 ),
0 0 0

where T; = Qf;. In order to keep the notation consistent, we drop the subindex g in the FM HFE
of the Floquet Hamiltonian in the lab frame: Hr[tg] = H[to] + H[tg] +- .. ., to contrast with the
proper inverse-frequency Magnus expansion Hr [ty] = H, I(VO) [to] + H }1) [to] + ..., defined in Sec. 2.2.
The difference between the two expansions is due to the non-trivial scaling of the driving amplitude
with frequency. For instance, H?) [0] contains both the term scaling as the first power of the inverse
frequency, and the term which survives the infinite-frequency limit. We reserve, the subindex ¢ in
H }") [to] for terms which scale strictly as Q™. The term H, 1(;") [to] can be viewed as a result of either
finite or infinite resummation of a lab-frame subseries.

It becomes clear that, for Q — oo, the first term in H®)[0] vanishes (it represents one of the
subleading Q! corrections) while the other term in H)[0] together with H(®) and H(1[0] give
the correct Floquet Hamiltonian in the infinite-frequency limit. The term H (! [0] in the lab-frame
FM expansion can always be set to zero by choosing an appropriate Floquet gauge #y, such that
the time-integral appearing in Eq. (3.3) vanishes. For example, if the protocol is symmetric around
the middle of the period: f(¢) = f(T —1t), say f(t) = cosQt, then this integral is identically zero.
One has to be cautious, though, that this may not be the case in other gauges. For instance, if
f(t) = sinQx, then the integral in Eq. (3.3) is non-zero, and one either has to shift the stroboscopic
point 7y to T /2, or deal with this term. Choosing the symmetric Floquet gauge, the time-ordered
integral in the last term in Eq. (3.4) is finite, and has a well-defined non-zero infinite-frequency

limit. Note that because the kinetic energy is quadratic in momentum this term depends only on
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the coordinates {x;}, and hence represents an additional external potential or an interaction. Indeed,

[[Hiin, H1], Hy] = — i 1 <%§I;>2,

j=1Mj
and thus, for symmetric driving protocols, the infinite-frequency limit of the Floquet Hamiltonian
reads as:

~mj \ Ox;

1 (0H\*
H}O):Hkm+Him+AZ( 1>, (3.5)
J

where

1
A= ] @) S @) -2 G
0<T3<T<T1 <27
The time integral here depends on the details of the periodic function f(t). For instance, if f(t) =

Acos(t) then A = A? /4. If the time average of f(t) is zero then one can show that

1

A= —
4r

2n T
/ A%(t)dt, where A(t) = / f(¥)dr. (3.7)
0 0

Let us argue that the asymptotic form of the Floquet Hamiltonian in the infinite-frequency limit
given by Eq. (3.5) for the Kapitza class is exact. In other words, there are no other terms in the
Floquet-Magnus expansion which survive as {2 — oo. From the structure of the expansion, it is clear
that the only non-vanishing terms in the n-th order contribution are those which contain n-times the
driving term Hj, and once the kinetic energy. Since the driving amplitude scales with frequency,
each extra time integral (giving an extra factor Q') will be precisely compensated for by the
corresponding factor coming from the driving amplitude. So the only terms which survive have
the structure of [[...[Hkin, H1],H1],...H;] multiplied by some dimensionless number. However,
because the kinetic energy is quadratic in momentum, all such terms containing more than two
commutators vanish identically. Hence, the only surviving terms beyond the second order must
contain the kinetic energy at least twice, so they are at least of order Q~!. Note that, in principle,

one can evaluate the Q! —corrections to H I(VO) in a similar way. But the general expressions become
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very involved so we shall rather show these corrections for a specific case of the Kapitza pendulum.
As we show below, it is much easier to derive these corrections going first to the rotating frame,

where there is a systematic and convenient way to count the powers of frequency.

3.1.1.1 The Kapitza Pendulum

We now illustrate how the infinite-frequency limit, the leading corrections, the Floquet-gauge free-
dom, and the dressing of the observables and the density matrix emerge for a specific setup of a
single Kapitza pendulum [5, 77]. At the end of the section, we shall briefly discuss many-particle
generalisations of the Kapitza pendulum.

The Kapitza pendulum is a rigid pendulum of length / in which the point of suspension is
being displaced periodically along the vertical direction according to the time-dependent protocol

yo = acosQt. We parametrize the problem in polar coordinates:
x=1sin0, y=(y—yo)+yo=1Icos®-+acosQ
where 0 is the angle measured from the downward direction, c.f. Fig. 3.1. The Lagrangian is

P (. 2aQ .
L= % (x2 +y2) +mgy = mT <92 + aT sin Q0 sine) +mlz(n(2) cos0 3.8)

with g = /g /1. In the last equality we have dropped all terms which are independent of  and 8,
since they have no physical meaning. Using the standard definitions for the canonical momentum

po = 0L/08 and the Hamiltonian H = pg® — L we arrive at [, 77]

= 57 (Po —mlaQsinsin Qs )2 — mI*@} cos 6. (3.9)
m

The shift in momentum can be removed by a standard gauge transformation in the Hamiltonian,

resulting in the scalar potential, which effectively modulates the internal frequency ®p, so that the
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Figure 3.1: The Kapitza pendulum. (a) The point of suspension of a rigid pendulum of mass m and
natural frequency Wy = \/gi/l is periodically modulated in the vertical direction with an amplitude
a and frequency Q. (b) In the high-frequency limit. the upper equilibrium at 8 = T becomes
dynamically stable and the system can oscillate around the inverted position.

Hamiltonian becomes equivalent to

_ Ds

Q
=57 —ml?cos® (co(2)+ achoth> . (3.10)

To simplify the notations we redefine mi> — m, aQ/l — A which produces the celebrated Kapitza
Hamiltonian
_ 7

H %—mcose(m%+kﬂcosﬂt). (3.11)

In this form the Kapitza Hamiltonian obviously belongs to the Kapitza class (hence its name). As
we discussed above, it has a well-defined infinite-frequency limit if we keep A fixed, i.e. scale the
driving amplitude linearly with frequency'. Formally one can obtain the Kapitza Hamiltonian by
directly modulating the coupling constant in the cosine potential (gravitational constant g in this
case). However, notice that the large frequency limit effectively corresponds to changing the sign

of this coupling, which is not always easy to achieve experimentally.

!t should be noted that it is the driving amplitude in the Hamiltonian (3.11) which scales linearly in frequency. The
shaking amplitude a scales inversely proportional to the frequency.
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The Floquet Hamiltonian in the infinite-frequency limit, Eq. (3.5), is

2 7\’2
HI(VO) :Hé?f) = 5—:1 —mmécosﬂ%—mj sin’ 6. 3.12)
When A > v/2wy the effective potential in Eq. (3.12) supports a stable local minimum at the in-
verted position 8 = 7. In the absence of the driving, the equilibrium position 8 = & is clearly
unstable. Therefore, by driving the pendulum, it is possible to change the stability of the upper

equilibrium. This phenomenon is known as dynamical stabilisation and it is widely used in many

areas of physics [120—123].

3.1.1.2 The Kapitza Hamiltonian in the Rotating Frame

In this section we demonstrate a simpler derivation of the infinite-frequency Floquet Hamiltonian
by going to a rotating frame. First we transform the Kapitza Hamiltonian (3.11) to the rotating

frame defined by the rotator

V() = exp(—iA(t)cos9)

Alr) = —m?»Q/ ,dt cos(Qr) = —mA sin(Qx). (3.13)
0

As everywhere else in this thesis, V (¢) is the transformation which goes from the rotating to the lab
frame. It is often (but not always) convenient to define the rotating frame such that V(0) = 1, so
that the initial states in the lab and the rotating frame are the same at ¢ = 0.

By construction, this transformation eliminates the divergence of the driving protocol with Q
in the infinite-frequency limit. Hence, as Q — oo, the Floquet Hamiltonian becomes effectively
equivalent to the time-averaged Hamiltonian in the rotating frame, as discussed in Sec. 2.2.5. In

this rotating frame, the transformed Hamiltonian is given by

H() = V() [p%mw%cose]V(t)

2m
P4 > A1) g AW
= %—mmocosﬂ—i-%sm G+ﬂ{sm6,pe}+, (3.14)
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where {-,-}, denotes the anti-commutator. Noticing that fOT drA(t) = 0 and fOT dtA%(t) =

m*\? /2, we find for the infinite-frequency Floquet-Hamiltonian:

HY =H) = é’i mmgcose+m7f sin” . (3.15)
This is exactly the Hamiltonian from Eq. (3.12), showing explicitly the equivalence of the Floquet
Hamiltonians in the lab and rotating frames.

The Floquet Hamiltonian (3.15) is consistent with the predictions based on classical mechanics
(see for example Landau and Lifshitz [7]). Usually the effective potential (i.e. the 6-dependent
terms in Eq. (3.15)) is obtained by splitting the degrees of freedom into fast and slow modes. One
eliminates the fast modes, and derives the effective potential for the slow modes. It then follows
that the effective potential is proportional to the time integral of the squared driving protocol [7],
i.e. o< fOT dt [f(¢)]*. However, according to Eq. (3.7), the effective potential is proportional to the
average of its time integral squared, i.e. o< fOT dt [A(2)]?, where A(t) = fot dr f(¢"). This makes no
difference for a simple cos Q¢ driving protocol, but will be important for more complex periodic
protocols, e.g. f(t) = cosQt + cos2Qr.

We showed in Sec. 2.2 that, in the infinite-frequency limit, the stroboscopic and effective
Hamiltonians coincide, i.e. H;O) = Hé?f), and the kick operators are equal to zero. One has to
keep in mind, though, that the bare observables in the rotating frame are in general different from
the bare observables in the lab frame, except for times at which V (¢) reduces to the identity oper-
ator. For this reason, the dressed observables in the lab frame are generally modified even in the

infinite-frequency limit (see Sec. 3.1.1.4).

3.1.1.3 Finite-Frequency Corrections

The inverse-frequency expansion allows one to identify leading finite-frequency corrections to the
stroboscopic (effective) Hamiltonian H I(:O) (Hé?f)). This can be done both in the lab frame and in
the rotating frame. However, going to the rotating frame makes the calculations much simpler

because, as we discussed, there the FM (vV) expansion coincides with the proper Q~'-expansion.
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In contrast, in the lab frame, terms from different order in the FM (vV) expansion can have the
same scaling with Q.

To see this explicitly, let us first identify all terms of order Q! appearing in the lab frame. To
avoid lengthy expressions, we only state the relevant commutators, which have to be multiplied
by the corresponding time integrals. Clearly, two-fold nested commutators appear in the second-
order Magnus expansion H?) [to], three-fold nested commutators appear in the third order, and so
on. However, each additional commutator comes with an extra Q™' suppression factor coming
from the time integral. It is straightforward to see that all the terms which scale as Q™! are those

containing twice the static Hamiltonian Hy

2
Hy = =2 — mwjcos®,
2m

and arbitrary many times the driving term
Hy(t) = —mAQ cos(Qt) cosO.
The relevant corrections are given by

[Hlv[HOaHl]]’
[H07 [Hh [HOvHIHL [H17 [HOv [H()?Hlmﬂ

[H\, [Ho, [H1, [Ho, Hhl]]], [H1, [H\, [Ho, [Ho, Hil]]]- (3.16)

These commutators are non-zero because Hy depends on the momentum p while H; depends on
the coordinate 0. Every time the commutator with H; is applied, the power of the momentum
operator is lowered by one. For example, for Hy ~ p?, we have [Hy,H;| ~ p, and [[Hy, H;],H;]
does not depend on p, i.e. it is a function of the coordinates alone and therefore commutes with
H,. It then immediately follows that all higher-order nested commutators, containing two Hy and
four or more times H, vanish identically. If we work in the symmetric Floquet-gauge #y = 0, the

driving protocol becomes symmetric w.r.t. the origin of the time axis, i.e. cos (Qf) = cos(—Qt).
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One can then show that all odd-order terms in the FM expansion vanish identically [89] and, thus,
only the second-order (first line in Eq. (3.16)) and the fourth-order (third line in Eq. (3.16)) terms
contribute.

While the evaluation of all these terms and the corresponding time integrals is in principle
possible, it is quite cumbersome and computationally heavy. Instead, it is much easier to get the

same Q! —correction in the rotating frame by simply evaluating the first order term

1

21 T1
(D1
o= o /0 ar, /O dty [H™ (1)), H™ (1))

where H™'(¢) is the Hamiltonian of Eq. (3.14) and, as before, T = Q. Likewise, one can use
Eq. (2.43) to find the stroboscopic kick operator. Then the calculation of H l(pl) [0] and K;Ot’(l) [0]()

becomes very simple and yields

(1) . 1 ;\‘ 2 2 2 ) }\'3 i 02
Hp'[0] = a [4m (pecose+2pecos9pe+cos@p9) — mgAsin 6—m700s951n 0],
t
K;Ot’(l)[()] (I) — /0 dtlHrot(t/) —HI(:O) [0]
1 2
= 5 (g(coth —1){sin6, pg}+ — m;» $in 2Q¢ sin® 9) . (3.17)

In parallel, we also give the first correction to the van Vleck effective Hamiltonian in the ro-
tating frame. According to the Eq. (2.45) this correction is given by Y, [Hy, H_¢]/¢Q where H; are
the Fourier harmonics of H™'(r) (see Eq. (3.14)). One can convince oneself that H; = H_; and,

therefore, the first order correction to the effective Hamiltonian vanishes:
1 _
H. =0. (3.18)

The difference between the Q~!—correction terms H, 1(;1) [0] and He(gf) means that the Q! terms in

the Floquet Hamiltonian only contribute to the Floquet spectrum starting from order Q2. Using
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Eq. (2.46) we find that the effective kick operator is given by:

" 1 (A A2
Ke(f)ft’(l)(t) =5 <2 cos (Qr) {sin®, pg}+ — mT sin (2Qr) sin’ 6) : (3.19)

Using Eq. (2.45) and (2.40) it is also straightforward to calculate higher-order corrections in the

rotating frame.

3.1.1.4 Dressed Observables and Dressed Density Matrix

Let us now derive the dressed operators and the dressed density matrix which are important to
analyse correctly the FNS dynamics of the system, c.f. Sec. 2.1.4. Again, all calculations can be
carried out both in the lab and the rotating frames, but we choose the latter for simplicity.

As before, we show the dressed density matrix and observables both in the stroboscopic (FM)
and the non-stroboscopic (vV) pictures, using the FM and the vV expansions, respectively. We
consider the following natural observables: sin®, sin? 0, pe, and p%, and explicitly consider the

initial state characterised by the Gaussian wave-function

1 _ sin? @
_ 402
(0wo) = (2n)1/4ﬁe 4 (3.20)
with the corresponding density matrix
1 sin?0; +sin’ 0,
01,0,) = — —_ . 3.21
Po(01,62) \/EGCXP( 102 (3.21)

We assume that the Gaussian state is well-localised around 6 = nT, i.e. the width o < 1. In the
rotating frame, the operators sin® and sin? © remain the same as in the lab frame, while the operators

pe and pg, as well as the off-diagonal elements of the density matrix acquire a time dependence:

sin@™'(t) = sin®,
sin?0™(t) = sin,

plé()t(t> — yf (t)peV(f) = po+A(t)sin6,
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P (t) = po-+A(t)*sin?0+A(){sin®, po}+,

prot(e1 ’ 92;2‘) — eiA(t)(cosel —cosez)po(el ’ 92) ) (3.22)

The rotator V (¢) and the function A(z) are defined in Eq. (3.13).

The definition of the dressed operators and density matrix are given by Egs. (2.30). To compute
the leading and the first subleading terms in Q! we use Eq. (2.58). In the infinite-frequency
limit, the dressed operators and density matrix are obtained from the corresponding time-averaged
quantities in the rotating frame (this is true both in the stroboscopic and the effective (vV) picture).
This implies that all operators, which are functions of 0 are unaffected, while those operators,

which depend on momentum beyond linear order, get dressed:

E— S 0 0
sin 9;9) =sin Ggf)f) =sin0, sin’ 6}) = sin’ Géff) =sin’0
3.23
©0) _ (0 =0 _ =0 _ 5 N G2

Dep’ =D eff) = Do, Dyp :P%eff =ppt+m ?Sinze.

The density matrix, being a function of both coordinates and momenta, also gets dressed. In

particular,

17,
/ /A1) (cos8i—cosba) g (g, @)
T Jo

= ]o(m?u(COSGl —COSGz))p()(G],GQ), (3.24)

p7(61,0,) = (6,,0,) =

where, fy is the zero-th Bessel function of the first kind. Note that the diagonal elements of po,
defining the probabilities of a particular value of 0, are not dressed in the infinite-frequency limit
(recall that %(0) = 1), while the off-diagonal elements, which determine the momentum distribu-
tion, get renormalised by the drive. To gain more intuition about this density matrix one can take a
partial Fourier transform which defines the Wigner function (dropping the subindices g and . for
simplicity):

W0 0.0 = 5 [ dep0-+2/2,0-E/2)em, (3.25)

If the width of the Wigner function, &, in Eq. (3.21) is small, the weight of the density matrix
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is largest for 8;,0, < 1 and we can approximate cos® ~ 1 —8?/2 in the expression above. This

immediately leads to:

e—9°/(20%)
(2n)3 /0
e ¥/
(2m

2 3

W(6,po) =~ / dEe87/(89%) 4 (mAOE)eiPo’

Q

2
j: / dEeE/(80%) g —mPI26E ipat

1 0’ 2p3o”
expl-— - —— o
1 +2m2\26202 262 1+2m2\206%0?
1 e I: sin’ 0 2 p%cz
X j— J—
75\/ 1+ 2m2\262sin> 0 202 142m2\262%sin’ 0

%

%

] . (3.26)

where we used 6 < 1, 8 < 1, and we have approximated the Bessel function for small arguments
by a Gaussian (recall the symmetry of the Bessel function, J(x) = J(—x)). In the last line, we
made use of the identity 0 ~ sin® for 8 < 1 to restore the periodicity in 6. As expected, the
dressed density matrix features a broadening of the momentum distribution. The new uncertainty
in momentum is

2

A
T +m2?<sin2 0), (3.27)

(pg) ~
which is consistent with Eq. (3.23) given that we relied on |8 < 1. Not surprisingly, the momen-
tum uncertainty given by the dressed density matrix is precisely the uncertainty of the dressed ;g
operator calculated with the original density matrix (see Eq. (3.23)).

Using Eq. (2.58) together with Egs. (3.19) and (3.22) it is immediate to compute the Q~'—

corrections to the dressed operators and the density matrix. We find that, in the non-stroboscopic

vV picture, all these corrections are zero:

——(1 ——540) _(1 —(1)

SN0y =0, sin’0g =0, Poyl =0, Py =0, Pl =0 (3.28)
This follows from the fact that the time integrals and/or the commutators in Eq. (2.58) vanish.
The corresponding corrections in the stroboscopic picture can either be computed ab initio us-
ing Eq. (2.58) together with Egs. (3.17) and (3.22), or by transforming the zeroth-order (in Q1

dressed observables/density matrix calculated above, from the effective to the stroboscopic picture
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using Eq. (2.60). The two approaches are equivalent and lead to:

é}‘) 0] = —27;2 sin20,
@;—1) 0] = —23' sin®6cos 9,
por 0] = 2};2{179,0086}+,
17%;1) 0] = 3; <{cosez,pg}+ + pgcosOpg — mA? cos 0 sin’ 9)
5?[0](91,92) = —Sll{k]o(mk(cosel —cosez))(;(cosel +¢0s6,)
(Sten s e )

+mA?(sin® 8} + sin” 0,) 7 (mA(cos 8 — cosHs)) }po(el ,02),

- _Z;{ <sinelae1 + ;C0591> p9(0,0,) + (1 2)}. (3.29)

3.1.1.5 Multi-Dimensional Generalisation of the Kapitza Pendulum

Last, let us discuss two generalisations of the Kapitza pendulum. First, we consider a single-particle
multi-dimensional generalisation. Namely, we analyse a particle of unit mass whose motion is
constrained to a d-dimensional hyper-surface embedded in a D-dimensional coordinate space. For
example, this can be a particle confined to a 2-dimensional sphere or other, more complicated
surface. Let this surface be parameterised by the coordinates r = (r;(01,...,84),...,rp(01,...,64))
with 01,...6, being local coordinates. Now, suppose we choose a preferred direction e; in R”, to

shake the entire hyper-surface periodically:
r(01,...,084) — r(61,...,04) +acos(Qr) e; =7r'(t). (3.30)
We follow steps similar to those in Eqgs. (3.8) — (3.11) and compute the Lagrangian:

L= 5"'/|2 —Upot = 5 (WZ—I—ZQasm (Q1) ;- i) — Upor,
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Figure 3.2: A system of coupled Kapitza pendula: a many-body representative of the Kapitza
class.
where U, is an unspecified external potential which only depends on the coordinate r and, similar
to Eq. (3.8), we have dropped the terms independent of r and #. Using the standard definitions for
the canonical momentum p = dL£/di and the Hamiltonian H = p - ¥ — L we arrive at

1 . 2 1 2 2
- (p —maQsin(Qr)e;)” + Upoy — - |P|” 4 Upot — maQ2~cos(Qt )e; - r

= ﬁ P> + Upot — mAQcos(Qt)e; - r

where in the second step we cast the vector potential as a scalar potential and made the identification
A = aQ) = const. Thus, we arrive at the conclusion that by shaking the surface at high frequency
and small amplitude (i.e. Q — o and A = const.) we effectively create a large time-dependent
“gravitational-like" potential along the shaking direction. This large effect has been achieved by
shaking the entire hypersurface, on which the particle is constrained to move, and could not have
been achieved by periodically driving any intrinsic model parameter (such as the gravity g), unless
one finds a way to scale the driving amplitude with Q. The Floquet Hamiltonian can be found from
Egs. (3.5) — (3.7). All finite-frequency corrections as well as the dressed operators can be found by

a simple extension of the corresponding results for the Kapitza pendulum.
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3.1.1.6 Multi-Particle Generalisation of the Kapitza Pendulum

As a last example we generalise the Kapitza pendulum to a chain of coupled pendula (see Fig. 3.2).
Consider N coupled pendula, shaken along the y-direction using some specific driving protocol.
In a way, this example can be thought of as a single particle confined to an N-dimensional hyper-
surface embedded in a 2N-dimensional space, where N is the number of pendula. One can repeat

the derivation of Sec. 3.1.1.1 to find that the Hamiltonian of this system reads

3 ‘&.‘N

N
Z —Jcos(0;—841) —mwicosB; —mAQcosQr cosh;, (3.31)
where J = kI? is the coupling proportional to the spring constant k and, as usual, A is proportional
to the product of the driving frequency and the driving amplitude. In the limit of large frequency
and A = const., this Hamiltonian leads to a discretised version of the Sine-Gordon model, which is

also very close to the famous Frenkel-Kontorova model [124]:

0 _ 3P A
= Hg=Y ﬁ —Jcos(0;—0j41) —moa%cosequstinzej. (3.32)
j=1

This model can undergo a quantum phase transition, between the gapless and gapped phases, de-
pending on the value of A, and the magnitude of the other couplings. It supports various interesting
excitations, such as solitons and breathers, and their nature can change with varying the effective
drive strength A [124]. This model is integrable in the limits A < @y and A > ®( but non-integrable
when these couplings are comparable to one another. This opens up the possibility of studying
interesting thermalisation-type dynamics [106]. Additionally, it becomes possible to create inter-
esting infinite-frequency limits by driving different pendula with different amplitudes and phases.
This can be used to generate artificial position-dependent gravitational fields, making the emergent

physics even more interesting.
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3.1.2 The Dirac Class

In this section, we consider periodically driven systems with a kinetic energy linear in momen-
tum. According to relativistic quantum mechanics, this requires an additional spin structure in
the Hamiltonian [125]. Such systems describe the low-energy physics of graphene [126], Weyl

semi-metals [127], and other related materials [506, , ].

3.1.2.1 Periodically Driven Magnetic Fields

The Dirac class is defined by the following Hamiltonian

H() = Ho—\Qsin(Q1)H,, H, =B(r) o,

Hy = Hin+Hin = Vvp p- O+ Hip, (3.33)

where vg is the Fermi velocity, B(r) is an external magnetic field and ¢ is the vector of 2 x 2
Pauli matrices (we could similarly analyse a coupling to the 4 x 4 Dirac y-matrices without any
need to define a new class). Here Hj,: contains arbitrary spin-independent external potentials and
(for many-particle systems) arbitrary spin-independent many-body interactions. Taking additional
spin-dependent static external potentials into account is straightforward but will unnecessarily ag-
gravate the discussion. Furthermore, to avoid technical complications, our analysis is restricted to
situations where the magnetic field does not change its direction in time. To simplify the notation
we shall keep the discussion at the single-particle level.

Similarly to the Kapitza class, the analysis of the FM and vV HFE for the Dirac class can be

significantly simplified by performing a transformation to a rotating frame given by

V(1) = exp(~iA(1)B(r)-0),

A(t) = AcosQr. (3.34)

Clearly, V() is a periodic function of time, but with our choice of A(r), it does not satisfy the

condition V(0) = 1. Hence, the initial state in the rotating frame is related to the initial state in the
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Figure 3.3: Light induced spin-orbit coupling. Shining light on fermions with a relativistic dis-
persion, such as graphene close to the neutrality point, leads to spin-orbit coupling whose strength
is controlled by the driving amplitude. (a) In absence of the driving, a potential bias generates a
longitudinal current. (b) In presence of the driving, a potential bias generates a longitudinal and a
transverse current whose direction depends on the value of the spin.

lab frame via a unitary rotation by V(0), i.e. [y'3) = V(0)|y™"), c.f. Sec. 2.2.5. One can of course
change V() by redefining A(z) — A(¢) — A(0), but this leads to additional gauge-dependent terms
in the Floquet Hamiltonian. This is a manifestation of the Floquet-gauge, discussed in Sec. 2.1.

After the transformation to the rotating frame the kinetic energy becomes

H®) _ v (pooyvin
VF
= J{cos(2AW)B(r).p-6—(n-p) (n-0)},
S {SIQAWB(r)), (1% p)- 6}, ~ Al1)n-VB(r) + (n-p) (n-0),
H () = VI(t)HinV (t) = Hin, (3.35)

where B(r) and n are the magnitude and the direction of the magnetic field B(r), i.e. B(r) =
B(r)n with |n| = 1. Hiy is not affected by the transformation to the rotating frame since it is, by
assumption, spin independent’. We can now readily obtain the effective high-frequency Floquet

Hamiltonian by taking the time-average of Eq. (3.35):

H =H =vr (n-p) (n-6)+ {1 (2AB(r)).p-6— (n-p) (n-O)}s +Hi,  (336)

2If the original Hamiltonian contains additional spin-dependent external fields or interactions, then the transformation
to the rotating frame will dress Hjy;, too.
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where f is the 0-th order Bessel function of the first kind. One can show that there are no Q!
corrections to the Floquet Hamiltonian for the chosen Floquet gauge. This follows from the fact
that, for a symmetric driving protocol A(¢) = A(—t), all odd-order terms in the FM expansion
vanish identically [89], see Eq. (2.41). Moreover, there are no Q! —corrections to the effective
vV Hamiltonian either. This follows from the fact that, for this model, H; and H_; commute with
each other and, therefore, the first-order correction vanishes, c.f. Eq. (2.45). Hence, the leading
non-vanishing correction to this Floquet Hamiltonian is of order Q2 suggesting that the infinite-

frequency limit in the Dirac class is robust to finite-frequency effects.

3.1.2.1.1 Dresselhaus Spin-Orbit Coupling

We now consider an example in which we drive a linearly polarised constant magnetic field along
a fixed direction in the xy-plane. We find an effective Dresselhaus spin-orbit coupling (SOC) in
the high-frequency limit. Proposals for Floquet realisations of SOC (see Fig. 3.3 for a schematic
representation) have already been made for bosons using constant pulse sequences [130-133]. For
fermions, the periodically driven spin-orbit coupling has been studied in graphene [134].

We consider the Hamiltonian (3.33) with:

B(r)=1, n—\%(l,l,o). (3.37)

Specialising Eq. (3.36) to B(r) = 1 we arrive at:

HY = Hg = v (1=2(21)) (n- p) (n-6) +vr H(2)) (p-6) + Him

|

= Vi (p-0)+ 5 (1=5(21)) (ps0" + pyS") + Hin, (3.38)

where, to obtain the last equality, we have used the explicit form of n and we have defined the mod-
ified Fermi velocity v, = (vr/2) (1+ %(2A)) < vr. Hence, besides the expected renormalisation
of the Fermi velocity, one finds an effective Dresselhaus spin-orbit coupling term without affecting

the interactions.
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3.1.2.2 Periodically Driven External Potentials

When one takes into consideration driving systems with a linear dispersion, there exists yet a
second possibility in which the driving protocol couples to a scalar external potential. The general

form of the lab-frame Hamiltonian is

H(t) = Hy+ 3“92 cos (Qt) Hy, (3.39)
F

where Hj is defined in Eq. (3.33) and H; is an arbitrary spin-independent scalar potential. As we
show below, the Hamiltonian above is intimately related to the Hamiltonian (3.33) defining the
Dirac class, and thus there is no need to define a new ‘“class" to accommodate it. Notice that in
the above Hamiltonian the driving amplitude scales with Q2 while in Eq. (3.33) the driving scales
with Q. The scaling of the drive with Q2 is intimately related to the existence of the additional spin
structure in the Hamiltonian and it will be explained from two different perspectives: the lab-frame
FM expansion, and a transformation to a rotating frame.

First, we apply the Floquet-Magnus expansion in the lab frame. The zeroth order term gives
the time-averaged Hamiltonian Hy;, + Hipe. The Q~!_corrections vanish identically due to the
symmetry of the drive, i.e. cos(Q¢) = cos(—Qr). Therefore, the leading contributions to the Floquet

Hamiltonian are given by the commutators:
[Hyin, [Hiin, H]], [H1, [Hin, H1]]-

where each H term brings an extra factor of Q> due to the scaling of the driving amplitude and both
terms are multiplied by a factor 7> which comes from the double time integral (c.f. definition of
the Floquet-Magnus expansion in Sec. 2.2). For systems with a Dirac dispersion it is easy to verify
that the second term vanishes identically. In fact [Hin, H;] =< VH, - 6 and, therefore, it commutes
with H; which is diagonal in spin space and depends on the position r exclusively. As a result,
only the term [Hiyin, [Hkin, H1]] contributes to the Floquet Hamiltonian. Therefore, to keep this term

finite in the infinite-frequency limit, we need to scale the driving amplitude as Q2. Recall that in
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the non-relativistic Kapitza class the term [H}, [Hkin, H1]] was non-zero and dominant. Therefore,
to keep the dominant contribution to the Floquet Hamiltonian finite in the infinite-frequency limit,
in the Kapitza class the driving amplitude scales only linearly with Q.

There are other important differences in the inverse-frequency expansion between the Dirac
and Kapitza classes. While in the Kapitza class the FM HFE in the limit 0 — oo truncates in
the lab frame after the second order, this is not the case in the Dirac class due to the additional
spin structure in the kinetic energy term. For instance, consider the fourth-order commutator
[Hyin, [H1, [Hiin, [H1, Hyin]]]], which scales as Q*. Taking into account the factor T# from the time-
ordered integrals, we find that this term remains finite as 2 — oo. Although the kinetic energy
is linear in p, this four-nested commutator does not vanish due to the spin commutation relations
[Co,0p] = 2i€upyOy. Similar expressions appear in any even higher-order terms in the Floquet-
Magnus expansion (all odd terms being zero due to the symmetry of the drive).

Next, we explain the scaling Q2 in Eq. (3.39) from the point of view of a transformation V (z)

to a preliminary rotating frame:

V(t) =exp <—i:;$2 sin (Qt)Hl(r)> . (3.40)

In this preliminary rotating frame the Hamiltonian is:

H(t) = Hin(r,t)+ Hiy,

Hin(r,t) = Vi(t)(vep-6)V(t) =vpp-6—AQsin(Qr) B(r)-o, (3.41)
where B(r) = VH,(r) is the “magnetic field”, generated by the spatial gradient of the time-dependent
scalar potential. This is only an analogy with real magnetic fields, which are always divergence-
free, while a synthetic magnetic field need not be. For example choosing a parabolic driving po-
tential H;(r) = r* induces an effective radial “magnetic field” B(r) = 2r in the first rotating frame.
The amplitude of this oscillatory “magnetic field” scales only linearly with the driving frequency,

reflecting the re-summation of an infinite lab-frame inverse-frequency subseries. The interaction
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term Hiy is not affected by this transformation. Notice that in this first rotating frame, the Hamilto-
nian in Eq. (3.41) becomes of the form of Eq. (3.33). Therefore, we can adopt the entire discussion
of Sec. 3.1.2.1 to further analyse this type of models.

This procedure highlights the fact that the Hamiltonians (3.33) and (3.41) are intimately related
as we anticipated above. We conclude that, within the Dirac class of systems with a linear disper-
sion, one can either drive the system via a spatially-dependent scalar potential with an amplitude
scaling as Q2, or with a spatially-dependent “magnetic field" with an amplitude scaling linearly
with Q. Using the scalar potential allows one to generate synthetic “magnetic fields", which need
not satisfy the ordinary Maxwell equations (in particular, this might allow one to introduce effec-
tive magnetic monopoles into the system). We stress that the Hamiltonian (3.41) can be used as a

starting point instead of the Hamiltonian (3.33).

3.1.2.2.1 Periodically Driven Linear Potential

As an illustration let us consider a graphene-type setup in which the momentum of the particle
is confined to the (x,y)-plane. The external potential depends linearly on the out-of-the-plane

coordinate z via H(z) = z. The Hamiltonian is

A
H(t) = Hkm+Him+V—Q2cos(Qt)z. (3.42)
F

Going to the preliminary rotating frame we find a constant in space, time-dependent “magnetic

field” along the z-axis: B = Z so that

A(t) = v (p-6)+AQsin (Qr) B- 6+ Hin,.

We now do a transformation to a second rotating frame, as discussed in Sec. 3.1.2.1. For B(r) = 1

and n = (0,0, 1) the general Floquet Hamiltonian in Eq. (3.36) reduces to

HY = HY = v % (20) (p- 6) + Hin = vi T (21) (036" + py6”) + Hin. (3.43)
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Note that there are no terms proportional to p,, since the motion of the particles is confined to
the two-dimensional (x,y)-plane. This driving protocol essentially leads to a renormalised Fermi
velocity, which can be tuned to zero by choosing 2A to coincide with the zero of the Bessel function
Jo. This dynamical localisation effect can be used for enhancing interaction effects in weakly-
interacting many-body systems, such as graphene.

If, in the same setup, the effective potential depends linearly on x, then the resulting Floquet

Hamiltonian becomes anisotropic:
O —HY) = vppo 20)p,6” + H; 3.44
Hp' = H.§ = Vv pxG" 4+ vr J0(2A) py0° + Hip, (3.44)
and tuning % (2A) = 0 makes the kinetic term one-dimensional.

3.1.3 The Dunlap-Kenkre Class

As a third class of Hamiltonians, where one can engineer interesting infinite-frequency limits, we
consider a setup where the driving couples to a non-interacting term in an arbitrary interacting
system. Examples include interacting particles with arbitrary dispersion relation in an external
time-dependent electric field, or interacting spin systems in a time-periodic magnetic field, just to
name a few. As we shall see in this section, this class of Hamiltonians is paradigmatic for ‘Flo-
quet engineering’. In this way one can generate Wannier-Stark ladders [86, —137], non-trivial
tight-binding models with engineered dispersion relations [86, —140], including the Harper-
Hofstadter Hamiltonian [52—54, 88] and other models exhibiting artificial gauge fields [49, 86, -

], effective spin Hamiltonians [51, , ], quantum Hall states [146], topologically non-
trivial Floquet Hamiltonians [38, 39, 56, 57, 66, —150], spin-dependent bands [60], and many
others.

To the best of our knowledge, the first theoretical proposal for the realisation of a non-trivial
high-frequency limit in a tight-binding model with an external periodic electric field was proposed
by Dunlap and Kenkre in Refs. [41, 42]. They discussed the phenomenon of dynamical localisa-

tion, where the hopping between neighbouring lattice sites can be completely suppressed in the
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high frequency limit by choosing an appropriate fixed ratio between the driving amplitude and the

driving frequency. Motivated by their idea, we consider the following general class of Hamiltonians

H(t) = Hy+ QH, (1), (3.45)

where Hy represents some (interacting) lattice Hamiltonian, and

Hy =Y fult)nm (3.46)

m

with n,, being the density operator on the m-th lattice site, and f,,(¢) is an arbitrary site-dependent
periodic function of time with period 7. Notice that in Eq. (3.45), we have explicitly put the Q-
dependence of the driving term H; to highlight the non-trivial scaling of the driving amplitude with
frequency.

Instead of the lattice system, we could consider a continuum model using Y., fin (t)n, —
[d?xf(t,x)n(x) with f(t +T,x) = f(¢,x). Obviously, in the continuum limit there is an overlap
between the DK class and the Kapitza class, if the kinetic energy in Hy is quadratic in momen-
tum, and with the Dirac class if it is linear. The relation between continuum and lattice models
is discussed in Appendix A. In the DK class, we allow for arbitrary dispersion relations at the
expense of restricting the driving to couple to single-particle terms. Later on, in Sec. 3.1.3.5, we
shall show that the DK class extends to driven spin systems, where Hy describes some arbitrary
interacting spin Hamiltonian, while the driving term couples to a spatially dependent, periodic in
time magnetic field.

After giving an overview of the general theory of the DK class, we shall discuss the recent
dynamical realisation of the Harper Hamiltonian [52, 53], as a special case of the periodically
driven Bose-Hubbard model. We shall derive both the infinite-frequency limit, and the leading
Q! —corrections to the Floquet Hamiltonian. We shall also give examples for the dressed opera-
tors and density matrix. After that, we continue with the fermionic case illustrated on the driven
Fermi-Hubbard model, and discuss the infinite-frequency limit and the Q~!'—corrections, which

are expected to be important for interacting Floquet topological insulators, as realised in Ref. [56].
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Finally, we discuss interacting driven spin chains.
To be specific, we assume that Hy is the sum of the kinetic energy term, represented by the
nearest-neighbour (nn) hopping, and the density-density interactions — which can also include a

static external potential linearly coupled to the density:
Hy = Hin + Hint, (3.47)

where [n,,, Hini] = 0, and

Hyin = —Jo Z aLan +h.c..

(m,n)
The angular brackets in the sum stand for nearest neighbours.
The terms in the inverse-frequency expansion, which do not vanish in the infinite-frequency

limit are of the type
H07 [H17H0]7 [Hlv[HhHO]]? [H17[H17[H17H0H]]7"' (348)

Since each commutator brings an extra factor of Q! from the time integral (see the discussion in
Sec. 2.2), and each H; term brings an extra factor of € due to the scaling of the driving amplitude,
it is easy to see that all these terms are of the same order in Q. Furthermore, these are the only
terms that survive in the infinite-frequency limit. However, unlike in the Kapitza class, this series
does not terminate at any finite order and, thus, one has to re-sum an infinite lab-frame subseries to
obtain the correct infinite-frequency Floquet Hamiltonian. This is intimately related to the fact that
the dispersion relation in Hy is arbitrary and not quadratic in momentum as in the Kapitza class.
From this structure of the inverse-frequency expansion, it is also clear why the Hamiltonian
Hj should couple linearly to the density. Only then do these nested commutators not grow both in
space (meaning that the resulting effective operators remain local) and in the number of creation
and annihilation operators (i.e. we avoid the generation of three and higher-body interactions).
One can also consider other situations where the commutators do not grow, for example, when the

driving couples to the local in space density-density interaction between fermions [151] or even
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bosons [152—154] (though the bosonic case is more subtle), or when the protocol couples to local
in space spin interactions for spin models with spin larger than one half.

While re-summation of an infinite (sub)series is possible and it yields the proper infinite-
frequency limit, calculating the subleading corrections directly becomes very involved. These
complications can be overcome, as before, by going to the rotating frame, which is defined via the

transformation

V(t) =exp |:—iZAm(t)nm:| , Ap(t) = Q/t dt' fu(2). (3.49)

The lower limit of the integral defining A,,(¢) is a gauge choice, related to the Floquet-gauge,
e.g. one can choose ) = 0. Applying this transformation eliminates the term linear in the density
operator, which in the lab frame diverges linearly with the frequency. At the same time, in the

rotating frame, a periodic drive is imprinted to the kinetic energy:

H™(t) = W(t)+W'(t) + H

W(t) — _]0 Z ei[A/n(f)_An(t)]ajnan. (350)
(mn)

Notice that this transformation leaves the interaction term Hjy invariant. As in the previous classes
we discussed, going to the rotating frame generates an effective complex driving protocol, which
is well-behaved in the infinite-frequency limit. The infinite-frequency limit of the Floquet Hamil-
tonian is then simply given by the time average of H™'(z). Due to the large value of the drive
amplitude in the lab frame, in the rotating frame, owing to the strong hybridisation of Floquet
states via virtual photon absorption processes, averaging over time is equivalent to a re-summation
of an infinite lab-frame inverse-frequency sub-series, in agreement with the general discussion in
Sec. 2.2. Similarly to the Kapitza class, the inverse-frequency expansion in the rotating frame can
be used to compute the subleading correction in Q! to the Floquet Hamiltonian. Rather than
discussing these corrections in the most general form, we will show and analyse them for specific

examples.
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Figure 3.4: A periodically driven (shaken) optical lattice in which the lattice is shifted periodically
at frequency Q: the prototypical example of the DK class.

3.1.3.1 The Periodically Shaken Lattice: An Exactly Solvable Model

As a first representative of the DK class, we consider a chain of noninteracting, periodically driven
spinless particles, which can be either bosons or fermions (see Fig. 3.4) with the following Hamil-
tonian

H(t) = —]Ozazwlam—kh.c.—|—Q§cothZmnm, (3.51)
m m

where Jy is the hopping, and @}, is the operator which creates a particle at site m, and n,, = a,a,,
is the number operator. This system was first analysed by Dunlap and Kenkre in Refs. [41, 42] and
features the phenomenon dynamical localisation, which we explain in detail now.

Due to the large driving amplitude in the lab frame, the Floquet states are strongly hybridised
by virtual photon absorption processes. To capture this virtual hybridisation mathematically, we go

to a rotating frame as follows:

V() = exp (—igsmgt;mnm>,

H™(t) = —JoY e %! a,+he. (3.52)
m

Notice the highly oscillatory time-dependence of the hopping matrix elements. In the high-frequency
limit, where the dynamics of the system is effectively described by the time-averaged Hamiltonian,
we find

B0 =HSY = 120Vl jam+he., (3.53)
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where we used the defining relation of the Bessel function of the first kind % ({) = 1/(2x) 021: dte&sinT,
When the parameter { is tuned to a zero of the Bessel function %, the hopping is completely sup-
pressed due to interference showing the phenomenon of dynamical localisation as first discussed
in Ref. [41], and experimentally verified in Ref. [43]. The thermodynamics of such driven chains
has been studied in Ref. [155].

Let us now solve the problem exactly in the case of periodic boundary conditions. Note that,
while in the lab frame translational invariance is broken by the position-dependent drive, this break-
ing is not explicitly present in the rot frame. Thus, we ‘close our eyes’ and adopt periodic bound-
aries, which allows us to define momentum as a good quantum number and go to the reciprocal
lattice space:

H™'\(1) = —2Jy ¥ cos(k—{sinQr)ajay, (3.54)
keBZ

where we put the lattice spacing to unity, and & is the momentum quantum number. In momentum

space, it is easy to integrate the Heisenberg equation of motion

iap(t) = —2Jpcos(k—sinQs)ai(t), (3.55)

a (l‘) _ akGZiJO Jo cos(k—EsinQr’)dt’ _ akCZiJo Joleos(k—Esin Q') — 4 (§) cos (k)] dr’ eZiJojg(C) cos(k)t

From here, we can read off the rot-frame kick operator and the exact Floquet Hamiltonian in mo-

mentum space

Ki() = 20 ) </Ot [cos(k — CsinQt") — J(C) cos(k)] dt’) ajay,

keBZ

Hyr = —2J0%(C) Y cos(k)ajay. (3.56)
keBZ

The kick operator in the lab frame, on the other hand, is a more complicated object: Kef(7) =
ilog [V(t)e*"K:f)t!(’)}.

Let us now make a few remarks: first, we emphasise that this solution holds at any frequency
and, in particular, those below the single-particle bandwidth. Therefore, all variants of the inverse-

frequency expansion converge and, in fact, truncate after the leading-order term. Physically, this is
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the case because states of different momenta are not coupled due to the selection rule imposed by
momentum conservation.

Second, an interesting observation can be made, if we impose open boundary conditions in-
stead. While the expansions are completely insensitive to the boundary conditions, a quick numer-
ical check shows that, whenever Q < 4Jy % () is below the effective single-particle bandwidth, the
Floquet Hamiltonian and Kick operator in Eq. (3.56) do not agree with the numerically calculated
ones. This interesting phenomenon arises because, once momentum is no longer conserved, there
are finite matrix elements between (what used to be the momentum) states which are resonantly
enabled for frequencies below the single-particle bandwidth. As expected, these matrix elements
vanish in the thermodynamic limit where an emergent momentum conservation is found, see also
Sec. 5.1.1. Since we already established the insensitivity of the inverse-frequency expansion to the
boundary conditions, this gives a hint that the HFE can fail to converge, even for non-interacting
systems, as anticipated in Sec. 2.3.2. It is expected, though, that these resonances can be captured
using rotating-wave approximation methods, see Sec. 2.3.2.2.1 and Sec. 3.3.

Nevertheless, if we put aside the aforementioned problem of capturing the Floquet resonances,
the inverse-frequency expansion provides a very powerful tool to study the hybridisation due to

virtual photon absorption which underlies the concept of Floquet engineering.

3.1.3.2 Non-interacting Particles in a Periodically Driven Potential: Floquet Theory and

Experimental Realisation

Let us now consider a more general driving protocol. While the model below is not exactly solv-
able, it teaches us an important lesson in imprinting complex matrix elements that prove useful for

Floquet-engineering artificial gauge fields. The Hamiltonian is

H(t) = k) (ahan+he)+ ngsin(ﬂt — Dm+D/2)n,. (3.57)

m

Once again, the driving protocol couples to the density and breaks translational invariance through

the site-dependent phase (which may have a more-complicated spatial dependence). The driving
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amplitude Vy = QC is constant in space and, in agreement with the general discussion, is propor-
tional to the frequency. The above choice of the Floquet gauge (or the phase lag) ensures a familiar
form (i.e. gauge choice) of the infinite-frequency Floquet Hamiltonian. In the next sections we shall
generalise our analysis by adding interactions, a second spatial dimension, and finally by adding a
spin degree of freedom.

The transformation to the rotating frame is done using Eq. (3.49) with A,,(t) = —lcos(Qr —
®dm+ d/2) and 1y = 0. We pause to note that, for this particular Floquet gauge choice, V(0) # 1.
As a consequence, one needs to transform the initial state to the rotating frame as well. Combining

this with Eq. (3.50) we find:

H™'(t) = —JoZg”""’“o)aLHam+h.c.:EZZHzef“”, (3.58)
m (S

where

gm,m+l (I) _ e—iCsin(Qt—ém)’ C — 7\.811’1((1)/2>,

H = Z(e—“@m [y,f(c)a;+lam+ jﬁ(C)ajnaer]]). (3.59)

m

We label the function g”™*1(¢) by two site indices to highlight that it is a link variable, i.e. defined
on the bonds of the lattice. The infinite-frequency Floquet Hamiltonian and the leading correction

are then found from the FM (vV) expansion:

HISO) _ Hé?f) = —Jii(0) Z <a:;+lam —i—h.C.) ,
) Js t I3
Hy [O] = - 0 Z <Cm,m+2(C)am+zam + h-C-) 0 Z Gm, m+1 nm+1)7
J2 5 2
Hé;f) = - 50 Z (Cm,m+2(C>ajn+zam + hC) 50 Z m m+1 nm - nm+1)7

(3.60)

where Jeir(C) = JoJo(§) is the renormalised hopping parameter and % is the O-th order Bessel

function of the first kind.
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The leading Q~'—corrections represent an additional second-nearest-neighbour hopping term,
and an extra static potential, which is periodic for any rational ® /7. To order Q! the stroboscopic
and effective Hamiltonians are qualitatively the same but the values of the renormalised parameters
are different. The coupling constants for the Floquet-Magnus correction G, »2(C) and Gy, pm1(C)
are given in Appendix C.1.1, while the ones for the van Vleck correction are denoted by tilde and
are given in Appendix C.2.1. Higher-order corrections in the inverse frequency appear as longer-
range hopping terms, and modifications to the static potential. The leading correction to the kick
operator K1 (r) can be obtained using Eq. (2.46).

Next we discuss the dressed operators emerging in FNS evolution, i.e. the operators describing

observables averaged over fast oscillations, c.f. Sec. 2.1.4. Two natural observables are the local

density operator on site m and the local current operator flowing from site m to site m + 1:

"

Nm = amama

Jmmit = —ido(@ @ — @ mi1).- (3.61)

The transformation to the rotating frame leaves the density operator (commuting with the driving
term) invariant, while the current operator (which does not commute with the driving H;) changes
in the same way as the hopping term in the Hamiltonian. As we mentioned in Sec. 2.2.5, it is

convenient to study the finite-frequency corrections to the dressed observables in the rotating frame.

One then finds
n't) = aham=n2,
BRma®) = o (—ig"" " (0)a) am he) 302

Applying Eq. (2.58) leads to the following infinite-frequency behaviour of the dressed operators in

the FM (stroboscopic) and the vV picture:

=0) (0

neff,m - nF,m:n"“
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=(0) _ =0 _ .

Jettmm+1 =  JEmm+1 = Jeff(C) (_lam+1am + hC) (3.63)
As in the Kapitza case the difference between the stroboscopic and non-stroboscopic pictures ap-
pears in the structure of the subleading Q! corrections to these observables. On one hand, the
observables O which remain invariant under the transformation to the rotating frame V (¢) do not

get dressed in the infinite-frequency limit, i.e. 5(0)

= O. Furthermore, these observables do not pos-
sess Q! —corrections in the vV (non-stroboscopic) picture (though they do have Q~'—corrections
in the stroboscopic picture). On the other hand, all observables which are not invariant with respect
to the transformation to the rotating frame get dressed even in the infinite-frequency limit. In agree-
ment with our general results (see Eq. (2.35)) the dressed current operator is precisely the current
operator associated with the Floquet Hamiltonian. In other words, the dressed current describes the
slow charge dynamics with respect to Hr. Such a dressed chiral current was successfully measured
in a recent cold-atom experiment realising the Harper-Hofstadter model in a ladder geometry [54].
The Q~'—corrections to the dressed operators can be calculated with the help of the general ex-
pression, Eq. (2.58). Since they are quite lengthy, we shall not show them explicitly. Physically the
corrections are responsible for delocalisation of the corresponding dressed operators, meaning that
the operator support on the lattice grows as Q deviates from infinity. For example, the corrections
to the dressed density involve terms which involve hopping between neighbouring sites, etc.

Next we compute the dressed density matrices. We consider two natural initial states in which
the particle is either localised in position space or in momentum space, corresponding to the bare

density matrices:

Pm = |m){ml, pr = |k) (k| (3.64)

We shall distinguish between the two density operators by the subindex m or k. In the rotating

frame, the two operators transform to

P (1) = |m)(ml,
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1 . o . m—n) . m+n—
PRNE) = 5 Lk e B 0y (3.65)

S mn

Here N; is the number of lattice sites. In the infinite-frequency limit, averaging over the time ¢ leads

to

5l

Pt = Im)(m]
_ 1w i D
de = e (cSm(mz ")>\m><n!- (3.66)

As expected, the Fock-state density matrix, which commutes with the driving protocol, is not
modified in the infinite-frequency limit and hence it still represents a pure state. On the contrary,
the momentum-state density matrix gets dressed. In momentum space, this density matrix remains

diagonal:

_ ik . 1P
Pac =1 ¥, <% (Csm2> ) al- (3.67)

q I=—oo
and it represents a mixed state. We mention in passing that finite-frequency corrections to the

density matrices result in a mixed state even for a pure Fock-state.

3.1.3.2.1 Experimental Observation of Dynamical Localisation in Cold Atom Systems

Let us briefly describe some recent experimental setups where the renormalisation of the hopping
amplitude, Jo — Jo%(£), has been measured. For example, in Refs. [43, ] the dynamical lo-
calisation of a strongly driven chain of 3’Rb atoms was observed. First, the atoms are cooled
down to form a Bose-Einstein condensate (BEC). With the help of acousto-optical modulators,
the 1D optical lattice is moved back and forth, c.f. Fig. 3.4, creating a periodic net force of the
form Wy}, mcosQt n, on the atoms in the wells (recall that V; has to scale with the frequency,
i.e. Vo = {Q). According to the predictions of Floquet theory, the system is expected to exhibit dy-
namical localisation [46, 157] when the effective hopping approaches zero. This can be achieved by
tuning to one of the zeros of the Bessel function [the first zero occurring at { ~ 2.4, c.f. Egs. (3.59)

and (3.60)]. The tunneling can be measured experimentally by turning down the confining potential
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along the lattice direction and allowing the atom cloud to expand in the lattice [47] as it is shown in
the left panel of Fig. 3.5 taken from Ref. [140]. The right panel in this figure shows an image of the
cloud taken with a CCD camera from a similar experiment [158]. From this image one can extract
the in situ width of the atom cloud after the expansion. It is evident that the expansion is very slow
near the zero of the Bessel function (plot c¢) indicating dynamical localisation. The resulting data

showed an excellent agreement with the theoretical predictions.
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Figure 3.5: Left panel (taken from Ref. [140]). Reproduced by per- mission of World Scientific.
Observation of dynamical localisation with cold atoms. The magnitude of the effective tunnelling
coupling Jfr is extracted from an in situ image, while the relative sign is determined through the
interference pattern using a TOF image. Right panel (taken from Ref. [158]). Reproduced by
permission of Springer. In situ images reveal the change in the condensate width ¢ during free
expansion of a BEC in an optical lattice. (a) Normalised expansion width 6/0( of the atomic
cloud versus expansion time for Ky = 0 (black triangles) and Ky = 2.4 (red squares). (b) CCD
in situ images of the condensate cloud for Ky = 0 and Ky = 2.4. The parameters on the figure
are related to those in the main text by J = Jy, Ko = { and Jeir = Jo J({). For more details, see
Refs. [43, 46, 47, 139, 140, 155, 158].

Jeii 1

To investigate the coherence of the BEC in the driven system, both the confining potential
and the lattice beams are switched off. The atom cloud undergoes a free fall, and the degree of
phase coherence is determined from the visibility of the interference pattern after time-of-flight
imaging. It was shown that the system starts losing its coherent behaviour when the effective
hopping approaches zero. Phase coherence is restored soon after passing through the zero of the

Bessel function when the effective hopping changes sign.
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In the same experiments, the authors also investigated closely the regions of parameter space
of the shaken Bose-Hubbard model which correspond to dynamical localisation [40, , ].
There they found loss of coherence and attributed this to the Mott-insulator-to-superfluid transition.
By performing time-of-flight measurements, the momentum distribution of the atom cloud was
mapped out for different values of the driving amplitude. Far away from the zeros of the Bessel
function, where the hopping is expected to be large compared to the atom-atom interactions, the
experiments found a momentum distribution with well-defined peaks at quasimomentum g = 0,
indicating that the system is in the phase-coherent superfluid state. However, when the value of
the driving amplitude is tuned to the zero of the Bessel function the visibility in the corresponding
interference pattern is reduced drastically. The atoms lose phase coherence and the system is
believed to enter the Mott insulating phase. Past the zero of the Bessel function, the hopping
amplitude changes sign, since the Bessel function becomes negative, and the lowest Bloch band
gets inverted. In agreement with theory, the position of the momentum peaks in the experiment
reappears at quasimomentum g = T at the edge of the Brillouin zone and the phase coherence in

the system is being restored.

3.1.3.3 Cold Atoms Realisation of the Harper-Hofstadter Hamiltonian

We now extend the model from the previous section adding a second spatial dimension and a
magnetic field gradient along this new direction. This setup was first proposed in Refs. [88, ]
for the simulation of the Harper-Hofstadter Hamiltonian with cold atoms and was recently realised
experimentally [52, 53, 55, 57]. After giving an overview of the infinite-frequency limit, we discuss
the leading Q~!'—corrections using both the Floquet-Magnus and the van Vleck inverse frequency
expansions. These corrections, as well as the dressing of the operators, may be important for the
existing experimental setups. The discussion of their effect on the dynamics goes beyond the scope
of this thesis but they are discussed in a different work [ 160].

Consider a bosonic system on a square lattice subject to a linear potential along the x-direction
and a periodic driving. In two recent experiments, the linear potential was achieved using either

a static Zeeman magnetic field gradient [52] or gravity [53]. In both cases this creates a constant
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Figure 3.6: The Floquet realisation of the Harper-Hofstadter model. Electrically neutral bosons are
loaded in an optical lattice and subject to a Zeeman magnetic field gradient of value €, which plays
the role of the external potential along the x-direction. In addition, two Raman lasers of resonant
frequency Q, with site-dependent phase lags, create a second running lattice. In the high-frequency
limit, when the amplitude of the Raman lasers scales with the frequency, one generates an effective
orbital magnetic field, realising the bosonic Harper-Hofstadter Hamiltonian [161, 162]. Figure
taken from Ref. [160].

force on the system. The periodic driving was realised by using a running (dynamical) optical

lattice (c.f. Fig. 3.6). The system is described by the following Hamiltonian:
H(t)=Hy+H(t), (3.68)

where

H = -Y [Jx (a21+17namn +h.c.> +Jy <a:§1,n+lamn +h.c.> ]
m,n
U
+E ann(nmn - 1)7
m,n
. Pp
H\(t) = Q”%l E sin (Qt—q)mn—l—T) —i—Qm] /- (3.69)
Here J, and J, denote the hopping amplitude, and Vy = Q is the strength of the dynamical (run-

ning) lattice which, as in the previous example, should scale linearly with the driving frequency.

The field gradient along the x-direction is resonant with € (see the term Qmn,,, in H;). The phase
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O 18 spatially inhomogeneous ¢,,, = ®(n + m) and makes it impossible to find a global Floquet
gauge (i.e. a choice of the initial time of the stroboscopic period) for which the driving is sym-
metric. Breaking time-reversal symmetry ultimately allows for a synthetic static magnetic field to

appear in the infinite-frequency Floquet Hamiltonian.

y\/x

Figure 3.7: The leading corrections in Q™' to the Harper-Hofstadter Hamiltonian: second-
neighbour hopping including along the diagonal (solid black lines), interaction-dependent hopping
(solid black lines connected to zig-zag lines) and a site-dependent chemical potential (indicated by
the thin black lines on the side and the green colour gradient). The interaction dependent hopping
does not influence the Floquet spectrum to order Q™! but is important for the correct description of
the stroboscopic evolution. In the effective Floquet picture these terms show up the in kick operator
instead (see main text).

Upon applying a transformation to the rotating frame [53], the Hamiltonian takes the form
H™ (1) = W () + W (1) + Hin, (3.70)
where

W(l) _ Z Jxe—iCq)sin(Qt—(l)nm)-i-iQtaT

" amn+Jye—iC¢sin(Qt—¢nm)aT
m+1,n

m,n+1 Amn | 5
m,n

(3.71)

and {p = Csin(Pg/2). To zeroth order, the Floquet Hamiltonian coincides with the effective
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Hamiltonian and it is obtained by averaging Eq. (3.70) over a period:

0 0 1
oY =HY) = —KY (¢*a),, am+he) ~T L (ah,, am+he.)
m,n m,n
U
+= Y (R — 1). (3.72)
2 m,n

The effective hoppings are given by K = J,J;({a), J = J, D0 (L), and Jy is the v-th Bessel func-
tion. The next order in the FM expansion delivers the leading finite-frequency corrections to the

stroboscopic Floquet Hamiltonian:

2 2
1 J n J. n,n—+2
H](r )[O] S Z (é% m’m+2(§¢)aj’1+27namn + achm (Qcp)aiwﬂamn +h.c.>

m,n

X <ng /DZT::J:] (Cq>)a;1+l,n+1amn + %\DZ{;&H (C®)a;71,n+1amn +h'°'>
+ (gHEZ,mH (Co) (Mann — My 1.0) + gTEVH(C@)(”mn - ”m,"+1))
mn
_m ) (JzZU_)Bnm,mH(§<I>)a:1+l,nam"<nm" — N1+ 1)
+

(Co)ath, 1 @ (P — M1 +1) + h.c.) . (3.73)

The arrows on the corresponding hopping coefficient indicate the direction of the hopping. The
complex-valued functions B(Ce), C({w), D(Co) and E (L) are defined on the bonds of the lat-
tice. They are obtained from the time-ordered integrals in the FM expansion, and are given in
Appendix C.1.2. We see that, when we include the Q~'—corrections, the Floquet Hamiltonian
becomes quite complicated. These corrections introduce effective static potentials (periodic for
rational ®/m) along both directions of the lattice, second-nearest-neighbour hopping both across
the diagonals and along the lattice directions, and interaction-dependent hopping (see Fig. 3.7).
The consequences of these corrections for the single-particle dynamics, as well as the dressing of
the density matrix and observables, were discussed in Ref. [160].

Similarly, the Q~!—corrections to the effective Hamiltonian are obtained from the first order
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van Vleck expansion:

H(l) _ _Z J)%HC (C ) a +J C,nn-‘rZ(C’ )aT @ the
eff — Q mm+2\6®@ )y, 2 nGmn Q @)Uy p-2%mn -C.
m,n
~nn+] JJ Vli’l"rl
_Z< mm+1(€<1>) m+1 n+1amn+ Qy\Dmm I(CCP) a,_ 1n+1amn+hc>

L ( 7 B (C0) (o = 1) + f;E " (o) —nm,n+1>) SR
The effective Hamiltonian is similar to the stroboscopic Hamiltonian. However, the coefficients
defining the renormalised parameters in the effective Hamiltonian are, in general, different from
those for the stroboscopic Hamiltonian, and are denoted by a tilde. They are defined in Ap-
pendix C.2.2 and are Floquet-gauge invariant, i.e. do not depend on the phase of the drive.

The main qualitative difference between the stroboscopic and effective expansions is the ab-
sence of interaction-dependent hopping terms in Héflf) which are instead present in H }1) [0]. This
means that those terms modify the Floquet spectrum (and all other invariants under a change of
basis) at the order Q 2, i.e. beyond the validity of the current approximation. In the van Vleck

picture these terms appear in the kick operator affecting the initial density matrix and observables

to the order Q~'. In particular,

K;?ft7(1)(t) = Z [JxKx(t)aL-&-l,namn +JyKy(t)aj;1,n+lamn +h.c. ’
mn
kW) = o [k () — %:(0)] I, [, () — %, (0)] a h
F10)(7) Z e [k () — K ( )}amﬂ,namn"i‘ v 16y (1) — 1y ( )]am,n+1amn+ €l
m,n

(3.75)

where

1

2

L t—t i i (1’ — O
K({t) = —= dr' | [ 1-2 mod 7| e ">® wm) |
Y 2/, T
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Figure 3.8: (a) The plaquette geometry used to study the quantum cyclotron orbits (yellow) in the
Harper-Hofstadter Hamiltonian. (b) The ladder geometry with the chiral currents used to study the
transition between the vortex and the Meissner phases. Figure taken from Ref. [160].

Applying Eq. (2.47) in the rotating frame, we have
1 n . (1 0
0] = H —i [k ()1 |

Therefore, whenever one chooses to work in the van Vleck picture, the interaction-dependent hop-
ping terms are implicitly contained in the kick operator Ke(0).

Before we close the discussion on the theoretical Floquet realisation of the Harper-Hofstadter
model, we mention that a different method of engineering artificial gauge fields using a high-
frequency periodic perturbation was proposed in Ref. [163] (but see also Ref. [164]), based on
an oscillating field gradient, where H, (1) = Y, m(Q + Vo cos Qf )n,,,. Moreover, in Ref. [85] the
flow-equation method, which is an alternative to the Floquet-Magnus expansion, has been used to
compute the finite-frequency corrections to the Floquet Hamiltonian. As expected, this method
reproduces the same results as the FM expansion. Recently, the stability [165—167] of a related
Bose-Hubbard model under a periodic driving, and scattering properties of periodically-driven

lattice systems [168, ] have been studied too.
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Figure 3.9: (a) Phase diagram of the Harper-Hofstadter model on a ladder in (K/J,9)- space. The
insets show the chiral current j. as a function of the ratio of the effective hoppings K /J and the flux
per plaquette ¢. (b) Pictorial representation of the Meissner and vortex phases for several values
of the ratio K/J. The parameters are related to those in the main text by ¢ = ®. Reprinted by
permission from Macmillan Publishers Ltd: [Nature Physics] ([54]), copyright (2014).

3.1.3.3.1 Experimental Realisation of the Harper-Hofstadter Model

As we alluded to above, the Harper-Hofstadter Model has been realised experimentally using cold
atoms in optical lattices [52-55, 57]. First, Rb atoms are cooled down to form a BEC and loaded
in a 2D optical lattice. Then a field gradient is applied along the x-direction, such that tunnelling
along the x-direction is suppressed. The latter is then restored by a running lattice, which consists
of two additional laser beams which interfere at an angle with respect to one another, c.f. Fig. 3.6.
The resulting running lattice leads to a periodic on-site modulation with a site-dependent phase.
The frequency of the running lattice is chosen to match the magnetic field gradient, realising the
Hamiltonian (3.69) with &g = 1t/2. This flux can be controlled by the angle between the running
lattice beams. In the infinite-frequency limit, the flux is equivalent to a very strong static magnetic
field (see Eq. (3.72)).

In the experiment of Ref. [52] the authors additionally introduced a static superlattice poten-
tial, which effectively divided the 2D lattice in 2 x 2 plaquettes (see Fig. 3.8a), and completely
suppressed the tunnelling among different plaquettes. Then they studied the analogue of the clas-

sical cyclotron orbit and found a good agreement with the predictions of the effective Hamilto-



98

nian (3.72). In another experiment [54], the superlattice was switched only along the x-direction,
such that the 2D lattice was divided into many ladders along the y-axis, c.f. Fig. 3.8b, and the
tunneling between different ladders was completely suppressed. The atoms in the ground state
of the system move along the edges of the ladders in the form of chiral currents. Depending on
the ratio between the effective hopping parameters in the x- and y-directions, a phase transition
between a vortex phase and a Meissner phase was found at which the chiral current undergoes a
cusp singularity. For the flux @5 = 7/2 this transition occurs at the critical ratio (K/J), = v/2
(recall that K and J are the effective hopping along the x and y directions, c.f. Eq. (3.72)). For
K/J < (K/J). (vortex phase) the current increases and the vortex density decreases with K until it
hits zero (in the thermodynamic limit) at the critical ratio. For K/J > (K /J). (Meissner phase) the
current at a fixed value of J is independent of K, see Fig. 3.9. Effectively the authors performed an
FNS measurement of the current by projecting the system into an array of decoupled double wells
along the horizontal direction. Then they fit the Josephson density oscillations in a double well to a
simple formula with the chiral current entering through the initial (i.e. pre-quench) conditions (see
Ref. [54] for details).

In a follow-up experiment, the realisation of the Harper-Hofstadter model has been optimised.
The field gradient has been replaced by a superlattice, and the running lattice has been modified
accordingly [57]. This phase rectification scheme allowed to measure the Chern number of the
lowest band by detecting the differential drift of the atom cloud in momentum space, which arises
due to the Berry curvature of the band [170]. The Chern number was measured to be close to unity
with excellent precision. This most recent experiment also took into account the relevant first order

corrections to the time-averaged Hamiltonian.

3.1.3.4 The Periodically Driven Fermi-Hubbard Model: Floquet Topological Insulators

In this section, we analyse a spinful fermionic system on a bipartite lattice driven by a periodic
external field which couples to the atomic density. First, we shall describe the setup in general, and
later on we restrict our attention to the case of graphene subject to a circularly polarised electric

field.
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Let z be the lattice coordination number, and let A denote the set of all points in the sublattice
A, which we label by the vector r. Let us also define the vectors s; (j = 1,...,z) to connect a fixed
point on the sublattice A to all its adjacent neighbours on the sublattice B. The vectors s; point
from A to B (c.f. Fig. 3.10a). To simplify the notation we skip the bold notation for vectors in the
subscripts of operators.

The system is thus described by the Hamiltonian

H(t) = Ho +H1(t)
z
Hi(t) = Z )3 (£ O+ fr Oy, )
rEAj c
Hy = Hxin +H1nt,
Hyin = _JOZZZ r+s,6+hc)
reA j=1 o
U £ b
Hine = ?ZZZ( nyo r(5+nr+vj($ r+s;,6 )
ZrEA] c
Z
+U'Y Y Y ngonl o (3.76)
reA j=10,0'

where 6 =1, | indicates the spin with the convention 1 =/ and | =1. The factors 1/z are introduced
to avoid over-counting. The operators aic and bj +s;,0 Create a fermion of spin G on sublattices A and

B, respectively. In the Hamiltonian, nj; = aicam and n® ;0 = b;

i Hj,cbrﬂj‘o denote the number

operators on sublattices A and B. The bare tight-binding hopping is Jy, the on-site interaction
strength which couples fermions of opposite spin is U, while the next-nearest neighbour interaction
is U'. The driving protocol f;(t) = fj(t+T) is periodic and site-dependent. The driving potential
has the amplitude V) = QC.

In the rotating frame the Hamiltonian reads:

H™'(1) = W<[)+WT(I)+Hint7 (3.77)
W) = —Jh Z Zk r+sj,6
reA,c j=

w0 = e (ica o (fr+s,-(t')fr(t’))>~

)
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To zeroth order in the inverse-frequency expansion, the Floquet Hamiltonian is given by the time-

average of the above Hamiltonian (similarly to the bosonic case described in Sec. 3.1.3.3):

BY =HY = W)+ W)+ Hue (3.78)

It has the same form of Eq. (3.77) but with renormalised hopping parameters. The leading Q~'—

corrections to the Floquet-Magnus Hamiltonian in the Floquet gauge fy = 0 are given by

Vo) = JOZZZ{N ( ni’ﬂ_,.,c)] (3.79)

reA j=1 ©
JO ;
ZAZ —~ F/k rcar-i-sj—skp br+skbr+s.,- +h.c.
re c j>
JOU :
+ 5o G(Q r+s c) a:[c'sbr'*‘s_hc_’ +h.c.
reAj
JOU, < b
- Q Z Z Z GJ ( r+s —Sks Garﬁlbr+3176/ arc’br+5j7<7'nr+sk,0> +h.c. ’
reA jk=1o,0'

where { = V;/Q is the ratio of the driving amplitude and the driving frequency. The stroboscopic

kick operator is given by

<

&0 = do Y Y [0 — 6i(0)]afgbris,6 +hic,

reA,o j=1

T+t _ 4l
k(1) = —;/ dt’[(l—zt Tt> modT] ai(t"). (3.80)

For comparison, we also show the leading Q~!-corrections to the effective van Vleck Hamiltonian:

W = AL ()

reA j=1 ©
J
Y0 Z Z Z |: (a::(sar—&-s_,'—sk,c - bI+Skbr+S./) +hC:| s
rGA C j>k=1
,(1
KiV0) = n Y ZK, obris;o+he. (3.81)
reA ,0j=

One readily sees that the first-order correction to both the stroboscopic and effective Hamiltonian
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contains a static potential and next-nearest-neighbour (nnn) hopping. These nnn hopping terms in

Hl(pl) [0], in general, have a Floquet-gauge dependent magnitude and direction while the hopping

(1)

elements of Hy are Floquet-gauge invariant. Furthermore to order Q! interaction-dependent

e
hopping terms enter the stroboscopic Floquet Hamiltonian, but not the effective Hamiltonian. Sim-
ilarly to the Harper-Hofstadter model discussed in the previous section, the interaction-dependent
hopping in the van Vleck picture is encoded in the operator K, via the relation H 1(;1) [0] = He(flf) —
i K;?;’(l)(O),Héff)] We note in passing that interaction-dependent hopping terms also appear in
the Floquet spectrum of the Fermi-Hubbard model, when one drives the interaction term [151]. In

Sec. 3.2.2 we shall show how to re-sum an infinite interaction-dependent hopping subseries.

The effective parameters of the two expansions can be obtained from the following integrals

1 27 T]
B = g [ dn [ dn bymnim) - (1),
2 T
GO = 4 [ am [ an byt ),
2w T o
Fr() = 4% i dtl/o dt, (1_T1n“"z)[xj(rl)x;;(cz)—(mz)], (3.82)

where T; = Qt,.

We would like to make a few remarks about a possible overlap of this model, as part of the
DK class, with the Dirac class defined in Sec. 3.1.2. The overlap is possible because the lattice
models considered here can have relativistic low energy dispersion, e.g. if we consider a graphene-
type honeycomb lattice (see below). However, we work in the limit where the amplitude of the
driving protocol scales with the driving frequency Q which is considered to be higher than the
single-particle bandwidth. In this limit, the low-energy relativistic description of the spectrum is
inadequate. In order to realise the Dirac class in graphene, one has to make sure that all involved
energy scales, including the lattice potential, are small compared to the band width, so that only
the linear part of the dispersion relation is important. The relation between lattice and continuum
models is discussed in detail in App. A.

In Sec. 3.1.2, we also used a symmetry argument to argue that there are no Q~'—corrections to
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Figure 3.10: Floquet realisation of the Haldane-Fermi-Hubbard Model (see also Refs. [38, 56]).
(a) A circularly polarised electric field is shone on a sheet of graphene. The non-driven model
includes spinful fermions with hopping matrix elements Jy, on-site interactions U between spin-
up (dark green arrows) and spin-down (dark red arrows) fermions, as well as nn interactions U’
(purple full zigzag line) between either spin species. (b) To zeroth order the Floquet Hamiltonian
has the same form as the non-driven Hamiltonian but with renormalised parameters. The leading
Q~!-corrections include complex next-nearest-neighbour hopping elements K ; (dashed blue lines),
such that the flux through a sublattice is @5 = —n/2. If the system is interacting, to the same order
in perturbation theory, an interaction-dependent hopping is induced (orange lines) in the strobo-
scopic Floquet Hamiltonian H, ;1) [0]. These interaction-dependent hopping terms enter the Floquet
spectrum starting from order Q2 and are, therefore, absent in the effective Floquet Hamiltonian,
He(flf) (see text). However, in the van Vleck picture the interaction-dependent hopping shows up
in the kick operator Ki?ft"(l) (see Eq. (3.81)), and should be included in dressing the observables
and the initial density matrix for a correct description of both stroboscopic and non-stroboscopic
dynamics.

the infinite-frequency Floquet Hamiltonian in the Dirac class. That argument relied on the linear
polarisation of the driving protocol and does not apply to a circularly polarised protocol, where the
phase of the driving depends on the direction. Such a protocol was suggested to realise a Floquet

Chern Insulator [38] and we will briefly discuss it next.

3.1.3.4.1 Circularly Polarised Drive and the Floquet Realisation of Haldane’s Model

We now focus on graphene, where two triangular lattices build up the hexagonal structure, and

consider the situation in which the driving frequency is higher than the band width. This scheme
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has been suggested theoretically to induce topological properties in graphene [38, 606, —178],
and turn it into a Chern insulator. The topological properties of the quasi-energy spectrum of
Floquet systems, in general, depend on the lattice geometry [150]. Moreover, in Refs. [69, ]
it was shown that Floquet Chern insulators with sufficiently strong nearest-neighbour interactions
exhibit the phenomenon fractionalisation at fractional fillings. Cold atom experiments managed
to realise a fermionic system with topological bands in the laboratory [56]. As in Ref. [38] we

consider a circularly polarised electric field. The driving protocol in this case reads as
fr(t) =E(t)-r, E(t)=Vy(cosQt,sinQt), (3.83)

where, in agreement with the general discussion, the amplitude of the electric fields needs to scale
with the driving frequency €, that is Vy = {Q. For a honeycomb lattice, the unit vectors §; point

from the sublattice A to B (see Fig. 3.10a):
1
1 = (0,—1), S273 = E(:l:\/g, 1).
In the rotating frame, this leads to
. Vo, .
Aj(t) =exp(is;-A(t)), A(t) = E(stt ,—cosQt ).

where A(r) is the vector potential describing the electric field. One can show that all three renor-
malised nn hopping amplitudes in H }0) and Hg«p are real and equal in magnitude. As in the bosonic
case, they are given by J; = Jo %(C), where { = V;/Q is kept constant in the high-frequency limit
and 7 is the Bessel function of the first kind. To order Q! we find that the site-dependent chem-
ical potential vanishes identically for the circularly polarised drive owing to ). ; F;j; = 0, while the
next-nearest-neighbour terms are finite and complex. As proposed in Ref. [38] they lead to a topo-
logical band structure in the Floquet spectrum. For the case of a circularly polarised drive, we

further obtain that the next-nearest-neighbour hopping elements in the van Vleck picture are imag-

inary and equal in magnitude (while in the stroboscopic picture they are complex numbers whose
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magnitude and direction depend on the Floquet gauge), such that they lead to opposite fluxes of
®, = Fn/2 penetrating the two sublattices A and B (see Fig. 3.10b). At half-filling, the model
realises Haldane’s Chern insulator [180], which is the prototypical example of a quantum Hall

insulator without an external magnetic field.

3.1.3.4.2 Experimental realisation of Haldane’s model

Haldane’s model has been realised using ultracold fermionic “°K atoms in a brick-wall (almost
hexagonal) optical lattice [56]. A superlattice induced an energy off-set between the two sublattices
which resulted in a staggered potential Ayg. By mechanically shaking the lattice position along the
x and y-direction using piezo-electric actuators, the lattice sites were moved on elliptical trajectories
which mimic the application of elliptically polarised electric field in the lattice plane, and break
time-reversal symmetry. As discussed in the previous paragraphs, this leads to complex-valued
nnn hopping terms between sites of the same sublattice. As a result, the Dirac cones open up a
topological band gap, which is reflected in the non-zero and opposite Chern numbers of the two
lowest bands, see Fig. 3.11, left panel.

In a topologically non-trivial band, atoms moving in the Brillouin zone acquire a Berry phase.
This, in turn, results in a force, perpendicular to the direction of movement, pretty much like the
Lorentz force acts on a charged particle moving in a real-space region of nonzero orbital magnetic
field®. By turning on a Zeeman magnetic field gradient which acts as an external potential [170], a
constant force is applied on the atoms, leading to Bloch oscillations. Hence, the atoms are brought
to explore the region of the Brillouin zone near the two Dirac cones, where the Berry curvature and,
therefore, the Lorentz-like force the atoms experience, is the strongest. The experiment measured
the motion of the centre of mass in the presence of the topological gap. Reversing the sign of the
magnetic field gradient flips the sign of the force the atoms feel, and the displacement is experi-
enced in the opposite direction. Subtracting the two drifts from one another defines the differential

drift which is proportional to the strength of the Berry curvature near the topological gaps, see

3Note that an orbital magnetic field leads to cyclotron orbits, while a static magnetic field gradient (a Zeeman field)
acts as an external potential and is responsible for the hyperfine splitting of atoms.
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Fig. 3.11, right panel.
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Figure 3.11: Left panel: Cold atom realisation of Haldane’s model. (a) The brick-wall lattice
unit cell and the dynamically generated staggered flux pattern. (b) Topological phase diagram of
Haldane’s model and dispersion relation for the brick-wall lattice. Right panel: Differential drift of
the fermions in the first Brillouin zone. (b) Pictorial representation of the differential drift near the
Dirac cones for fixed parameters. (c) Differential drift vs. sublattice flux ¢ for a near zero staggered
potential App ~ 0 Hz. The parameters are related to those in the main text by ¢ = ®,. Reprinted
by permission from Macmillan Publishers Ltd: [Nature] ([56]), copyright (2014).

A fraction of the atoms passing near the band gaps undergoes a Landau-Zener transition and
transfers to the upper band. The precise band population can be extracted from the integrated
column density in the absorption image following a band mapping technique. This provides a
confirmation for the existence of the Floquet-engineered dispersion relation of Haldane’s model.

In the same experiments, using a Feshbach resonance the authors turned on the interaction be-
tween atoms in different hyper-fine states and briefly studied the interacting model. In general, the
topological phases of the interacting Fermi-Hubbard model are expected to be strongly susceptible
to heating effects. In the experiment conducted in Ref. [56], the authors observed a 25% increase in
entropy for the driven interacting system, when compared to the non-driven interacting case. Heat-
ing effects in ultracold fermionic systems in the high-frequency limit [60] are a subject of current

experimental and theoretical research, see Chapter 5.



106

3.1.3.5 Periodically Driven Spin (Hardcore Boson) Systems

As a final model in the DK class, we consider a spin-1/2 system on a lattice of arbitrary dimension,
driven by a time-periodic, linearly-polarised external magnetic field. As we discussed in Sec. 2.2
the inverse-frequency expansion works both for quantum and classical systems. So with minor
modifications the results of this section apply equally to driven classical spins (i.e. rotor) models.
The effect of resonant driving on benchmark properties, such as the Rabi oscillations, was investi-
gated [181]. A topological Floquet spin system was realised in Ref. [182]. Here, we assume that
the magnetic field on each lattice site m points along a fixed in time, but site-dependent direction.
The magnitude of the magnetic field is allowed to vary from one lattice site to another. In agree-
ment with the discussion in the introduction to the DK class, we assume that the amplitude of the
magnetic field scales linearly with the frequency of the drive Q. The Hamiltonian in the lab frame

reads as:

H(t) =Hy+ QY fu(t) Ay - O, (3.84)

m
where H is time-independent and can include arbitrary spin-spin interactions, 6,, = (6,6, 0%,)
is the vector of the three Pauli matrices on the m-th site, n,, is a time-independent unit vector, and
fm(t) is a periodic function with period T = 21/Q.

In the high-frequency limit, the Floquet Hamiltonian is equal to the time-average of the Hamil-
tonian in the rotating frame:

H™Y(t) = V() HyV (1), (3.85)
where
V(t) =exp [—iZAm(t)nm-Gm ,

Ap(t) = Q/t dat' fu(t).

The lower limit in the integral above can be used to change the Floquet gauge when going to the

rotating frame. Since spins at different sites commute, the operator V(¢) factorizes, and can be
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Figure 3.12: The flip-flop model: a periodically modulated, spatially uniform magnetic field B(z)
is applied to a spin chain, c.f. Eq. (3.87).

written as

V(l) :va(t)7 Vm(t) :exp[_iAm(t)nm'Gm]y

where V,,,(¢) is the operator rotating the spin at the site m by an angle 6,,(¢) = 2A,,(¢) around the
direction n,,. Using Eq.(3.85) it is easy to see that the Hamiltonian in the rotating frame is given

T

by the Hamiltonian Hy with the substitution 6,, — 6'5'(¢) = V,! ()6, Vi, (¢) or explicitly:

G,, —> c0s0,,6,, +sinB,,n,, x 6,,+ (1 —cos6,,) (n, @n,,) G, (3.86)

where x and ® indicate the vector and tensor product. The entries of the matrix M,, = n,, ® n,, are
defined by (My,)op = n&nb.

We now consider two specific examples. First let us assume that:

m

H(t) = Hy+0Q cosQt Y o
" (3.87)
Hy=1Jy Y (o},0;—0)0)).
(mon)

Here the driving corresponds to a uniform magnetic field along the z-direction, n,, = (0,0, 1), with

oscillating intensity, f,,(#) = a.cosQr, c.f. Fig. 3.12. Using Eqs. (3.85) and (3.86) we find that the
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Hamiltonian in the rotating frame is obtained from Hj via the substitutions:

G, — cos0(t)c,, —sinb(r) o),
G), — cosO(t)o), +sinb(t) G, (3.88)

m

z
O — O

where 8(1) = 2A(t) = 2osin Q¢ . After some algebra, we arrive at:

H Y1) =Jp Y cos(26(1)) (o

m

o' — o)) —sin(20(r)) ()6 + 6)6Y). (3.89)

m m-n m>n
(m,n)

In the infinite-frequency limit, the Floquet Hamiltonian can be calculated as:

1 T
HY = H) = = /0 deH™ (1) = Jo(400)Ho, (3.90)

where 7%, is the Bessel function of the first kind, and we used the mathematical identities:
17 17
/ drcos(4osin Qs ) = J(4a), / drsin(4osin Qs ) = 0.
T Jo T Jo

By choosing 4. to coincide with the zero of the Bessel function, periodically driven spin systems
can exhibit dynamical freezing [183, ].
We also derive the leading Q~!—corrections by computing the next term in the Floquet-Magnus

(van Vleck) expansion. We choose to focus on a 1D chain for simplicity:

J2
HI(Tl) [0] - Gﬁo Z (6;1—10-m6m+1 +Gm IGmen-H) )
HY 0,
K OW0) = Jo Y [ke(r) = %e(0)) (63,05 — 64,0 — [Ki(r) — K,(0)] (65,8 + 0,05

(m,n)

Ko@) = 5 Y k) (0408 —0L0l) — k(1) (546% + GL0%) (3.91)
(m,n)

m=n m=n
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where G, G, k.(t) and %(¢) are of order one and given by the expressions:

2n
G = ;/0 drl/o dt, [sin (4ousin(ty)) cos (4asin(Ty)) — (T) «— T2)],

k(1) = ;/tTﬂdt’Kl—Zt_Tt/) rnodT] cos(26(t')),
k(1) = ;/Zﬂtdt’[(l—zt;t,) modr] sin(20(1')).

We thus see that, in this example, the infinite-frequency limit results in a renormalisation of the
spin-spin interactions of the bare Hamiltonian, while the first subleading correction in Q! intro-
duces 3-spin interaction terms in the stroboscopic Floquet-Magnus Hamiltonian. In the basis of
0%, these terms play a role similar to the interaction-dependent hopping in Egs. (3.73) and (3.80).
They induce next-nearest-neighbour spin flip processes, whose amplitude depends on the direction
of the spin at the middle-site. The effective van Vleck Floquet Hamiltonian does not contain these
terms, since they are encoded in the kick operator Kef(7) via Eq. (2.47).

Let now us analyse another, slightly more complicated example on a two-dimensional lattice.

The system is driven by a linearly-polarised magnetic field along the z-direction

H(t) =Hy+0oQcosQr Y mcy, . (3.92)
m,n
where Hj is a standard XY -Hamiltonian:
HO - Z‘] ( m,n mn+1 +6mn mn+1> +‘]X (G;Cn nGxn1+1 N} +Gmn m+1, n) (393)

and J, and J, are the bare coupling along the x and y directions. In analogy with the previous
example, we find 6,,, () = 2A,,,(t) = 2mosinQs . Using the transformation in Eq. (3.88) we

arrive at:

Hmt ZJ ( m,n mn+1 +Gmn mn+1> +h(t)‘lx (Gﬁl,ntn-&-l,n +627n,n0ym+l,n)v (394)
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where we defined

h(t) = cos(Omu(t) — Omi1.(r)) = cos (2asinQr ).

Observe that if the magnetic field were uniform, i.e. if there were no magnetic gradients, then
h(r) = 1 and H™'(t) = Hy. This is not surprising since, in this case, the driving would commute

with Hp. In the infinite-frequency limit, the Floquet Hamiltonian reads:
0 0 ,
HI(7 ) :He(ff) :Z‘]} (61);1,116;;1,?1-&-1 + G%n,nGym,rH»l) +]0 (20(’)‘])6 (G;Cn,nﬁfn-‘rl,n + Gzz,ng)r)rH»l,n) .
m,n

This expression shows that, for Q — oo, the coupling strength along the x direction is renormalised,
while the one along the y direction is not. By changing the value of o the Bessel function J(2a.)
can be tuned to zero or even take negative values, in the same spirit as the original work by Dunlap
and Kenkre [41, 42]. This opens up possibilities for studying dimensional crossovers, effectively
tuning the spin system between the 1d and the 2d regimes, and dynamically switching between
ferromagnetic and anti-ferromagnetic couplings.

Finally, notice that a close analogue to the Harper-Hofstadter Hamiltonian can be realised for
spins by choosing the static Hamiltonian on a two-dimensional lattice as in Eq. (3.93) and the

periodic driving:

Hi(t)=QY fun(t)05 s frnn(t) =m-+0cos(Qr + pm), (3.95)

m,m

where ¢,, , = ®y(n+m) (see Sec. 3.1.3.3 for details). The calculation of the dominant and sublead-
ing correction to the Floquet Hamiltonian follows closely the steps shown above and in Sec. 3.1.3.3.
In the infinite-frequency limit, this leads to complex interaction amplitudes with a flux ®g per pla-

quette. Hence, one can expect to observe nontrivial spin-wave dynamics.

3.1.3.5.1 Cold Atom Experiments with Spins Systems

We now briefly mention some recent experimental realisations of classical spin systems using pe-

riodically driven cold atoms [48, 49, 51, , ]. In Ref. [48] the authors employed a quantum
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system to simulate classical magnetism. A weakly-interacting 8’Rb Bose gas was loaded in a two-
dimensional triangular lattice. In the superfluid regime where phase fluctuations are suppressed

and for high filling numbers, the system is effectively described by the classical X Y-model

U U
Hy=—J) cos(q;—@;)+ EZ(S§)2 =—JY S-S+ 52(53‘)27
(ij)

J (ij) J

where the effective spin interaction J is proportional to the boson hopping matrix element. U is
the effective local interaction related to the Hubbard coupling in the Bose-Hubbard model, and S;
is a unit vector confined to the (x,y)-plane such that §j =cos@j, Siﬁ = sin@;, which represents the
classical spin or rotor variable.

As we saw in Secs. 3.1.3.2, 3.1.3.3, 2.1.3, and 3.1.3.5, it is possible to modify the hopping
matrix elements along the bonds by applying a periodic modulation. Mechanically moving the
lattice along an elliptical orbit is equivalent to applying the force F(t) = F.cosQt e, + F;sinQr e;
where e /s are two orthonormal vectors in the lattice plane and F, /, are experimentally controlled

amplitudes [145]. This driving protocol can be taken into account by the following effective spin

Hamiltonian

H(t) = —JZsi-SjJrZF(z).rjs§+%2(s§)2. (3.96)
(i) j j

The setup is very similar to the realisation of Haldane’s model with circularly polarised electric
field, c.f. Eq. (3.83). Using Eq. (3.88) together with the discussion after Eq. (3.92) and the iden-
tification §; <+ 6, we can transform to the rotating frame. This results in a modification of the

hopping matrix elements J — J % ((;;) with

Cij = Qfl\/(ﬂ-ec i)’ + (Fey-rij)°,

where the vectors r;; = r; — r; connect nearest-neighbouring sites. Consequently, as a result of the

periodic shaking, it is possible to establish control over the spin-interactions on the three bonds of
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the triangular plaquette. The infinite-frequency Floquet Hamiltonian is

HY =HY = —Zjijs,-.sj+%2(s§)2, (3.97)

(i) J
where Jo3 = J31 = J' and Jj; = J, c.f. Fig. 3.13. In the original paper [48] the last term did not
appear in the Hamiltonian because the interactions were tuned to a small value and also because
they do not affect the thermal phase diagram in the classical limit (large filling). By tuning the
driving amplitudes F, and Fy, it is possible to reach regimes in which the spin-interactions J,J’ flip

sign independently. This opens up the way towards studying a rich phase diagram where spin order

competes with frustration due to the lattice geometry.

Figure 3.13: Realisation of the classical XY-model on a frustrated triangular lattice using ultracold
bosons. By applying a periodic driving, it is possible to establish independent control over the two
spin interactions J,J'. From Ref. [48]. Reprinted with permission from AAAS.

As a main tool to study the phase diagram, c.f. Fig. 3.14, the authors performed time-of-flight
measurements which gives access to the momentum distribution of the superfluid Bose gas. By
assigning a unique momentum distribution to the ground states of the candidate ordered phases,
the phase diagram was mapped out with a very high precision. It was even possible to observe
spontaneous symmetry breaking directly in the case where the two degenerate ground states lead
to different time-of-flight images. For J,J’ > 0 the system was found in a rhombic state (R), while
for J > 0, J' < 0 it undergoes a first-order phase transition to a ferromagnet (F). On the transition
boundary (J' = 0, J > 0) ferromagnetic chains build up in the ground state. Frustration effects

become relevant when J < —|J'| /2, where the system undergoes a second-order phase transition
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Figure 3.14: Left panel: Ground states of the frustrated XY model on a triangular lattice for
different values of the hopping parameters J and J’ (see right panel). Right panel: Phase diagram
of the frustrated XY model on a triangular lattice in the (J,J')-plane. The symbols refer to the
states in the left panel. The solid line is a first-order, while the dashed lines represent a second-
order phase transition. In the grey region where tunnelling is suppressed the bosonic system is
strongly interacting and the interference pattern is destroyed. From Ref. [48]. Reprinted with
permission from AAAS.

to two different spiral states, (SP2) and (SP1), depending on whether it is approached from the
ferromagnetic (J' < 0) or the thombic (J' > 0) side, respectively. These spiral states are connected
by a continuous crossover at J' = 0 and J < 0, where the ground state displays the order of staggered
spin-chains (SC). For more details, see Ref. [48].

In a subsequent experiment [51], the interplay between the continuous U(1) symmetry of the
XY-model in the presence of a Z, Ising-like artificial gauge field was studied. Once again, ’Rb was
loaded in a 3d triangular lattice (weakly confined along the vertical direction) which realised the
classical XY-model. In addition, an artificial magnetic field in the form of complex Peierls phases
was imprinted in the hopping amplitudes J;;, created by shaking the positions of the lattice wells
according to an elliptically polarised polychromatic modulation which breaks time-reversal sym-

metry at the level of the time-average Hamiltonian. The model realises a nonzero net flux which
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penetrates the triangular plaquettes in an alternating fashion. This flux leads to mass currents along
the plaquettes whose direction, clockwise or counter-clockwise, constitutes the classical Ising vari-
able, which was indirectly measured through the occupation of the momentum modes. In addition
from such measurements the authors were able to identify a thermal phase transition between an

anti-ferromagnetic and a paramagnetic phase.

3.2 The van Vleck Inverse-Frequency Expansion as a Schrieffer-Wolff Transforma-

tion for Periodically-Driven Systems

In this section we demonstrate that the van Vleck (Floquet-Magnus) expansion can be used even in
static, i.e. non-driven, systems by first going into the interaction picture, see for example Refs. [25,

—188] for Floquet studies of Bloch oscillations and the Wannier-Stark ladder. In particular, it
can be used to eliminate highly excited states, which are rarely/never populated but nevertheless
lead to renormalisation and modification (dressing) of the low-energy Hamiltonian. These ideas
are also behind the widely used Schrieffer-Wolff transformation [189] which, as we shall show, is
closely related to the van Vleck expansion®.

The formalism introduced in Sec. 2.2 can be applied to find the leading behaviour and the first
subleading correction to the Floquet Hamiltonian, the dressed operators and the dressed density
matrix. As we illustrate below, this framework has an additional advantage allowing one to extend
the Schrieffer-Wolff transformation to periodically driven systems. More interestingly, we demon-
strate that the analysis in Chapter 3.1 is based on virtual photon absorption processes, while with

the help of the generalised Schrieffer-Wolff transformation, one can extend this formalism to also

study the physics of periodically-driven systems on resonance.
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Figure 3.15: A single particle in a tilted double well: the two wells have an energy difference A
and are connected by the tunnelling matrix element J.

3.2.1 A Two-Level System
3.2.1.1 Non-Driven Regime

To appreciate the relation between the inverse-frequency expansion and time-independent pertur-
bation theory, consider first a time-independent problem of a single particle hopping in a tilted
double well potential, c.f. Fig. 3.15. This model is exactly solvable and, with the correct identifi-
cation of the lab and rotating frames, it is equivalent to the two-level system in a circularly driven
magnetic field described in Sec. 2.1.3. Here we revisit this model paying specific attention to the
convergence properties of the Floquet-Magnus (van Vleck) expansion. The system is described by
the Hamiltonian

H = —J (didy +d[d>) +an, (3.98)

where the operator d;, creates a particle on site m and n,, = d;,d,, is the particle number operator.

m
The tilt is given by the parameter A, while the hopping matrix element is denoted by J. We are
interested in the limit A > J. The exact single-particle eigenenergies of this Hamiltonian are £} =
1/2 (A + m) .

The Hamiltonian in Eq. (3.98) does not have any explicit time dependence, let alone a periodic

one. In order to make use of the inverse-frequency expansion, we apply a unitary transformation

into the interaction picture w.r.t. the diagonal part H; = Any, given by V(¢) = diag (1,exp(—iAt))

4We are grateful to A. Rosch for pointing this out.
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in the Fock basis. We thus obtain a time-dependent Hamiltonian in the rotating frame (a.k.a. inter-
action picture):

H (1) = —J (efAfd;'dl n e’imdfdz) : (3.99)

which is similar to Eq. (2.19) with the identification B, — 0, B — —J, and A — Q, whenever the
system is populated by a single particle. Notice that H™'(¢) contains only the harmonics Hy—+1,
see Eq. (2.42). Therefore, for this example the Floquet-Magnus expansion coincides with the van
Vleck expansion to order Q~!, c.f. Egs. (2.41) and (2.45). In the following, we choose the Floquet
gauge to = 0.

Observe that by doing the transformation to the interaction picture, we eliminate the high-
energy on-site potential from the problem at the expense of introducing an explicit time depen-
dence. This transformation is identical to the gauge transformation in electromagnetism, where a
static scalar potential can be traded for a linear in time vector potential. Now we can apply Flo-
quet theory to the Hamiltonian in Eq. (3.99). Using Egs. (2.21) and (2.24) we find that the full
time-independent Floquet Hamiltonian coincides with the original Hamiltonian, i.e. Hr[0] = H,
as expected. Moreover, from Eqgs. (2.6) and (2.56) we also see that the fast-motion operator is
P(t,0) = e Krl0() = v (r). This implies that, if we are interested in the time evolution at scales
slower than A~!, we can compute the dressed density matrix for the initial state and the dressed
operator for the observable of interest and evolve them in time with the Floquet Hamiltonian. If we
are interested in the high-frequency (i.e. large A) structure of the dynamics, we can fully recover it
from the operator P(t,0).

For the Hamiltonian in Eq. (3.99) the leading few orders in the Floquet-Magnus (van Vleck)

expansion result in

Y = o HY =o,
1 J? y J?
H;)[O] = X(”Z_nl)v Héff):X(HZ_nl)’

J3
Holo] = 2% (dar+alar), HE =0, (3.100)

€



117

with the following kick operators in the rotating frame:

rot, (1 J i —i i
KFO ()[O](l) = _l'A ((eAt—l)dgdl—(e At—l)dldz),
1o J ] —i
k) = =% (M —e M), (3.101)

It is easy to see that the stroboscopic Floquet Hamiltonian up to order Q72, i.e. H éo) —i—H}(;l) [0] +
H 1(;2) [0], is equivalent to the original static Hamiltonian when one rescales the original couplings A
and J by a factor of 2J?/A?. In fact, for this simple problem one can re-sum the entire series to
obtain the Hamiltonian (3.98),i.e. H =Y, (H 1(;1) [0]. Note that for 2J/A > 1, the square root in the
exact eigenenergies Ey = 1/2(A+ \/m) cannot be expanded in a convergent Taylor series
in J/A. Thus, for 2J /A > 1, the inverse-frequency expansion is doomed to diverge. This coincides
precisely with the general convergence criterion of Eq. (2.61). For more complicated Hamiltonians,
however, it is hard to find the condition for the convergence of the HFE series (c.f. Sec. 2.3).

As was the case for a two-level system in the circularly-polarised field (see Sec. 2.2.4), the ef-
fective and stroboscopic Floquet Hamiltonians correctly reproduce the exact spectrum to the order
of A=? (recall that A = Q). The effective and stroboscopic Floquet Hamiltonians differ at order
A2 ie. H,&z) [0] # Hégf) but this difference becomes manifest in the spectrum to order A=3, i.e. be-
yond the validity of the approximation. The hopping (mixing) between the two levels is encoded
into H 1(92) [0] but it is absent in He(fzf). However, the kick operator K;?ft’(l)(t) precisely compensates
for this and hybridises the two levels. Hence, in order to describe the dynamics (FS or FNS) of the
system using Hefr, one has to take into account the transformation of orbitals encoded in the kick
operator. Conversely, the stroboscopic Hamiltonian correctly describes the full evolution of the
system if we are interested in the stroboscopic times [T, as the stroboscopic kicks vanish at those
times, i.e. K[0](IT) = 0.

Let us briefly comment on the physical meaning of the different terms in the Hamiltonian. In
the leading approximation, the Floquet Hamiltonian is zero which indicates that, in the infinite-
frequency limit, i.e. when the energy offset of the two wells is larger than the hopping (A > J),

the system remains frozen since the two levels are effectively uncoupled. The first correction is



Figure 3.16: The periodically driven two-level system. (a) The higher energy level is modulated
periodically w.r.t. the lower level in the lab frame. (b) As a result, the Floquet Hamiltonian gov-
erning the slow dynamics features a mixing term between the two levels to leading order (absent
in the non-driven system), while the first Q~!—correction has the physical meaning of a small level
repulsion.

responsible for the (opposite) energy shifts of the ground and the excited states and introduces a
level repulsion. The second correction, in turn, leads to renormalisation of the eigenstates, since it

represents a hopping (hybridisation) between the two levels.

3.2.1.2 Periodically Driven Regime

The application of the inverse-frequency expansion in the previous example might not be the eas-
iest way to study this simple system, but it paves the way for studying the behaviour of a more
complicated system containing both a high-energy level and a periodic driving. Suppose that we
now shake the higher-energy level with an amplitude A and a frequency Q, c.f. Fig. 3.16. The

Hamiltonian becomes

H = —J (didy +d{d>) + (A~ AcosQt o, (3.102)

We are interested in the limit A, Q > J. Our first goal is to understand how the drive changes the
physics compared to the non-driven case. Extending the procedure from the static example to the

driven case above, we eliminate both the higher-energy level and the driving term altogether by a
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transformation to a rotating frame:

A
V() = exp [—i (At o) sin Q¢ ) nz] .
d — eiAtfiésith dy, di —d, (3.103)

where we defined { = A/Q. The Hamiltonian in the rotating frame is now given by
Hrot(t) =_7 (eiAt—iCSiHQI d;d] +e—iAl+iCSith d'l'rd2> . (3104)

Note that, as before, in the rotating frame there is no energy offset between the two levels, but the
hopping term has a more complex time dependence encoding both static and dynamic information.

In general, the new Hamiltonian (3.104) is not strictly periodic in time, since A and Q are
arbitrary real numbers. One can deal with this in several ways. One possibility is to find co-prime
integers [ and k and a frequency Qg such that /Qg ~ A and kQy ~ Q. As long as Qg > J the
Floquet analysis should hold. If the frequencies are not exactly commensurate then one can define
a commensurate A = Qg and make the transformation to the rotating frame using A instead of A
in Eq. (3.103). It is easy to see that this will result in a small extra static term (A — A)d;rdz in the
rot-frame Hamiltonian (3.104). And finally, one can take the commensurate limit, e.g. A = [Q and
make an analytic continuation in the final result to non-integer /. This should work if the result,
e.g. the Floquet Hamiltonian, is a simple analytic function of /. We shall show below that this trick
works indeed in the case of the Schrieffer-Wolff transformation. It is intuitively clear that especially
in many-particle systems with continuous spectra the exact commensurability of the driving should
not play a crucial role.

We now leave all these subtleties aside and assume that A and Q are commensurate such that
A =1Qp and Q = kQ, where / and k are positive co-prime integers. We shall also assume that

(0)

Qo > J. First, let us understand the leading time averaged Hamiltonian H ', which was strictly
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zero in the non-driven case. We note the mathematical identity:

1 fo iAt—iCsinQ 1 fo i(—Ck+1)Q
— / dre—Esin® — Y g,(() / drel(—lk+)Q0t (3.105)
To Jo iz, 1o Jo

where () is the ¢-th Bessel function of the first kind and Ty = 21/Qq is the common period.

The integral above is nonzero if and only if there is a solution to the equation £k = [ or, in other

words, / is an integer multiple of k. Because by assumption k and [ are co-prime this equality can

only be satisfied when k = 1 (and hence Q¢ = Q and A = [Q2). This means that the leading Floquet
(0)

Hamiltonian H}~ simply corresponds to the /-photon resonance. Let us focus on this resonant

scenario. Clearly in this case

HY = 1Y = _5(0) (d;dl 4 dfd2> . (3.106)
In the infinite-frequency limit (at fixed /) H}O) determines the Floquet Hamiltonian. It splits the
two levels into the symmetric and antisymmetric combinations. This is very different from the
non-driven or non-resonantly driven case where H}O) = 0, and the leading order contribution in
the Floquet-Magnus (van Vleck) expansion, i.e. Hl(pl)[O], gives the energy splitting between the
levels (c.f. H 1(91) in Eq. (3.100)) and hence keeps the eigenstates essentially unmixed (up to a small
correction of the order J/A). This observation already hints to possible heating mechanisms in
Floquet systems. For example, if one prepares the two-level system in the lower-energy state then
in the resonant case this state is equally projected on the symmetric and antisymmetric Floquet
eigenstates, resulting in an equal population of the two levels. This is equivalent to heating to
an infinite-temperature state. In the non-resonant case, conversely, the Floquet eigenstates are
still predominantly the eigenstates of the non-driven Hamiltonian, and thus the initial state is only
weakly perturbed, while the excited state is only weakly populated. Admittedly, this example is too
simple to understand real heating mechanisms in more complex interacting systems, but it shows
how resonant periodic driving can fundamentally change the nature of the Floquet eigenstates [97].

Thermalisation in periodically driven systems is discussed in Chapter 5.



121

If the amplitude of the driving is small, then { < 1 and we find () ~ {’ such that the effective
hopping is proportional to the /-th power of the driving amplitude. This is not surprising, since it
means that the /-photon absorption processes are exponentially suppressed. This result can also be
obtained using time-dependent perturbation theory. However, for { ~ 1, i.e. in the strong-coupling
regime, this term becomes non-perturbative and it is not meaningful to think of single or multi-
photon absorption in the lab frame”.

For completeness, we give the leading correction term in the Floquet-Magnus (van Vleck)

expansion for this resonant case:

a0 = *gz (8)(n2 —m) (3.107)
2
gl(C) _ _[Im{/ de’tl/ drye —il (11 —72)+if(sinT; — 9111132)}
Hy = Ta@)m-m)
eff 81 2—N1),

27 T
~ dt; [ T =T\ e o) sit(sinT _si
= —II — d 1— 2 = il(11~72)+iG(sinT —sintz) |
&) m{/o 27 /0 Tz( T >e

Similarly to the non-driven case, this correction gives the level repulsion term, but with a renor-
malised coefficient. If the amplitude is not very strong, < 1, then g;(),&,({) =~ 1 for all I # 1,
i.e. the presence of the driving results in a small modification of the non-driven Floquet Hamilto-
nian. For / = 1 the functions g; (), g; () are small, oscillate and even become zero at special values
of {. This indicates that the driving can have a strong effect if / = 1. We want to emphasise again
that the Q~'—term is now only a sub-dominant correction, provided that 5 () > J/A = J/(IQ).

For completeness we also show the leading order approximation for the kick operators:

He = I (9-eQdid + 540)d} s )

L&y, :
U010 = — Y - (&~ 1)H — (e — 1)H_,),
F Q=0 ( )

5The notion of single or multi-photon absorption in systems with classical drives is reference-frame dependent:
e.g. in the rot frame all parameters remain finite in the limit Q — o and it makes sense to speak about photon absorption
processes even at { ~ 1. There is no contradiction, because of the appearance of non-perturbative Bessel functions in
the resulting matrix elements.
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Figure 3.17: Similarity between renormalisation of tunnelling, an interference effect induced
virtually by an off-resonant drive (a), and Heisenberg interactions induced by virtual off-resonant
interaction processes (b).

(eithe _ efiZQtH7£> ' (3.108)

| =
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3.2.2 Low Energy Heisenberg Physics in the Periodically Driven Fermi-Hubbard Model

The Schrieffer-Wolff transformation (SWT) [189-192] is a generic procedure to derive effective
low-energy Hamiltonians for strongly-correlated many-body systems. It allows one to eliminate
high-energy degrees of freedom via a canonical transform. The SWT has proven useful for studying
systems with a hugely degenerate ground-state manifold, such as the strongly-interacting limit of
the Fermi-Hubbard model (FHM) [190], without resorting to conventional perturbation theory.

In this section, we consider strongly-interacting periodically-driven systems and show how
the SWT can be extended to derive effective static Hamiltonians of non-equilibrium setups. The
parameter space of such models, to which we add the driving amplitude and frequency, opens up
the door to new regimes. We use this to discuss realisations of novel Hamiltonians, including spin
models in artificial gauge fields and the Fermi-Hubbard model with enhanced doublon association

and dissociation processes.
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3.2.2.1 Schrieffer-Wolff Transformation from the van Vleck Inverse-Frequency Expansion.

Intuitively, the van Vleck high-frequency expansion for periodically-driven systems (vV HFE) and
the SWT share the same underlying concept: they allow for the elimination of virtually-populated
high-energy states to provide a dressed low-energy description, as illustrated in Fig. 3.17. For a
system driven off-resonantly (Fig. 3.17a), virtual absorption of a photon leads to tunnelling between
next-nearest neighbours. Similarly, non-driven fermions develop Heisenberg interactions via off-
resonant (virtual) tunnelling processes (Fig. 3.17b). In this Section we combine the van Vleck HFE
and the SWT into a single framework allowing one to treat both resonantly and non-resonantly
driven systems on equal footing.

Let us illustrate this connection by deriving the SWT using the van Vleck HFE. Consider the

non-driven FHM:

H=-Jy Y clscjc+UY npnj, (3.109)
(ij),0 J

where Jj is the bare hopping and U is the fermion-fermion interaction. We are interested in the
strongly-correlated regime Jo < U. Going to the rotating frame [y™'(¢)) = V'(¢)|y(t)) w.r.t. the
operator V(t) = exp (—iU 1Y, injn; L) eliminates the interaction energy U in favour of fast oscilla-

tions. If id, |y™") = H™'(¢)|y™"), then

H () = Y [gijo—i-(eiwhzic—kh.c.)}, (3.110)
W = nsclcio(l—nis
ijo nlcczccjc( nj0)7
gijo = (1-nig)cigejo(1—njs) +nisclocjonjs,

where T =/ and vice-versa. The first term g; o models the hopping of doublons and holons, while
the second term hjjc represents the creation and annihilation of doublon-holon pairs. Since H™'(t)
is time-periodic with frequency U, we can apply Floquet’s theorem [81]. Thus, the evolution of
the system at integer multiples of the driving period Ty = 27t/U [i.e. stroboscopically] is governed

by the effective Floquet Hamiltonian Hegr. If we write H™'(¢) = ¥, H®'eV!, the van Vleck HFE
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(see Sec. 2.2.2) gives an operator expansion for Hegr = HY* + Y- o [HIY, H}] /(U + O(U~2). From
Egs. (2.45) it follows that the zeroth-order term Hé?f) = H{™ is the period-averaged Hamiltonian
[here the doublon-holon hopping term g], while the first-order correction is proportional to the
commutator He(flf) ~ J3[h',h)/U, cf. Fig. 3.17b:

473

Her~ —Jo Y, gijo+ 70 ) <Si‘Sj — n?) +0(U™?). (3.111)
(ij),0 (ij)

The approximate sign in Eq. (3.111) is used, since we neglected part of the U ~!-correction terms,
as i1s common for the conventional SWT calculation cf. Ref. [193], with which the above effective
Hamiltonian is in precise agreement. At half-filling, doublons and holons are suppressed in the
ground state and this reduces to the Heisenberg model. Away from half-filling this Hamiltonian
reduces to the t —J model [190, ]. Similar to the conventional SWT, the exact Floquet Hamil-
tonian Heg contains all degrees of freedom of the original Hamiltonian of interest, but they are
‘ordered’ according to the large energy scale (here U). It is only when the series is truncated to
a finite order in U~!, or when further subspaces of the Hilbert space are projected out based on
physical reasoning, that the large energy scale is ‘integrated out’.

Using the van Vleck HFE to perform the SWT offers a few advantages: (i) the SWT generator
comes naturally out of the calculation, (ii) one can systematically compute higher-order corrections,
see Sec. 2.2, and (iii) the van Vleck HFE allows for obtaining not only the effective Hamiltonian
but also the kick operator, which keeps track of the mixing between orbitals and describes the intra-
period dynamics [32, 33]. This is important for identifying the fast timescale associated with the
large frequency U in dynamical measurements [194], and expressing observables through creation

and annihilation operators dressed by orbital mixing [33].

3.2.2.2 Generalisation to Periodically-Driven Systems

The van Vleck HFE allows us to extend the SWT to time-periodic Hamiltonians. Related ap-
proaches have been used to study non-interacting Floquet topological insulators [195] and ultrafast

dynamical control of the spin exchange coupling [196] in fermionic Mott insulators [197]. Let us
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add to the FHM an external periodic drive:

H(t)=-Jo Y. clscictUY njnji+Y fis(t)njs. (3.112)

(ij),0 J Jjo
The driving protocol fjs(t) with frequency Q encompasses experimental tools such as mechanical
shaking, external electromagnetic fields, and time-periodic chemical potentials, relevant for the
recent realisations of novel Floquet Hamiltonians, see Chapter 3.1. In the following, we work in
the limit Jo < U,Q and assume that the amplitude of the periodic modulation also scales with

Q [33].

Figure 3.18: The strongly-interacting Fermi-Hubbard model with an artificial gauge field.

Since both the interaction strength U and the driving amplitude are large, we go to the rotating
frame w.r.t. V(1) = e VT ALicFio(nio] | where F (t) = " fio(t')dt’. Going to the rotating
frame is equivalent to a re-summation of two infinite lab-frame inverse-frequency subseries [33].
The first subseries leads to a non-perturbative renormalisation of the hopping amplitude by re-
summing single-particle terms (recall the usual Bessel(-like) function to zeroth order), while the
second subseries contains the many-body nn interaction-dependent hopping terms. The drive in-

duces time-dependent phase shifts into the hopping:

H(t)=~Jp ¥ [1—nis(1—eV)] el cis[1—njs(1—e )], (3.113)
(if).0
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where 0F;; 5(t) = Fi(t) — Fjs(t). It is convenient to cast this expression in the following form

H™0) =)y Y [eiSFijcs(t) giiot (ei[BE_i.c(t)+Ut] h;rjc—i—h,c,)} _ (3.114)
(ij),0

We draw the reader’s attention to the fact that the overall sign of the function 6F;; s in the Hamil-

tonian above depends on the direction of hopping. For instance, for a one-dimensional chain with

drive fjs(t) = jQLcosQr the Hamiltonian (3.114), when fully written out, reads

HrOt(t) — _JOZGICSIDthj-‘rI,LG + e*lemthLH_l’G

J,0
—Jo ZeiUt (eiCsianh;+l et eﬂ‘csirlszth'jljJJrl 70) +h.c. (3.115)
j,o

Note also that while g1 j6 = gj 41,00 Pjt1,jo # h;’j 11,6+ in other words destroying a doublon to

the left hyy |-, 1)) = | 1,]) is different from creating a doublon to the left hiz,ﬂ nb=—1).
Let us pause for a moment and check the non-driven case, i.e. F;j s = 0. Then the terms pro-

portional to hjjc vanish in He(?f) after time-averaging over one period 7 = 2n/U, cf. Eq. (2.45). On

the other hand, the g;;;—terms do not have a time-dependent pre-factor and hence they give rise to

the leading-order Hamiltonian.

0 .
Héff) = —Jo ) 8ijo=—Jdo Y PociscicPis,
<l]>,6 <l]>,0
PisciocioPis = nisclocjonjo+(1—nis)clocjo(1—njs), (3.116)

where the above expression is understood as the defining relation for the projector P, which
projects out the subspace of doubly-occupied states. The U ~!—correction, as given by Eq. (2.45),
is proportional to the commutator Héf]f) ~J3U! Ylij) o Lki),o [hjjc,hklcx], and results in the famil-
iar Heisenberg spin exchange. Notice that already at this level the calculation for the static model
reduces exactly to the standard SWT calculation.

Now let us turn on the periodic drive again. Pay attention how the zeroth order Hamiltonian

I

changes, since the terms proportional to /;;;, which average to zero in the non-driven case, now
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remain finite after averaging over one period, similarly to the resonantly driven two-level system
described in the previous section. These are precisely the doublon association and dissociation

processes in the resonant limit Jo < U = [Q whose physics we discuss in Sec. 3.2.2.4.

3.2.2.3 Spin Models from the Fermi-Hubbard Model for Generic Off-Resonant Drive

Notice that, in general, in the rotating frame there are two frequencies in the full time-dependent
problem: U and Q. Hence, H™'(¢) is not strictly periodic in either. To circumvent this difficulty,
once again we choose a common frequency Qg by writing Q = kQq and U = [y where k and [ are
co-prime integers. Then H™!(z) becomes periodic with period Tg, = 21/, and we can proceed
using the van Vleck HFE. Alternatively, before going to the rotating frame, we could decompose
the interaction strength as U = IQ + 8U, where U acts as a detuning, and can continue without

including the term proportional to 8U in the rotator V (¢).

3.2.2.3.1 Half-Filling

In this Section, we discuss the two off-resonant regimes U < Q and Q < U at half-filling. Consider

a generic driving protocol, which gives the rotating frame Hamiltonian in Eq. (3.114):

H (1) = —J Y eiolgis—Jy ¥ e"[sﬁf‘r“(’HU’]thjG+h.c.,
(ij),6 (ij),0
h.o = nisclhcis(1—njs)
ijc 10%jc*~Jo JS /)
gijo = (1-nis)ciocjo(1—njs) +niscigCionjc -

Since 8F; s is Q—periodic, we can most generally write it in terms of Fourier coefficients:
eFiiolt) = Y Al e (3.117)
¢

We shall consider the case Q = kQg and U = [Q, with k and [ relatively prime and Qg > Jy.
Furthermore, assume that £,/ > 1 such that resonance effects can be ignored and that the state

of the system at half-filling has no doublons or holons which, as we shall shortly see, will not be
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dynamically generated at low orders in the high-frequency expansion. Then the leading correction
is of order Q; ! and we shall only be interested in the singly-occupied conserving (a.k.a. spin)
terms in the expansion.

Before expanding in powers of €, ! let us quickly comment on properties of the Fourier coef-
ficients Al( ]()5 While not necessary for all driving protocols, it will be useful in driving spin Hamil-
tonians to demand that spin up and down are driven oppositely, i.e., 0F;jc = —8Fjjs. In terms of the
Fourier transform, Eq. (3.117), this implies that AEJ(), (A,(JG )) Similarly, flipping the direction

of the bond flips the sign of &F, so Al (A(-_Z))*.

Jic ijo

The leading correction to the effective Hamiltonian is H (ff =Y /-0lH, r(ft) , mt ] /0Qo. There
are two types of commutators that occur in this sum. The first comes from terms that have no

oscillation with frequency U, giving commutators of the form:

[ZAZJGgZJG’ Z Al G/gl ] . (3118)

ijo

One can readily check that all of these commutators vanish. The second class of commutators are

those that are relevant for the Schrieffer-Wolff transformation:

[ZAijc oo X Af /G/hﬂ ] . (3.119)

ijo i'j'o’

These involve terms rotating with e(U )"

, and thus will be suppressed by a (U + ¢€2) denominator.
The commutators vanish if i, 7/, j, and j’ are all different. For i = i’ and j # j/, the non-vanishing
commutators correspond to next-neighbour doublon/holon hopping which is suppressed at half
filling. Therefore, the only relevant commutators come from i = ¢ and j = j ori = j and j =

i’. Note that these are the same commutators that were implicitly used in the conventional SWT

calculation; we explicitly write them out here for clarity. There are four cases.

e /=i, j/ = j,0 =0c: The commutator vanishes trivially.



129
e =i, j/=j,06 =06: The commutator gives

14 -l
Gi :Al(jc)iAl(jé)cjccjccjéch [(1=nig)njs(1—nis)njs — nis(1 —njs)nis(1 —njs)] .

(f') |2.

Using properties of A(¥) discussed above, the coefficient may be rewritten as |A; o

e /= j,j =i,06 =0o: The commutator gives

CZ = AI(JZ()?AS;FZ) (ni(y — njc)n,-(-;(l — nj(-;) .

(0) ’2‘

The coefficient may be rewritten to [A;

e ' =j,j=1i,06' =6: The commutator gives

() 407

G =A6Ajis Ciccjccj'c'scié (1 =nis)njs(1 —njo)nic —njs(1 —nig)nis(1 —njs)] -

The coefficient may be rewritten Afngfj’(f) .

For later convenience, we define the above coefficients for ¢ =1 as

(0) — 4O 4(=0) ) _ 402
i :AijTAijT ) Bij = |Am| . (3.120)
The first term, (1, yields doublon-holon exchange (| 1,0) <> |0,1J)) and is therefore irrelevant

at half filling. Up to a constant energy shift, ¢, and (3 correspond to Ising and exchange terms

respectively. Thus the effective spin Hamiltonian may be written

2

(1) 0 [Org— 1 (g Dyrg- 0 gt

HY = %"g o la'ss7 -+ (af))y sy st + 2B sise] (3.121)
lj y

Hence, we see that the general result is an interacting spin-1/2 Hamiltonian where hopping of the

spins is accompanied by a phase that depends on properties of the driving. One can now see how

to simply take the limits U > Q and Q> U.
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First, if Q > U, then only the £ = 0 term in the sum survives:
HOPU = % Z (o) s + () )" s st + 2B 5553 (3.122)

In the opposite limit, U > Q, not only do all the ¢’s contribute, but they contribute with equal
weight 1 /(U 4+4Q) ~ 1/U:

HU>>Q 1

l _ )\ s o /
E > [“Si)sfsj +(o)’S; 57+235j)555ﬂ : (3.123)

(i)t
This approximation is technically only valid if the sum is dominated by ¢ < U /Q. This condition
will generally hold because higher ¢’s corresponds to higher harmonics of the drive, which have
amplitudes A() that are exponentially suppressed in /.

To see how the above calculation can give rise to a Hamiltonian with novel low-energy prop-
erties, one can Floquet-engineer the Heisenberg model with a uniform magnetic flux per plaquette

&, see Fig. 3.19. To this end, we choose the spin-dependent driving protocol (c.f. Fig. 3.19, inset)

Smns = G[Acos(Qt + Do (m+n)) +Qm] , (3.124)

where ¢; = ¢, = Pry(m+n), o € {1,1} = {1,—1}, and we denote the square-lattice position by
r; = (m,n). Such spin-sensitive drives are realised in experiments via the Zeeman effect using a
periodically-modulated [60] and static [52, 53] magnetic-field gradients which couple to atomic
hyperfine states.

From the second term in Eq. (3.124) we see that bonds in the x-direction and y-direction behave

differently. In particular, hopping in the positive x-direction gives

&OF — ilFunt—Fuiint) — o—iQ oil(sin(Qr+®p (mtn)) —sin(Qu+@p (mtnt1))) _ o—iQr eiSFTy ' (3.125)
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Fourier-transforming this simple harmonic driving, one can readily check that

Ai? — il(Om+(Po+7)/2) 9(2Ls) , (3.126)

from which it is clear that A, is just shifted by one harmonic:
g .
AJ(KT) — e’(é+1)(¢mn+(‘bﬂ+n)/2)j[+l (2%o) . (3.127)
This gives coefficients on the spin Hamiltonian of

o = AYATY = 5(2L0) 7 1 (2o)
ol = 2wt @otm/2) g (204) T 01 (280)
B = (L)

B = [J1(2Ce)) . (3.128)

The overall phase factor 5+ 7 in @, is irrelevant to the global physics, so we gauge it away by

rotating S} — S e (®0+®) Then, for Q > U the Hamiltonian reduces to

2J2 . . Y
He%f>>U = 70 Z |:[]1 (2C¢))]2(621¢171IIS;7nSm+17n +e 2lq)mnSm,nS;—',-l,n + zsfn,nS;thLl,n)
mn
- 190(280) 2SS mss St + 25505 t)] (3.129)

The U > Q limit can be obtained by using sum rules for the Bessel functions: Y, ol = 5 (4le),

Y 0‘§’Z) = J(4Ce), and Yy B,(C(;)y = 1. Thus,

2J3 : :
Q 2 'mn - - mn Q"
Hg? — UO Z []2 (4@@)(6 i) S;,nSm_g_],n +e 2id Sm,nS;rLH-],n) + 2anynan+1’n
mn

+% (4C.:<D) (SZ,nSZ,n—H + Sa,nSrJ;,nJrl) + ZSil,nS;,n+1:| : (3.130)

The exchange strengths depend on Q and U, but both limits give spin Hamiltonians with phases

along x. This phase physically appears on the flip-flop and not the Ising term because the drive is
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JU
J<QgU

Figure 3.19: In the presence of a spin-dependent drive off-resonant with the interaction strength U
(inset), the stroboscopic physics of the strongly-driven, strongly-correlated Fermi-Hubbard model
is governed by an effective spin Hamiltonian in the presence of a gauge field.

spin-dependent. Thus, a phase difference only occurs if the electron virtually hops as one spin and
returns as the other.

Let us discuss the regime Jy < Q < U a bit more, from a physics point of view. This spin
Hamiltonian can be identified with the Heisenberg model in the presence of an artificial gauge
field with flux ®g per plaquette. Whenever the S*S%-interaction is small, the Hamiltonian re-
duces to the fully-frustrated XY model in 2d, in which one cannot choose a spin configuration
minimising the spin-exchange energy for all XY-couplings. In the classical limit, similarly to a
type-1I superconductor, the minimal energy configuration is known to be the Abrikosov vortex
lattice [198, ]. The realisation of the deep XY -regime with this particular driving protocol is
limited, since | % (4Ce)| < 1 but, at finite S°S*—interaction a semi-classical study showed that vor-
tices persist and can be thought of as half-skyrmion configurations of the Neél field [200-202].
Another interesting feature of the spin Hamiltonian is that it exhibits a Dzyaloshinskii-Moriya in-
teraction term [203-206], Dy, - (Sp+1,2 X Smn). The Dzyaloshinskii-Moriya coupling is spatially-
dependent, polarised along the z-direction D,,,,, = sin(®,) % (4Ce )i, /2, and present only along the
x-lattice direction.

Finally, let us mention that spin-1/2 systems are equivalent to hard-core bosons. In this re-
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spect, H4= and H=Y model hard-core bosons with strong nearest-neighbour interactions in the

presence of a gauge field. For a flux of &5 = 1/2 the non-interacting model has four topological
Hofstadter bands. If we then consider the strongly-interacting model, and half-fill the lowest Hof-
stadter band (S5, = —3Nsire /8), the Heisenberg model supports a fractional quantum Hall ground
state [69, , , ]. Away from half-filling of the fermions, doublon and holon hopping
terms appear in the effective Hamiltonian, and it would be interesting to study the effect of such

correlated hopping terms [209] on this topological phase.

3.2.23.2 Away from Half-Filling: Consecutive Application of Schrieffer-Wolff Transfor-

mations

Let us now consider the case away from half-filling. We shall adopt a rather different (but equiva-
lent) approach to derive the effective Hamiltonian in this case. In particular, we shall prove the va-
lidity of consecutive application of SWTs in models with clear time-scale separation in the regimes
U< Qand Q< US.

Once again we choose a spin-dependent periodic driving of the type used to engineer the
Harper-Hofstadter Hamiltonian [52, 53], see Eq. (3.124). From the definition of the drive, it
becomes clear that opposite spin species are subject to opposite gradient potentials. Notice that
spin-exchange processes along the x-direction are enabled by a resonant absorption of two pho-
tons, leading to an effective gauge field for the Heisenberg model at half-filling, see the inset of
Fig. 3.19. We denote by { = A/Q the dimensionless interaction strength.

Let us first focus on the regime Jyp < Q < U and show a different but equivalent derivation
of the effective Hamiltonian comprising the Heisenberg model in an artificial gauge field. We can
identify the largest frequency in the problem to be the interaction strength U, followed by the driv-
ing frequency Q. Time-scale separation allows us to first perform an SWT on with the Hamiltonian
in Eq. (3.114) w.r.t. the fast period 7y = 2n/U. In doing so we treat the time-fluctuations in the
Hamiltonian due to the driving protocol at frequency €2 as slow variables, and apply the van Vleck

HFE expansion with the fast period 7y only. This allows us to effectively take the To—oscillating

These two regimes of the off-resonant driving limit were reconciled in the previous section for half-filling.
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terms out of the integrals in the van Vleck HFE, which results in the familiar # —J model in a pres-
ence of a To—periodic drive. The remaining effective dynamics induced by the drive happens at

time-scales Tg and, in the rotating frame, it is governed by the following intermediate Hamiltonian:

H1rnotter( ) = —Jo Z Pint1.n6 ( i0Fin+Lna(f )Cm+1 w6Cmnc +h.c. ) mnG (3.131)

mn,G

idF,,
—Jo Z Pmn+16< ' nHG(Z) Cmn+1 Gcmn6+hc) mn&

mn,G

4J 1 28 N1,
7 Z |: el mn 5 (elz Finstaclt )SZJrl nSmn +hC) - W

413 1

m, n+l Y
m,n |: 2

p _ n 1n
(elZSFm,n+]‘G(f)S; n+1Smn+h'C') _ Wl:| ,

where, again we drop the holon hopping term to order Jg /U, as it will be a minor correction
to the order—Jy hopping above [193]. If we consider the system away from half-filling, double
occupancies are not suppressed and the spin part of the Hamiltonian (3.132) is merely a correction.
The leading effective Hamiltonian away from half-filling after applying the van Vleck HFE once

again with period Tg reads

He(i(:)f) = 7']0]1 (2C‘I’> Z Pm+1,n,6 (e q)m j;1+1 n, Gcmn(j + h C. > mno
mn, (¢
~Jo0(280) ¥, P16 (Chunit oCmio +h.c.) Panc. (3.132)

mn,G

Notice the presence of a gauge field in the hopping of doublons and holons.

Let us briefly see how we recover the half-filling result from the previous section within this
method of consecutive SWT’s. At half filling, one can safely neglect the terms in Eq. (3.132)
containing the projectors P, as well as the terms proportional to 7,11 yim, /4, similarly to the case
for the static SWT. Now we apply the van Vleck HFE again with the slow frequency Q. Since the

leading correction term scales as JS /(QU) we can safely neglect it to obtain

5 (48e)
Har =~ Z[ S g (ST S 0] 4SS
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+

Jo(4%e) (

=2 (S S +he)].

As anticipated, we once again confirm that in the regime Jy < Q < U, applying the SWT at
half filling leads to the Heisenberg model in an artificial gauge field. We stress that the effective
dynamics of the system is best governed by the above effective Hamiltonian for times t < QU /J3,
set by the magnitude of the next-order correction term. Furthermore, choosing € and U to be
incommensurate will lead to suppression of resonant effects, thus enhancing the time interval for
which time-scale separation holds. This is possible because the spectra of both Hj,: and Hgyiye are
discrete and commensurate.

Let us also briefly discuss the other non-resonant case Jy < U < €. This time the fastest
frequency in the problem is the driving frequency €, followed by the interaction strength U. Thus,

we go to the rotating frame w.r.t. the driving term first:

Hig (t) = —Jh Y, (e"SFm“-m@c; - LnsCrng +h.c.) (3.133)
mn,c
—Jo Z (eiSFm,n+1.cs(t)C;’n+1_chnG +h.C.) + UZ”mn,T”mn,i-
mn,c mn

Once again we make use of time-scale separation; applying the van Vleck HFE with period T

results in the intermediate Hamiltonian to order O(Q°) = O(1):

0 T
Hi(ntzzr = _J()jl (2C<I)) Z <el¢nm Cm_;'_l’n’GCmnG + h-C.)

mn,c

~0o30(280) ¥ (€1 oCmo+hec.)

mn,c

+UY Nt Myn, .- (3.134)
mn

To complete the derivation, all one has to do is to apply the static SWT with frequency U. This

mimics the conventional static SWT and directly leads to the following Heisenberg model at any
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filling
Hegr ~ —JoJi(280) Z Pm+1n0< m+1nccmn0+hc) mnG

mn,G

0030 (280) ¥ P16 (Shi1.66mo + 1) Pano
mn,Gc

Mm+1,n1
exe[ m+1n mn ( 240 S;+ln mn+h'c'> _W]
1
I YU Son 5 (Sions S +hic.) — 22, (3.135)

mn

with the effective exchange interactions J5y” = 4[Jo% (2{e)]* /U and J&* = 4[Jo 9 (28e))* /U.
Notice that since U < Q the leading Q~!—correction succumbs to the leading U ~!-Heisenberg

model, so our assumption to drop the former is justified.

3.2.2.4 Resonant Driving and Doublon-Holon Physics

Novel physics arises in the resonant-driving regime Jy < U = [Q. To illustrate this, we choose a

one-dimensional system with the driving protocol
fis(t) = jAcosQit,

which was realised experimentally by mechanical shaking [43, 43, 46, 47]. Unlike off-resonant
driving, resonance drastically alters the effective Hamiltonian by enabling the lowest-order term
Hé?f) : on resonance, the doublon-holon (dh) creation/annihilation terms 4" survive the time-averaging,

and the leading-order effective Hamiltonian reads
HY = ¥, [~enigijo — Ker (=)™ +he.)] (3.136)
(ij),0

where M;; = 1 for i > j, n;; = 0 for i < j, Jesr = Jo.Jo(C), and Kefr = Jo Jr(C). The first term, g;js,
is familiar from the static SWT, with a renormalised coefficient Jegr. The term proportional to hjjc

appears only in the presence of the resonant periodic drive and is the source of new physics in
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this regime. The sign factor m;; arises from the distribution of negative signs in the time-periodic
exponents, cf. Eq. (3.115). By adjusting the drive strength, one can tune Jeg and Keg to a range
of values, including zeroing out either one. Starting from a state with unpaired spins, dh pairs are
created via resonant absorption of drive photons. Hence, holons and doublons become dynamical
degrees of freedom governed by Hé?f) , with the Heisenberg model as a subleading correction. The
dh production rates and further properties of the system have been investigated both experimentally
and theoretically [ 196, 210-220]. A DMFT study found that the AC field can flip the band structure,
switching the interaction from attractive to repulsive [221].

The presence of double occupancies in strongly-interacting fermions in periodically-modulated
optical lattices is intimately related to energy absorption [210, ]. It has been shown that the
doublon production rate is the same as the energy absorption rate [212, ]. The former has been
measured in a recent experiment [214] and a linear increase in time was found for weak driving
amplitudes. In general, lattice modulation spectroscopy can be employed to determine the value
of the interaction strength in the strongly-interacting limit. Furthermore, the weight of the double
occupancy peak contains information about the spin ordering in the system. For example, an anti-
ferromagnetic state is more amenable to formation of doublons, compared to a ferromagnetic or
a paramagnetic state. Near half-filling, doublon formation has been proposed as a tool to detect
an AFM state, expected to appear in the phase diagram of the FHM with repulsive interactions
at low temperatures [215]. Previous work studying similar models focused on the weak-driving
limit and employed time-dependent perturbation theory to second order [the linear-response term
vanishes averaged over one cycle of the drive] [210), R , ], and Fermi’s Golden rule [217].
The effective Floquet Hamiltonian in Eq. (3.137) is clearly non-perturbative and, therefore, allows
for an accurate description of the dynamics over multiple cycles of the drive and in the regime
of strong amplitudes, £ = 1. For a better precision, one can compute the first leading correction.
Micromotion effects can be understood by studying the kick operator.

Such correlated hopping models have been proposed to study high-7; superconductivity [222—

]. To get an intuition about the effect of the new terms, we use the ALPS DMRG and MPS

tools [225, ] to calculate the ground state of Hé?f) at half-filling. The many-body gap in the
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Figure 3.20: Resonant driving of the Fermi-Hubbard model enables doublon creation and disso-
ciation processes (inset). The many-body gap A shows a phase transition from a gapless Luttinger
liquid to gapped translation-invariance-broken phase. The doublon/holon hopping and creation
coefficients Jeg and K¢ are controlled by varying the driving amplitude.

thermodynamic limit A is extracted from simulations of even-length chains with open boundary
conditions by extrapolation in the system size: A(L) = const/L+ A. We numerically confirm
that the model features a transition between a symmetry-broken ordered phase and a gapless Lut-
tinger liquid phase [222-224] as follows. For K > Jegr, the physics is dominated by the dh cre-
ation/annihilation processes. In this regime, fermions can hop along the lattice by forming and
destroying dh pairs. Thus, for [ even the ground state exhibits bond-wave order with order param-
eter Bj =Y ¢ c; +1,6Cjo +h.c., while the corresponding order parameter for / odd is not yet known.
This order breaks translation invariance with a 2-site unit cell, and thus yields a many-body gap for
even-length chains with open boundary conditions (cf. Fig. 3.20). For K.g < Jefr, renormalisation
group arguments show that bond ordering terms become irrelevant, leading to a gapless Luttinger
liquid [227]. At Kefr = Jefr and for [ even, one surprisingly finds that the system is equivalent to
free fermions. The existence of such a non-interacting point is rather striking, since it means that
a strongly-driven, strongly-interacting system can effectively behave as if the fermions were free.
This phenomenon can be understood by noticing that double occupancies, effectively forbidden in
the absence of the drive by strong interactions, are re-enabled by the resonant driving term. As a

result, whenever the amplitude of the driving field matches a special value to give Kegr = Jeff, the



139

matrix element for creation of doublons and holes becomes equal to their hopping rate and the ef-
fect of the strong interaction is completely compensated by the strong driving field. We emphasise

that this is a highly non-perturbative effect since it requires a large drive amplitude A ~ U = [Q.

3.2.2.4.1 Doublon-Holon Physics with Artificial Gauge Fields

Let us now promote the dimensionality of the system to d = 2. Unlike above, here we choose the
spin-dependent driving protocol of Eq. (3.124) which allows us to engineer doublon-holon physics
in the presence of a gauge field. In this regime, the Hamiltonian H™'(¢) in Eq. (3.114) is indeed
periodic with the single frequency Q = U. Locking the driving frequency to the interaction strength
leads to resonances which drastically change the behaviour of the system. Here, we show that they
are captured by the van Vleck HFE, beyond linear response theory, since the effective Hamiltonian
governs the slow dynamics over a multitude of periods, depending on how well the time-scale
separation is pronounced. Moreover, this procedure does not suffer from vanishing denominators
as is the case in conventional perturbation theory.

To this end, we average Eq. (3.114) over one period which is equivalent to keeping only the

leading order term in the effective Hamiltonian:

0 . N
He(ff) = —Jer Z Prtino (el¢mncm+l,ncc’"”0 —i—h.C.) Piuns

mn,c

y T
Veff Z Puntic (Cm’n+1,(5cmn6 —|—hC) Pons,

mn,c

L.x i
o Z (Keff Nm,nG€ b Cz;mccm+l7n0(1 - nm+1,n6)
mn,G

Rx i i
+Keff Mn1,n5€ ¢”"‘Cm+1,nccmn0<1 — l’lmn(‘;) + hC)

- Z (Kgffnmnécjnn.,ccm,wrlc(l — Ninpnt1,6)

mn,c

— K +1.6Ch 4 1.6Cmno (1 = s ) +h.c.), (3.137)

with K% = Jo5h(28e), K = JoJo(2Ce) and Ky = JoJ1(2Le). If the resonant periodic drive
couples to the interaction strength instead, one can realise homogeneous doublon-holon creation

amplitudes along the x-direction Kéffx = Kgf = Joh(2Ce), as well as equal-sign doublon-holon



140

amplitudes along the y-direction K2 = Jo Ji (2{e). Note how the resonance condition U = Q brings
in additional terms in the effective Hamiltonian even in the leading order, which would not be there
in the absence of the drive, i.e. for A = 0. Hence, these terms are dominant, compared to the
Heisenberg model appearing at order U~!, and lead to a fundamentally different physics. In fact,
as we have already seen, they are responsible for enhancing the probability amplitude for doublon
association and dissociation processes, in which two particles, initially populating neighbouring
sites, are put on top of each other, or vice-versa. The necessary energy U is provided by one

driving quantum Q.

3.2.2.5 Reconciling the Resonant and Off-Resonant Limits: Crossover Regime

Since the argument we used for the Floquet realisation of strongly-correlated condensed matter
models relies on a clear time-scale separation, it is interesting to explore how the three limits of (i)
high-frequency Jo < U < Q, (ii) strong interactions Jy < Q < U, and (iii) resonant driving Jy <
U = [Q can be reconciled to reproduce the stroboscopic dynamics of the system in the presence
of the drive. To illustrate this, it suffices to consider the driven two-site Hubbard model. Thus, we

also leave aside the gauge fields which would only obscure the equations. The Hamiltonian is

H(t) = _JOZ (CIO'CZG —I—h.c.) +Acos(Qt)ny +U(njyny +npnyy). (3.138)

(o}

Following the discussion and notation of Eq. (3.114), we find the following rotating-frame Hamil-

tonian

H™(1) = —Jo Y (¥ (810 +he) —Jo ¥ (it hlyo+ 1 (1)hlsg +hic.),

9

c
Yk(t) — ei?;sith7 X;;(t) _ ei(Csith+Ut)’ Xi(t) — efi(gsithfUt)7 (3.139)

where the operators h:fjc and g;jc are defined in Eq. (3.114), and { =A/Q.
As we have already mentioned, in general the Hamiltonian H™'(¢) is neither periodic with the

frequency Q, nor with the frequency U. In order to apply the high-frequency expansion, we first
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find two co-prime integers / and k such that Q = kQo and U = [Qo, where Qg = 21/ Tg, is the
common frequency, such that H(r + Tq,) = H(t). We first need to Fourier-expand the functions
v*(t) and *(¢) in this common frequency €. Note that, in principle, in order to apply the van
Vleck HFE, one needs to make sure that Jy < ¢ which may not be true. However, as we shall
see shortly, this condition is somewhat artificial since €2 is not a physical scale but rather a mathe-
matical construct. From the Jacobi-Anger identity it follows that y5(f) = Y5 . Jp({)elth+1%r =
Yo ..afe™ and similarly for ) (¢). Clearly, yj(¢) has a non-zero time average. On the other
hand, one can convince oneself that the coefficient ag is nonzero if and only if [ = —¢k. However,
since / and k are co-prime, this can only hold true for kK = 1 which means U = [Q. Physically, this
condition is a manifestation of the conservation of quasienergy, saying that the doublon-holon cre-
ation term hl-Tjcs is non-zero at the level of the time-average Hamiltonian only when the interaction
strength matches a multiple of the driving frequency.

We therefore focus only on the resonant case U = IQ, for which we find af = %_;(§) and

a; = J—4—(C). Fourier-decomposing the Hamiltonian in the rotating frame immediately leads to

He = —JY [ 5(0)g120+ I-(0)8]so (3.140)

(o}

91O\ 4+ T 001 (Qhlng + T-01(Qhato + Jr1(Q)hizs | -

All leading correction terms can be obtained from Héflf) = Yoo20[He, H 4] /€Q0. For simplicity let us
concentrate on the spin exchange term only, which is proportional to the commutator [hl ol jis] [193].
One can shift the index of the Bessel functions in the sum over ¢, and after some algebra we obtain

the resonant drive-renormalised exchange interaction Jgj; as

T yé - -
err( Qoiz Z 1+£/1 Z 1+£Q/U (3.141)

1+—1 ﬁ;él z#z

where in the second and third equalities we used U = [y = [ on resonance. We can now ana-
lytically continue U /Q from an integer to the entire real axis. In doing so, note that the restriction

in the summation ¢ # —I is superfluous for all non-integer values of U /Q, i.e. everywhere away
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from resonance. This expression was first derived in Ref. [196] using an extended Hilbert space ap-
proach, which is different but equivalent [87] to the one presented in our work. We note in passing
that the renormalisation of the spin-exchange coupling is the same, no matter whether the periodic
driving couples to the density (as in our case) or to the interaction strength. The general validity of
this type of analytic continuation is a subject of current investigation. It is clear that it will fail for
nearly-resonant drives, but these cases can be treated introducing a small detuning J to separate out
the resonant part already in the lab frame, cf. Sec. 3.3.3. Nevertheless, we have verified that this
procedure produces the correct answer also in the derivation of the Kondo model from the Ander-
son model where the two incommensurate energy scales are given by the interaction strength U for
two electrons occupying the impurity level, and the relative shift V of the impurity level w.r.t. the
Fermi sea, cf. Sec. 3.2.3.

Let us now briefly discuss the three limits of interest from the point of view of the general
expression, Eq. (3.141). Consider first Jy < Q < U. In this case, we can safely drop the restriction
on the summation and, using the ‘trigonometric’ identity ), ][Z(C_,) = 1, we find the same exchange
interaction as in the non-driven model, J3; = 4J2/U. This is consistent with first doing the SWT
w.r.t U and then applying the FHE w.r.t Q, as we explained in Sec. 3.2.2.3.2. The Bessel functions
which appear in front of the S*S™~ terms in Egs. (3.129) and (3.130) are due to the spin-dependent
drive and are not present for spin-independent protocols as the one considered in this section. In the
high-frequency regime Jo < U < Q, only the £ = 0 term contributes, and we find J = 4J2;/U,
with Jegr = Jo Jo(C). Again, this is exactly what one would expect from first applying the van Vleck
HFE to obtain the FHM with renormalised hopping amplitude, and subsequently doing the SW'T.
Last, the resonant case Jy << U = [Q is clear from the derivation above. Note, however, that the
exchange physics is of order Q~!, and hence it succumbs entirely to the doublon-holon physics in

this regime.

3.2.2.6 Outlook

It bears mention that all regimes of the model are accessible using present-day cold atoms exper-

iments [214]. For the resonant case, we discuss a loading sequence into the ground state of He(gc)
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in Sec. 4.6. Moreover, by tuning the frequency away from resonance, one can write U = 8U + [Q
and go to the rotating frame w.r.t. the /Q-term, keeping a finite on-site interaction dU in the ef-
fective Hamiltonian. This is required if one wants to capture important photon-absorption avoided
crossings in the exact Floquet spectrum. Including artificial gauge fields is also straightforward in
higher dimensions and expected to produce novel topological phases. By utilising resonance phe-
nomena, this scheme only requires shaking the on-site potentials, which is easier in practice than
other schemes which have suggested modulating the interaction strength to realise similar Hamil-
tonians [151, ]. Both the resonant and non-resonant regimes that we analyse for the FHM yield
systems directly relevant to the study of high-temperature superconductivity. More generally, we
show that by using the generalised SWT, one can Floquet-engineer additional knobs controlling the
model parameters of strongly-correlated systems, such as the spin-exchange coupling. Our meth-
ods are readily extensible to strongly-interacting bosonic systems, as well as many other systems

under active research.

3.2.3 Low Energy Kondo Physics in the Periodically Driven Anderson Model

Another famous example of the SWT, actually its original application, is the reduction of the An-
derson impurity model to the Kondo model [189]. In this section we continue our discussion of
the equivalence of the SWT and the van Vleck HFE. Following the simple case of a two-level sys-
tem, and the more sophisticated case of periodically-driven strongly interacting fermions, we now
apply the generalised SWT to a periodically-driven impurity model. To make the discussion more
transparent we shall analyse three specific examples of increasing complexity. First, we describe
the non-driven non-interacting system, then a driven non-interacting one, and finally an interacting,
non-driven one. The driven interacting system is very similar to the driven non-interacting one, and

we only comment on the result.
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Figure 3.21: The Anderson model: spinful fermions can occupy an impurity level, separated
from the Fermi sea by an energy A. The coupling between the impurity atom and the conducting
electrons is V; (not shown). Moreover, in the presence of interactions, an additional energy cost U
has to be paid for the double occupancy of the impurity atom.

3.2.3.1 A Non-Interacting Impurity Coupled to a Conducting Band

Consider the non-interacting Anderson model (also called the Resonant Level model or the Friedrichs

model [229]) describing a single impurity coupled to free electrons (cf. Fig 3.21):

H = Hy+H,
Hy = Y &img+AY ngs,
k,s N

H = (Vdc,t_vds + h.c.) . (3.142)

1
Here d refers to the impurity atom with an energy A, s =T, | is the spin index, & > 0 is the
dispersion of the band electrons, V; is the hybridisation strength, L is the linear system size, and D
is the dimensionality of the system. The prefactor 1/ V/LP ensures that in real space the coupling to
the impurity V; is independent of the system size. The fermionic creation and annihilation operators
obey the canonical commutation relations {cks,cl, o+ = Oy, and {ds,d;}}Jr = d,. As usual,
Ngs = czscks and ny, = dj d, are the number operators. This is a generalisation of the simple two-
level setup discussed in Sec. 3.2.1. We are interested in the situation where A is the largest energy

scale in the system: A > V;;, &, and the coupling V,; between the conducting band and the impurity
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is small (compared to the Fermi energy). In this limit, the impurity can only be occupied by virtual
processes, which effectively dress the low-energy conduction-band electrons.

As Schrieffer and Wolff pointed out [189], standard perturbation theory fails to provide an
accurate description of the weak-coupling limit, V; — 0, since higher order terms in V,; appear
together with energy denominators €, — €. Near the Fermi surface, the latter can be arbitrarily
small, and hence render perturbation theory divergent. To solve this problem, they suggested to
perform a unitary transformation, which later became known as the Schrieffer-Wolff transformation
(SWT) [189]. This transformation eliminates the dependence of the Hamiltonian on V; to linear
order. As a result, the limiting procedure V; — 0 becomes well-defined.

Here, we show that we can achieve a similar goal by first doing a transformation into a ro-
tating frame with respect to the operator AY  n4, and subsequently applying the van Vleck high-
frequency expansion (HFE) to this new periodic Hamiltonian. This is a direct extension of the
procedure we used for the two-site single-particle problem discussed in Sec. 3.2.1, and follows the
same guidelines as the discussion of the periodically-driven strongly-interacting Fermi-Hubbard
model in Sec. 3.2.2. By doing this transformation, we are eliminating the energy scale A from the
effective description at the expense of introducing a fast periodic time dependence in the hybridis-

ation term:

Hmt(t) _ Hband"‘e_iNH_ +eiAIH+,

Hyana = Y €xtis, H™ d,, HY = (H)". (3.143)

1
=—) Vyc
k,s v LP ;

We can now apply the van Vleck HFE, since we have a periodic Hamiltonian. Evidently, the
time-averaged Hamiltonian, He(gc) = Hpand, SO the linear terms in V,; average to zero. Notice how
the absence of linear terms, which can be considered as the main requirement for the choice of
the generator of SWTs, arises naturally in this setup. The A~!—correction includes the following

commutator’ [H*, H~]. This commutator leads to scattering between band electrons to order A~!,

"Here we do not consider the commutators [H*, Hy| since we are discussing the van Vleck series, c.f. Eq. (2.45), not
the Floquet-Magnus series, c.f. Eq.(2.41).
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and thus has to be taken into account for finite A. If we restrict the discussion to order A~!, we find

Va|? Val?

Heft = Hoand = 75 Y wiwe+ T‘PZ‘Pd +0(A7?), (3.144)
kk!
where we introduced the compact spinor notation:
Cie Cd
o= | T w2 T, (3.145)
Ck| Ca)

and the sum over spin indices is assumed. For example ‘PZ‘Pd = Cjnch + cj, 1Cd) = Nay +nqy. The
second term in this effective Hamiltonian represents the static scattering from the impurity atom,
while the third term is the new impurity potential. As in the two-level system from Sec. 3.2.1, the

kick operator K. (2) governing the micromotion can be calculated explicitly using Egs. (2.45):

S (eMHT —e™H") (3.146)

Ker(t) = o

In particular, if we evaluate it at stroboscopic times /7 we find
_ 1 W t i
Ko (IT) = QD %[ds cks — ) dy]. (3.147)

In the language of the SWT, the effective Hamiltonian H.g keeps track of the spectrum of the
system and the kick operator Kes(¢) realises the rotation of the basis. As we discussed many
times already, the dynamics of the system can be studied using either the effective Hamiltonian
and the effective kick, or the stroboscopic Hamiltonian and the stroboscopic kick. As usual, the
stroboscopic Hamiltonian Hp[ty] is less symmetric than the effective Hamiltonian Heg and the
stroboscopic kick operator is identically zero at times t = 1o+ [T, i.e. Kp[to|(to+1T) = 0 signifying
that in the stroboscopic picture there is no need to rotate the basis states.

Usually, in the context of the conventional SWT, the subtleties associated with the kick op-
erators are not discussed. Moreover, the SWT can become quite cumbersome if one needs to go

to higher order. On the other hand, the van Vleck HFE naturally allows us to deal with the kick
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operators and go to higher order in A~! if necessary [59].

3.2.3.2 A Periodically-Driven Impurity Model

Once again we demonstrate how to extend the SWT to periodically driven systems. Let us add the
additional time-periodic term

H,(t) = —AcosQt Z”d,s

to the Hamiltonian (3.142). This system was studied from the point of view of Floquet theory
in Refs. [97, , ]. As in the example of the two-level system, we assume a commensurate
driving frequency and impurity energy: A = [Q, where [ € N (see the discussion in Sec. 3.2.1.2
about the motivation for this assumption and how to relax it). Furthermore, as before we assume
that Q and hence A are the largest energy scales in the problem.

We eliminate the impurity level and the driving altogether, by going to the rotating frame de-

fined by V (1) = exp[i({sinQr — Q) Y. ng 5], { = A/Q. This leads to

1 Y .
H) = Y e W+ N7 Y Vyeltsinilngtg, 4 h e, (3.148)
k k

V1P

We can now apply the van Vleck expansion. The derivation of the effective Hamiltonian follows the
same guidelines as that of the driven two-level system. The resulting time-averaged Hamiltonian

and the leading correction are given by

(0) i ! i
H., = gV ¥+ —) Vo Y ¥,;+h.c.,
eff ; k \/ﬁ ; (C) k

2 . V 2
Hy = — e 8O LW+ Q¥ ¥, (3.149)

where J is the [-th Bessel Function of first kind, and the function g;({) is defined in Eq. (3.108).
Contrary to the situation in the non-driven case, here in the infinite-frequency limit, the hy-
bridisation terms which mix the band and the impurity levels do not vanish. This is very similar

to the effect we already observed for the driven two-level system and the resonant driving regime
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of the FHM. So unlike the static case this linear coupling has direct physical implications, because
the impurity level in the rotating frame is resonant with the bottom of the band. It then follows that
the population of the impurity will be significant at any finite driving frequency as long as 4 () is
not too small. Physically, this corresponds to multi-photon absorption processes.

Let us point out that one can similarly analyse the limits where A = [Q + 8A, with the off-set
|0A| < ©/2. As we discussed earlier, in the rotating frame, this off-set leads to an extra (small)
static impurity potential dAn,. It is intuitively clear that the occupation of the impurity in the
steady state will be sensitive to the position of this potential with respect to the Fermi level. A large
impurity occupation is possible for 0 < A < Er (where EF is the Fermi energy). This mechanism
of populating the higher level is expected to open up the way towards studying heating in the high-
frequency regime if one replaces the impurity atom by an entire excited band. The issue of heating
requires a separate careful analysis, and is discussed in Chapter 5. We also refer the reader to recent

works, where this issue was partially addressed for the Kondo model [114].

3.2.3.3 The Anderson Model

Let us now go back to the static model and add an interaction term to the lab-frame Hamiltonian.

The Hamiltonian describing repulsion between the electrons on the impurity is given by:
Hine = Ungyng, . (3.150)

For large interactions this term effectively penalises the double occupancy of the impurity site. It
is well known that this leads to the effective low-energy Kondo Hamiltonian [189].

To emphasise once again the relation between the van Vleck expansion and the SWT, we as-
sume that A and U are the largest energy scales and once again we eliminate both of them together

by going to the rotating frame:

V(t) =exp <—iAthdS> exp (—iUt ngrng)) - (3.151)
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Note that this transformation consists of the product of two commuting operators and it is a direct
generalisation of the transformation used in the non-interacting non-driven model above. The

Hamiltonian in the rotating frame gets modified according to:

Hmt(l‘) SN Hrot( )+e—1At( —iUt _ 1)W_ +eiAt(eiUt _ 1)W+,

_ 1 ;
W o= ﬁngcksdsndj, (3.152)

where H™'(¢) on the RHS above is the Hamiltonian (3.143), and § denotes the opposite spin species
to s. The new terms W™ represent an interaction-dependent hopping from the conducting band to
the impurity. In general, the interaction U and the impurity energy A need not be commensurate,
and thus the transformation to the rotating frame is not periodic. In the spirit of our previous
discussion we assume commensurability, U = mA, and moreover choose m = 1. One can check
that the resulting Kondo Hamiltonian is correctly reproduced for any m and by taking analytic
continuation to non-integer m one obtains the correct result for any values of U and A. In addition,
one can easily convince oneself that by choosing a common frequency €2 from the two energies U
and A: U = 1Q, A = mQQ, one also reproduces exactly the result of the conventional SWT.

The interaction-dependent hopping W= does not contribute to the time-averaged Hamiltonian
He(?f). However, it gives an important contribution to the first-order correction to the effective
Hamiltonian coming from the commutators [W*, W], W' H~], and [W~,H*]. Evaluating these

explicitly, we find

Val? n +
0y (viow) (v

Heff = Hband_

Vv 2
Mz Z[ 1+ \PT }‘PZ‘P;«JJ Val* P, +0(Q72).

kk'
(3.153)

For our choice of parameters we have U = A. Here © is the vector of Pauli matrices and the
summation over the spin indices is taken care of using the spinor notation. It is immediate to

recognize that we have reproduced precisely the Kondo coupling, which one otherwise derives
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with the conventional SWT [189].

As before, we note that the inverse-frequency (van Vleck) expansion, allows one to explicitly
take into account both the slow dynamics of the system through the Floquet Hamiltonian, and
the fast dynamics through the kick operator K (). Finally, we note in passing that including the
driving in the interacting model is straightforward. The new term appearing in Hé?f) will be identical
to the one in Eq. (3.149) for the non-interacting model, while the other terms will be modified by
functions similar to g;({). Last, we also point out that from Eq. (2.45) it becomes clear that, to

leading order in Q~!, the kick operator Kéflf) (1) is modified by the interactions, accordingly, both in

the driven and the non-driven Anderson model.

3.2.4 Discussion

It becomes evident from the analysis in the preceding sections how to generalise the SWT to ar-
bitrary strongly-interacting periodically-driven models: First, we identify the large energy scale
denoted by A (e.g., A = U) and write the Hamiltonian as H = Hy + AH| + Harive(?). Second, we
go to the rotating frame using the transformation V(1) = exp (—i?u‘H 1 —if "Hyrive (¢")dr’ ) to get a
new time-dependent Hamiltonian with frequencies® A and Q: H™'(t) = V¥ (¢t)HyV (¢). Finally, de-
pending on whether we want to discuss resonant or nonresonant coupling, we apply the van Vleck
HFE to obtain the effective Hamiltonian Heg order by order in A~'and Q. This procedure will
generally work if a closed-form evaluation of H™'(z) is feasible. For instance, H; can be a local
Hamiltonian or can be written as a sum of local commuting terms. The method also works if the

interaction strength is periodically modulated [151, , 1.

3.3 Resonant Driving: the Rotating Wave Approximation and Beyond

The Rotating Wave Approximation (RWA) is a powerful tool in (quantum) optics and atomic
physics, which allows one to study the dynamics of atoms exposed to electromagnetic radiation.

Laser-driven transitions between atomic levels are fundamental to many present-day experiments

8Formally, the identification of a well-defined frequency A in the rotating frame requires that the spectrum of Hj is
discrete and commensurate, which is the case whenever H; is a density-density interaction.
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Figure 3.22: The Rabi Model: a two-level system interacts with a quantised electromagnetic field.

with ultracold atoms [232, 233], and can be performed with astonishing precision. More generally,
the RWA can be used to study resonant photon absorption processes, and quantify the dynamics of
states population in noninteracting systems, featuring Rabi oscillations.

In this section, we shall revisit the Rotating Wave Approximation from the point of view of Flo-
quet theory. We focus on the Rabi model, the RWA limit of which is the famous Jaynes-Cummings
Hamiltonian governing the physics of a two-level system interacting with a quantised electromag-
netic mode. Below, we first discuss how the inverse-frequency expansion allows one to derive
corrections to the leading-order RWA physics. After that, we briefly elaborate on the phenomenon
of parametric resonance and show how one can understand it within the RWA. This will ultimately
lead us to an improved description of the inverse-frequency expansion for frequencies below the

single-particle bandwidth, and discuss the limitations of this approach.

3.3.1 The Rabi Model and the Jaynes-Cummings Hamiltonian

The prototypical example for the Rotating Wave Approximation (RWA) is the Rabi model, which
describes a two-level atom coupled to a quantised electromagnetic field, see Fig. 3.22. In this
system, once again a transformation to the rotating frame eliminates highly excited states, and

leads to a renormalised description of the low-energy physics. The lab-frame Hamiltonian is static
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and reads

o, Q
H="tdat ot +g(a'o™ +as™) +¢ (ao” +a's?), (3.154)

where a' (a) creates (destroys) a photon in the electromagnetic (cavity) mode of frequency oy /2,
and the two atomic levels, with energy separation /2, are described by the Pauli matrices. Choos-
ing the laser frequency ; to match resonantly the difference of the energies of the two levels
of the atom, Q = ®;, and going to the rotating frame, a — ae_’Q’/z, c — G_e_iQ’/z, the Rabi

Hamiltonian reads

H™'(t) = Ho+H"(t)+H (1),
Hy = g(ach—i-aG*),

H (1) = ge™ac™ H (1) =ge™d'c", (3.155)

Notice that this rot-frame Hamiltonian is periodic with the frequency . We mention in passing
that the solution of the Rabi model for g = g’ can be expressed in terms of a functional differential
equation [234]. Moreover by adding a magnetic field along the z-direction one can obtain an entire
line of integrable points, where the generalised Rabi model is supersymmetric [235].

Applying the Floquet-Magnus (van Vleck) inverse-frequency expansion to order Q™! to the

Rabi Hamiltonian gives:

Hp[0] = g(a*c*+ac+)+%(aTacZ c'o )+§( 2Jr(cﬂ)z) c+0(Q7?),
2
Hy = g(a'c” +ac™)+ % (no°—oto™)+0(Q7?),
/
kMo = l%((e’m Da'e™ — (e —1)ac),
/
Kgf)(t) = ii(eigtd%0+—e_i9106_). (3.156)
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It is also straightforward to obtain the second-order correction to the Floquet Hamiltonian:

2 2./
HI(VZ)[O] - f}zg (aza*cf—Zacf—aSGJr—i-h.c.)

g/3

—2@(716167 —2a6~ +h.c.)

n”

gg T o t — 1 3 -

+2 o (2a'c™ +a'noc — 54’0 +h.c.),

2

HY = gg‘; (a'6" 6% +h.c.). (3.157)

It follows that, up to order Q2 the effective Hamiltonian conserves the sum of the total number
of photons and the z-component of the spin and, therefore, it only couples pairs of states such as
|1) = |n,+) and |2) = |n+1,—).” Here n is the number of photons and + indicates the values of
the spin-projection along the z-axis. Thus, to obtain the spectrum to order Q 2, we simply need
to diagonalise a collection of independent two-by-two Hamiltonians. The matrix elements of the

effective Hamiltonian in the sector with n and n+ 1 photons coupled read:

0 1 2 8/2
(UG +Hey +H 1) = —5 (1 -n),
2

@l +H + i 12) =~ (4 )

0 1 2 gga
HY +HY + HE12) = vVt 1 <g+ 0 > .

From this it is immediate to compute the spectrum:

g/2 g/ 2 nz g/2 ;
Epg=—24g/n+1|1+(2) —— 4+ Q3. 1
+1 o tevnt +<g> 2(n—|—1)+£22 +0(Q7) (3.158)

In the case of g’ = 0, the spectrum reduces to the Jaynes-Cummings one, as it should, and ex-
hibits the hallmark feature of a quantised Rabi frequency Qr = gv/n+ 1. The inverse-frequency

expansion captures both the Bloch-Siegert shift g’>/Q, which has been known to be the leading

90ne has to keep in mind though that the photons and the spins are dressed by the kick operator and this conservation
law breaks down for the bare (undressed) operators. In this sense, the kick operator helps one find dressed photon-spin
states, in which the physics is described by a few degrees of freedom, similarly to the Landau quasiparticles in Fermi
liquid theory.
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correction to the spectrum for a long time, as well as the subleading correction of order Q2. Many
terms in the stroboscopic Hamiltonian break the conservation of the total number of photons and
spins, and significantly complicate the analysis of the Floquet Hamiltonian. However, these terms
do not appear in the effective Hamiltonian, and hence their effect must be captured by the kick
operator K () (see Eqs. (2.46) and (3.146)). Recently, it was argued that this type of terms can be
important for the stabilisation of finite-density quantum phases [236].

The Rabi model can be realised experimentally using highly controllable optical cavities, whose
size determines the mode frequency Q/2 through the quantisation/boundary conditions. In the
same spirit as in the two-level system, the driven FHM or the Anderson model, one can imagine
shaking the cavity boundaries out of phase periodically, which would induce a periodic modulation
of the frequency Q. To study the physics of this model, one could go to a rotating frame and apply
the HFE. In this case, the counter-rotating (particle non-conserving) terms, g’'ac™ + h.c., will not
vanish in the zeroth order, in analogy with the emergent hybridisation terms at the level of the
time-averaged Hamiltonian in the models discussed in Secs. 3.2.1 and 3.2.3.2, potentially leading
to new qualitative phenomena.

Let us conclude this section by pointing out that, through the leading terms in the inverse-
frequency expansion, one can formally understand the generation of stationary optical lattice po-
tentials used to trap neutral atoms [232]. It is then not difficult to find subleading terms including

those responsible to various heating processes [237].

3.3.2 Parametric Resonance from the Rotating Wave Approximation

One of the most fascinating phenomena in periodically-driven systems is parametric resonance. It
models, among others, the dynamics of a child playing on a swing by periodically standing and
squatting to keep the system driven. Parametric resonance occurs whenever the drive frequency
is close to twice the natural frequency of the non-driven oscillator. A hallmark feature is the ex-
ponentially (in time) growing amplitude of oscillations of various physical quantities and their
fluctuations which is observed on top of the regular oscillatory motion. In realistic physical sys-

tems, where the harmonicity of the non-driven model is rather approximate, parametric resonance
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is generally expected to govern the transient dynamics before the role of the non-linearity sets in.

Let us dive into the details of the parametric stability analysis by demonstrating how to derive
the stability criterion with the help of the Rotating Wave Approximation (RWA)'". Since the dy-
namics of quadratic models is the same in quantum and classical systems, we choose to study the
quantum parametric oscillator with Hamiltonian

1
H() =5 (p* + @jx® + o cos(Qr)x?) . (3.159)

Writing this Hamiltonian using ladder operators x = 1/1/200(y" +7) and p = iy/wo/2(y" —7), and

dropping any (time-dependent) constants leads to
o o
H(t) = wy (1 + 5 coth) Yiv+ TO cos Q¢ (\(TyT +h.c.) .

If we parametrise the operators as Y(¢) = u'(t)y(t = 0) —v*(t)y'(t = 0), with «/(t = 0) = 1 and

V/(t = 0) = 0, we can write Heisenberg’s EOM for the functions u(r) and v(z) as

dal « o + Lo cos Qt 2 wo cos Q¢ u
iy = 2 2 (3.160)
tl v —%mpcosQr  — (mo + S0 cos Qt) Vv
u o 0 1 u
= [woc*+W(t)] + — o cos Qf ,
/ 2 /
v -1 0 v

where the matrix W (1) = $®ocos(Q7)c® has zero time-average and ¢ is the Pauli matrix in Bo-

goliubov space. We now apply the transformation i@ (¢) = e/>®'4/(t), ¥/ (¢) = V/(t) which brings the

EOM into the form
da( @ o 0 e 20 cos Qf 74
i— = |0g+W(r)+ <o
dt V' 2 —e 2100 cog Of 0 4

So far the treatment of the parametric oscillator EOM was exact. However, the present form of

10A very similar method was used to study the parametric instability in periodically-driven Luttinger liquids [76].
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the equation allows to easily identify the terms responsible for the parametric resonance. To this
end, we apply the rotating wave approximation (RWA) (i) keeping in mind that the time-average of
W (t) vanishes identically, and (ii) dropping any counter-rotating terms. We find that the dominant
contribution to the dynamics appears for 2my = ., which sets the critical driving frequency on
resonance. In general, however, we can allow for some detuning 8, defined by Q = 2wy — 3. The

resulting effective RWA-EOM assumes the simple form:

I}

i , o0t i1

4 - 0 4 . (3.161)

dt ) 0L —idt
1% 4

]
<

(& [O))

Solving exactly the equation above, we find the two Lyapunov exponents as a function of the
detuning § = Q —2mg: A2 = wp £impo/44/1—(28/ 0((00)2. Hence, the maximum instability
growth rate appears on resonance, i.e. for § = 0, and is given by auwy/4. The stability criterion
and the instability growth rate derived above with the help of the RWA agree precisely with the
standard results obtained using two-times perturbation theory or by other means [7].

From the point of view of Floquet, theory, the situation is much more interesting. As we showed
above, whenever the driving frequency hits twice the natural frequency of the oscillator, Q = 2wy,
various physical observables feature exponential growth in time due to the imaginary Lyapunov
exponents. However, the full quantum mechanical treatment of this driven oscillator is much more
intriguing, as it has to accommodate this exponential growth in the wave function of the system
which is expected to be normalised.

The Floquet solution of the periodically driven quantum oscillator was derived in Ref. [238]
for a system described by the Hamiltonian:

H(t) = é’; + "";’%xu % {p,x}+an:of)(t _nT), (3.162)
where o is the strength of the kick and 7 = 2m/Q is the period of the drive. Although this Hamil-

tonian differs from the standard one, it has the advantage of being exactly solvable. Namely, it was

shown that the Floquet Hamiltonian for this problem takes the form (see Ref. [238] for a detailed
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discussion)

sin0)oT< p? mge®

2 .
F= ool el > x4+ wgpsinhacot T {p,x}+) , (3.163)

where T = 21t/Q is the driving period, D = 2+/cosh® aicos? 0oT — 1, and A = arcsin(D) /D. Notice
that A(ot = 0) = wy7'/ sinh @7, and thus Hr = Hj reduces to the non-driven model, as expected.
Rotating the operators x — X and p — P, one can change basis, to bring the Floquet Hamilto-

nian into a more intuitive form:

. 1 .
Hr = E(P2 + Q%Xz); e = coshotcos ool + \/cosh2(>ccos2 woT —1. (3.164)

This allows us to make some tantalising observations. It is easy to see that for Qf > O the sys-
tem is stable, and the Floquet Hamiltonian is equivalent to that of a harmonic oscillator with
drive-renormalised driving frequency and particle mass. In particular, the quasienergies are €p =
Qr(n+1/2). Strikingly, on resonance, we find Qr = 0, which means that Hr ~ P? describes free
particles. Thus, the Floquet states are plane waves which are non-normalisable. Consequently,
the quasienergy spectrum becomes continuous [238, ] and this marks the transition between
the stable and the unstable phases. Finally, in the unstable region, the effective parabolic potential
becomes inverted, Q% < 0, and the drive turns the static confining problem into a scattering one.
As a result, the quasienergy spectrum remains continuous in the unstable regime.

Although the physics described in this section is that of single-particles, it is easy to imagine
that the Floquet Hamiltonian of weakly-interacting bosons will feature a very similar behaviour.

The parametric instabilities for such a system are studied in Sec. 5.2.
3.3.3 The Inverse Frequency Expansion for Systems with Real Photon Absorption Pro-
cesses: Taking Resonance into Account

Resonance phenomena play a crucial role for the proper understanding of periodically-driven sys-

tems. Having already described the phenomenon of parametric resonance, we now turn our at-
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tention to real photon absorption transitions, which we call Floquet resonances. Once again we
employ the RWA to derive and effective static description of the underlying physics. Interest-
ingly, as anticipated already in Sec. 3.1.3.1, we demonstrate that these resonances are beyond the
inverse-frequency expansion at any order, but can be captured perturbatively by the generalised

Schrieffer-Wolff transformation (SWT) introduced in Sec. 3.2.

3.3.3.1 Two-Level Systems

Let us make a detailed comparison between the generalised SWT from Sec. 3.2 and the van Vleck
inverse frequency expansion applied ad hoc in the lab frame. In particular, in the following we
point out and explain some important conceptual differences between the two: (i) as we have seen,
the SWT takes into account real photon absorption resonances which open up gaps in the Floquet
spectrum, while the lab frame vV HFE generally fails to do so; it only captures virtual photon
absorption, see Sec. 3.1. (ii) while the HFE is applicable at high frequencies only, and generically
fails for Q ~ Jy where Jj is a natural energy scale of the non-driven model, the SWT can be carried
out successfully at much lower driving frequencies, in a suitably chosen rotating frame.

To illustrate this, we choose a non-interacting system on a bipartite lattice with periodic bound-

ary conditions, described by the following Hamiltonian in momentum space:

0 ar(1+ek by ape .
H@) = —d RS I Y ¢ e
al (1 + e_’k) 0 aoe_’k —by
= ho+he™™ +hle (3.165)

The parameter Jj is the bare hopping, & is the lattice momentum, while ag, a; an b; are dimension-
less parameters.

There is no closed-form solution for the Floquet Hamiltonian of this system. Therefore, we
use the high-frequency expansion to calculate the effective vV Hamiltonian H.s to leading order
in Q7. In this section, we are interested in the properties of the quasienergy spectrum only, and

shall not discuss the kick operator explicitly. Using the Pauli matrices to span the space of 2 x 2



159

hermitian matrices, we have [9, 32, 33, 87]
Har ~ HY +HY +HS,
Hé?f) = —Jolai(14cosk)c* +aj sinkc’],
ah o Jog inko’
o = 5[ aopby (1 —cosk)c* +2apb; sinkc’],
J3 :
Héfzf) - 9702 [4a1b7(1 + cosk)o™ +4a1b] sinke® — 4aparby (1 +cosk)o?] . (3.166)

To point out some differences with the vV HFE, we also apply the generalised SWT. In doing
S0, it is convenient to think of the frequency Q as being smaller than the single-particle bandwidth.
However, we stress that this assumption is not necessary and, as we show below, the results are
also valid for arbitrary frequencies larger than the bandwidth. We start by explicitly separating out

the zeroth harmonic of the time-dependent Hamiltonian in Eq. (3.165):
H(t) = ho + hie™ + hje ™. (3.167)

Next, we diagonalise the Hamiltonian sy = STE;G°S applying a static, k-dependent unitary trans-

formation S. In this basis, the full Hamiltonian reads
H(t) = E; 6%+ 2Jpagcos(Qt + k/2)6* +2Job| cos Qt G*. (3.168)

Now comes the SWT step. Pretending we drive the system below the single particle bandwidth,
there will be modes to which the drive couples resonantly. As we have seen in Sec. 3.2 above,
this warrants the application of the generalised SWT. We can arbitrarily choose the Floquet zone
in between [—Q/2,Q/2]; while we do this here only for convenience, our results are independent
of this choice. Thus, we write E; = 8 /2 + /2, with the ‘detuning’ §; = 2E; — Q, whence, the

lab-frame Hamiltonian becomes

i 8 Q
H(t) = 5"02 + |5 +2Jodo cos(Qu +k/2)| 6%+ 2Job cos Q1 6" (3.169)
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In this form the Hamiltonian has the generic form required to apply the generalised SWT, as intro-
duced in Sec. 3.2. Therefore, the next step is to go to the rotating frame w.r.t. the terms proportional
to 6%, leaving the ‘small’ detuning term J; in the lab frame, in order to preserve the periodicity in

time of the Hamiltonian in the rotating frame:

. b
H() = Ekcz+2lob1 cosQf x (3.170)
0 efi(Qt+4%’ao[sin(Qt+k/2)fsin(k/2)])

e+i<§lt+41§0ao [sin(QtJrk/Z)fsin(k/Z)}) 0

We can now apply the full machinery of the inverse-frequency expansion in the rotating frame.
Although this analysis is straightforward, notice the following conceptually important points: (i)
interestingly, the small parameter in the Hamiltonian is now &;. Hence, the validity regime is
given by §;/Q < 1. By construction, however, this automatically incorporates the original high-
frequency limit Jp/Q < 1, see Fig. 3.23. We note here that this analysis works as long as the
amplitude of the drive is not too large, i.e. b;/Q < 1. Whenever this condition does not hold,
higher-order terms of an entire subseries in the expansion become important progressively, and one
should go to a rotating frame in the very first step, i.e. before defining the harmonics 4, as we have
demonstrated on multiple occasions in Sec. 3.1. (ii) although the mathematical machinery of the
generalised SWT and the vV HFE is the same, physically something quite different just happened:
instead of dressing the low-energy physics only by virfual photon absorption processes, which is
also achieved by the vV HFE in the limit Jy/Q < 1 [think of the usual renormalisation of the
hopping parameter by a Bessel function at Q — oo], the SWT analysis goes further and captures
real photon absorption processes coupling the resonant states. Hence, we obtain a tool to describe
systems on resonance.

The leading-order term in the generalised SWT can be calculated by taking the time-average,
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Figure 3.23: Upper band of the quasienergy spectrum of the driven system in Eq. (3.165). (a)
comparison between the generalised SWT to zeroth order (solid lines) and exact numerics (dashed
lines) for different driving frequencies Q. Two photon absorption gaps symmetrically situated
around k = /2 open close to Q/2 in each case. The gap opening at k7/2 present in the exact
numerical curves is captured by the higher-order terms in the generalised SW[not shown] as is the
case for the HFE [see (b)]. Comparison between the spectra of Hegr to order nypg of the HFE for
Q/Jo =4 (b) and Q/Jy =1 (c). The dashed black line is the exact numerical curve. The parameters
are ap = 0.912, a; = 0.2867 and b; = 0.1214.

which is equivalent to applying the Rotating Wave Approximation (RWA):

& /2 o , .
HY, = . o =Joby | Jo(w) + e ()| eMsink/2 (3.171)
OCZ —8k/2

where w = 4Jpap/Q. Hence, the SWT approximation to the quasienergies is given by EkSW =

++/(Ex — Q/2)2 + |0y |> F ©/2. The extra additive piece FQ/2 needs to be included to properly
take into account the shift in energy due to the Galilean term in the rotating frame ''. Notice how a
photon absorption gap of magnitude 2|oy| opens at the k modes for which Ej ~ Q/2. Higher-order
terms can be obtained in a straightforward manner.

Figure 3.23a shows the generalised SWT quasienergies £ kSW compared to the exact quasiener-
gies obtained numerically for a few different driving frequencies. Notice how it captures the correct
physics even at the frequencies larger than the bandwidth where photon absorption processes are
only allowed virtually. In Fig. 3.23b we show the approximate dispersion obtained from the vV
HFE numerically to sixth order in the regime of validity Jy/Q < 1. However, the expansion fails

at low frequencies, Fig. 3.23c, where the generalised SWT does an excellent job.

1INote that the transformation to the rot frame is not stroboscopic.
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3.3.3.2 The General Case

Let us make a few important remarks about the applicability of the above procedure to systems
whose Hilbert space dimension is large. At a first sight, it seems like the steps above carry over
to any system directly. Note, however, that identifying the position of the resonances requires
the knowledge of the spectrum of the unperturbed Hamiltonian /g, which may involve further
approximations/techniques to obtain. An interesting scenario appears when one considers systems
with unbounded spectra of hg, such as the Kapitza pendulum. In such cases, it can very well be
that the condition Q/Jy > 1 for the applicability of the HFE is satisfied, and yet there exist states
of hy with energies on the order of the driving frequency, due to the unbounded character of the
spectrum. Whenever two states of A differ by an integer multiple of the driving frequency [modulo
a small detuning], they will be hybridised by the drive and a photon absorption gap in the exact
Floquet spectrum will open, see Secs. 2.3.2.1 and 4.5. Nevertheless, the vV HFE will never be able
to capture this resonance effect, leaving an unavoided level crossing in the approximate Floquet
spectrum, i.e. the spectrum of Hes to any order in the inverse frequency. Thus, in such cases one
needs to resort to the generalised SWT even in the limit Jy/Q < 1 [240].

While the procedure outlined in the previous section works flawlessly for two-level systems,
it is not clear whether it generalises trivially to the many-body setup. The problem we are faced
with is the definition of the Floquet zone: any physical results should not depend on this choice.
However, one can easily convince oneself that there are situations, where the above procedure can
potentially fail. For instance, consider four states with finite matrix elements between each other.
After folding, two of them can happen to be very close to the outer zone edge, and another two —
close to the zone centre. With this folding choice, however, the states far away have a large energy
gap in between them, on the order of the driving frequency, although the real quasienergy gap is
actually pretty small due to the periodicity of the Floquet zone. As long as there is only one pair
of levels involved in the resonance, as was the case in Sec. 3.3.3.1, it is always possible to choose

the Floquet zone such that the zero energy appears right in between the two folded energies. This
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way we choose a folding gauge which selects the minimum gap between the folded energies'”.
With the presence of a third and a fourth level, however, it becomes impossible to do a choice such
that all gaps between the folded states are minimal simultaneously. Needless to say, the situation
becomes even more aggravated, if there are more energies to fold, all corresponding to states with
finite matrix elements, as in a non-integrable interacting system. The efficient analytical treatment

of Floquet resonances in generic systems is currently an open problem, see Sec. 6.2.

120n the circle, where quasienergies are defined, there are two natural distances between any two arbitrary points: the
small and the big arc. The minimum gap corresponds to the small arc.



Chapter 4

Floquet Adiabatic Perturbation Theory and Geometry

The concept of adiabaticity in equilibrium systems has profound importance of both a fundamental
and practical nature. Fundamentally, it allows one to identify and label families of adiabatically
connected microscopic states and macroscopic phases. The existence of the adiabatic limit is a
cornerstone of equilibrium thermodynamics, as it allows one to calculate thermodynamic forces,
formulate the notion of reversibility, define the laws of thermodynamics, and put restrictions on
possible outcomes of macroscopic processes, such as efficiency bounds of heat engines and re-
frigerators [241, ]. Practically, the existence of an adiabatic limit allows for the preparation of
complex ground or excited states in interacting isolated systems by slowly changing the couplings
of the Hamiltonian. This idea, for instance, underlies adiabatic quantum computation and quantum
annealing [243-245].

Adiabatic protocols are also extensively applied in NMR and qubit experiments. Adiabatic
passages are robust protocols based on the Floquet adiabatic principle to prepare excited states
with a high tolerance to the inhomogeneity of the applied radio-frequency (RF) field [2406, 1.
Different driving protocols have been applied successfully to reach higher speed and to increase
robustness [248-251]. Adiabatic protocols are also used to enhance sensitivity of spins with low
gyromagnetic ratio [252], for spin-decoupling [253], and for refocusing [254]. Adiabatic passages
for population transfer between quantum states are also applied in the optical domain[255]. e shall
always work in this stroboscopic Floquet gauge, unless explicitly otherwise stated.

Despite this striking similarity with their static counterparts, periodically driven systems are

a priori out-of-equilibrium. In systems with an unbounded spectrum, e.g. in the thermodynamic
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or classical limits, the Floquet Hamiltonian, as a local operator, is not even guaranteed to ex-
ist [33, ]. Therefore, the question as to how to prepare the system in a desired state is of equal
importance as engineering the effective parent Hamiltonian [32, 33]. Adiabatic preparation of
Floquet states in certain quantum many-body systems has been reported both numerically and ex-
perimentally. For instance, in Ref. [257], the authors studied a large but finite periodically-driven
Bose-Hubbard chain using DMRG. They found an adiabatic regime for intermediate velocities,
which enabled the adiabatic transfer of a superfluid from the zero-momentum to the T-momentum
mode at high driving frequencies. At the same time, a study on periodically-driven Luttinger lig-
uids reported that the momentum distribution of fermions changes immediately after the drive is
turned on, due to enhanced photon-assisted scattering near the Fermi edge, and concluded that
the existence of an adiabatic limit is not possible at low drive frequencies [76]. More recently, a
number of exciting experiments [52, 54, 56] with cold atoms slowly turned on the amplitude of the
drive to come sufficiently close to the desired ground state of a carefully engineered topological
Floquet Hamiltonian. It must be noted, though, that another experiment, which managed to prepare
the ground state of the m-flux Hofstadter model [55], reported lower fidelities when adiabatically
ramping the drive compared to a sudden switch on of the periodic modulation.

Conventional adiabatic perturbation theory (APT) predicts that for very slow and smooth ramps,
during which the system remains gapped, the excitations accumulated during the ramp are small,
and thus the systems follows the adiabatically connected eigenstates of the Hamiltonian without
transitions [258, ]. The leading non-adiabatic corrections to observables, such as the energy
or various generalised forces, are analytic functions of the ramp rate. These corrections give rise
to various velocity-dependent forces, such as the Lorentz force, the Magnus force, or the Coriolis
force, as well as to various inertia-type forces proportional to the acceleration of the system [260].
In gapless or open systems, finite ramp rates result in additional dissipative forces, such as fric-
tion [261-264]. These forces, however, also vanish in the adiabatic limit and can be captured
within APT [264, ].

The idea of an adiabatic passage between continuously connected Floquet eigenstates was in-

troduced to study the behaviour of single particle quantum systems in the presence of intense radi-
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ation fields. It was soon afterwards argued that resonant transitions can be understood as Landau-
Zener (LZ) processes between Floquet levels. For these few-level systems, APT was successfully
extended to incorporate Floquet theory, and produced accurate estimates of the ionisation rates
in various single-atomic systems [23, —269]. Besides contributing to the understanding of the
physical processes involved, APT has also lead to the development of dynamic control over the
population of single-particle states in strongly-driven atoms [270-273]. Beyond few-level sys-
tems, it was conjectured that generic periodically-driven many-body Hamiltonians do not possess
a well-defined adiabatic limit due to the exponentially large number of interacting states in the
thermodynamic limit [157, , ].

As we discuss in this thesis, APT can be extended to Floquet systems essentially retaining the
form of leading non-adiabatic corrections. However, there is a crucial caveat for generic Floquet
systems: one must in addition avoid photon resonances, which correspond to the closing of ef-
fective gaps in the Floquet spectrum due to hybridisation of (nearly) resonant states [274, 1.
This is only possible if the ramp rate is not too slow. In this sense, one can anticipate a finite win-
dow of rates where Floquet adiabatic perturbation theory (FAPT) is applicable: the rates should be
sufficiently fast that the photon resonances are passed diabatically, but also sufficiently slow that
non-adiabatic processes, which do not involve photon absorption remain suppressed. Intuitively,
one expects that this window can exist only for special protocol conditions, typically at fast driving
frequencies — larger than the natural energy scales of the non-driven system or, more accurately,
away from single-particle resonances.

In this chapter, we present an extensive overview of the problem of slowly changing the pa-
rameters in a periodically driven system. We illustrate the main ideas discussed here using various
different models which cover a range of single-particle and many-body condensed matter systems.
At the same time, we complement the general theory with new, previously unpublished results, by
pointing out new constraints on adiabaticity imposed by the presence of the micromotion. Intu-
itively, as a consequence of the ramp, the P(¢) operator never comes back exactly to itself after
one period, which induces additional non-adiabatic corrections to the wave function. Hence, in

systems where the Floquet Hamiltonian vanishes identically, such as some topological pumps [61],
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the dynamics is governed entirely by the micromotion operator and understanding its contribution
to non-adiabatic corrections is crucial. Since Floquet engineering often requires one to scale the
driving amplitude with the driving frequency [33], the effects of micromotion can remain finite
even in the infinite-frequency limit. As we discuss in detail below, it is only the sum of the contri-
butions to FAPT coming from micromotion and the Floquet Hamiltonian, which leads to a unique,

Floquet gauge-invariant result which is insensitive to the choice of folding.

4.1 Stroboscopic and Non-Stroboscopic Dynamics for an Adiabatic Ramping of the

Drive

While in the thermodynamic limit, adiabaticity in interacting periodically-driven systems is con-
jectured to be absent due to the appearance of densely distributed avoided crossings in the Floquet
spectrum [274], the general understanding of adiabaticity in the experimentally-relevant finite-size
systems is still a subject of an active research. However, in simple setups of finite-size systems
with few degrees of freedom or noninteracting systems, it is possible to show that the adiabatic
limit is well defined [240]. In this section, we show that in the case of a driven two-level system, a
slow ramping-up of the driving amplitude, starting from the ground state' of the non-driven Hamil-
tonian, results in the system following the ground state of the instantaneous stroboscopic Floquet

Hamiltonian Hp[t] with a very good accuracy:

lW(t)) =~ [wes(HF[t])). 4.1

Thus, all observables evaluated stroboscopically at times 7y + (T in this case are given by the ground

state expectation values of Hp|fo:

(y(to +1IT)|Oly(t0 +1T)) = (Was(HF [to]) | OlWas (HF [to]))- (4.2)

By Floquet ground state we mean the adiabatically-connected Floquet state.
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This statement has immediate consequences for the FNS dynamics, where the measurement times
are fluctuating within a period. We assume that, either the measurement is done after the ramp is
over, or that the dynamical phase accumulated due to the Floquet quasi-energies is small. From
the gauge equivalence of the Floquet Hamiltonians in Eq. (2.13) we see that, up to an unimportant

phase factor, Eq. (4.1) implies that

w(2)) = e KO pygs(Ap)),

where Ay is an arbitrary fixed gauge Floquet Hamiltonian and K(z) is the corresponding kick
operator. Using this result it is straightforward to calculate the average over one period of the

expectation value of an observable O:

1 to+T 1 fo+T R 2 2 N
T/ wwmmwm::T/ dr (wos(Ar) X0 0e K0 yigs (A1r)
1o 1o
= (yos(Hr)|Olyes(HF)). 4.3)

Since we average over the period, the result does not depend on #p.Therefore, in the following, we
choose to work in the stroboscopic Floquet gauge, unless explicitly otherwise stated. Throughout
this chapter, to simplify the notation we drop Floquet gauge label [fy] whenever possible.

Note that instead of the ground state in Eq. (4.3) one can use any other Floquet eigenstate.
In other words, if the system is in an eigenstate of the stroboscopic Floquet Hamiltonian, the FNS
expectation value of any observable can be found by evaluating the expectation value of the dressed

observable in the eigenstate of the fixed-gauge Floquet Hamiltonian.

4.2 Floquet Adiabatic Perturbation Theory

After this short discussion on stroboscopic and non-stroboscopic ramping, we open up the discus-
sion of the adiabatic theorem in the presence of a periodic drive. We begin by briefly recapitulating
the main results of conventional adiabatic perturbation theory (APT) for non-driven systems, and

then proceed to generalise this formalism to periodically-driven systems, which we shall refer to as
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Floquet adiabatic perturbation theory (FAPT).

4.2.1 Adiabatic Perturbation Theory (APT)

Let us first outline some key results of quantum adiabatic perturbation theory; for more details
see Refs. [258, , ]. Consider a Hamiltonian H(A) which depends on some parameter A
that slowly changes in time. For simplicity, we assume that the Hamiltonian has a discrete energy
spectrum with no degeneracies so that the adiabatic limit is well defined. Furthermore, we assume
that the system is prepared in the ground state of the initial Hamiltonian and thus, in the adiabatic
limit, it remains in the instantaneous ground state as A is ramped”.

Suppose that V (1) is a unitary transformation which diagonalises the Hamiltonian, i.e., A (A) =
VT(M)H(L)V (L) is a diagonal matrix whose entries are the eigenenergies of H(A). It is convenient
to go to a moving frame with respect to the instantaneous Hamiltonian by defining [{) = VT (A)|w).
Substituting this into the time-dependent Schrodinger equation, the time evolution id, |) = H,,|{)

of | ) is governed by the moving-frame Hamiltonian

Hn(A) = H(A) — A4,

where ) = iV (1)9,V (1) is the adiabatic gauge potential in the moving-frame, i.e., the generator
of translations of the energy eigenstates w.r.t. A [260]. This gauge potential is a Hermitian oper-
ator whose diagonal elements are the Berry connections of the energy eigenstates. Moreover, it
follows from the above definition that the unitary V() also describes the basis transformation of

the instantaneous energy eigenstates |n(A)) to a A-independent basis |e,):

n(A) =V (A)len)-

This implies that 4, = V(L) AV (L) = i[9,V (L)]VT (L) acts as 9, in the energy basis:

(m(M)| A |n (L)) = (en| Fplen) = (m(X)]idn|n(R)).

ZNotice that this discussion applies as well to any excited state
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Since in the moving frame the Hamiltonian H () is diagonal, it does not lead to transitions
between the instantaneous levels. Consequently, all the transitions are due to the Galilean term A.7,..
As this term is suppressed at slow ramp rates (a.k.a. velocities) A, the system approximately (i.e.,
up to order A2) follows the instantaneous ground state of Hiy(A). In order to obtain the transition
amplitudes in the moving frame, one uses first-order static perturbation theory with respect to the

Galilean term. Then, expanding in the instantaneous basis |y(7)) =Y, c,(¢)|n(X)), we find

%

Co(l)

explido] = exp [—i / L (eo(x(z')) . X(z’)Ax(x(z’)))] (4.4)

1o

@03 AIARIOQ)) g3 MMIOR)) iy (n(A)](02H)[0(A))
€, — € €, — € (8n —0)?

Cazo(t) =~

)

where A; (X)) = (O(X)|2),(1)|0()))) is the ground state Berry connection.

Using these expressions for the transition amplitudes, one can go one step further and find
the leading non-adiabadic correction to various observables. It is convenient to represent such
observables M, as conjugate to the parameters of the Hamiltonian: M, = —d,H, where u can

coincide with A or be any other parameter. Then we find

M,(t) = (w(0)| M| (1)) = MY + Fah+ 0(A2, ), 4.5)

where Fy = i(0|[A4,,4]|0) = i([A,, 4])o is the Berry curvature evaluated in the instantaneous
ground state and Ml(,o) = (0|M,|0) is the instantaneous ground state expectation of the gener-
alised force, which reduces to the Born-Oppenheimer force for heavy nuclei interacting with
fast electrons [242], or to the Casimir force for macroscopic objects interacting with fast photon
modes [277]. For the special class of observables which commute with the instantaneous Hamil-
tonian, e.g. the Hamiltonian itself, the leading non-adiabatic contribution is quadratic in the ramp
speed . For example, we find for the energy and the energy variance

)|(@2H) |0V
(&n —20)*

H) ~ g2y
n#0

+ O A%,
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uy e~ ey LI@H00))

(|8 — 8())2 + O(}\’477\'2) = j\’zg?»l + O(}\’477"2)7
n#0 n

where gy, = (A7)0 — ((A))0)? is the fidelity susceptibility [278, 279] or equivalently the diagonal
component of the Fubini-Study metric tensor [260, 280-282].

4.2.2 Floquet Adiabatic Perturbation Theory (FAPT)

After this brief introduction to conventional adiabatic perturbation theory, we proceed with a sim-
ilar approach to Floquet systems. As before, we assume that the Floquet Hamiltonian and the
adiabatic limit are well defined. In particular, we assume that the Floquet “ground state” (or more
accurately the Floquet state we target) is non-degenerate. These conditions can be realised, for in-
stance, in a driven system with a finite-dimensional Hilbert space. They are also realised in special
classes of “Floquet integrable” systems [283, ]. As we show later in Sec. 4.3.3, the situation
becomes much more interesting and complex in Floquet systems whose time-averaged Hamilto-
nian features an unbounded spectrum, where these assumptions may break down in a fascinating
and physically important way.

We now consider a system described by the Hamiltonian H (A, 7), which is periodic in time with
period T = 21/Q at any fixed A. The parameter A can be the amplitude, phase, or frequency of
the drive, or some other parameter which is not directly related to the drive. We mostly focus on
the situations where the Floquet Hamiltonian is adiabatically connected to some static non-driven
Hamiltonian, in which case it is often convenient to think of A as the driving amplitude. However,
this assumption is not essential in the general discussion presented below. Also, let us point out
that any smooth time dependence of the driving frequency can be eliminated by rescaling time
t — T =Q(t)t in Schrodinger’s equation, effectively resulting in the smooth time dependence of
the other coupling parameters [275].

Since the Hamiltonian is time-periodic, it satisfies Floquet’s theorem (Eq. (1.1)) at fixed A. It

is useful to define the instantaneous Floquet Hamiltonian,

Hp(\) = PT(\,0)H(\,1)P(A,1) — iPT (N, 1)0,;P(A,1) (4.6)
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where 9, is used to emphasise that these expressions are for fixed A*. Let us denote by |nr (1)) the
eigenbasis of this Floquet Hamiltonian, for which Hr(A)|nr (X)) = €l (A)|ng(X)). By our assump-
tion regarding the absence of level crossings®, the basis states |nr (1)) and the Floquet Hamiltonian
Hp(A) are smooth functions of A. Note that this generally implies that we are dealing with a Flo-
quet Hamiltonian whose spectrum is unfolded, for otherwise, if the Floquet energy crosses the edge
of the Floquet zone, we would have to introduce a discontinuity into the Floquet spectrum and the
P operator. The final expressions for observables, however, will be insensitive to the choice of
folding.

Similarly to the stationary case, let us denote by V(A) the unitary transformation which diag-
onalises the Floquet Hamiltonian such that Hr (L) = VI (A)Hp(L)V (L) is diagonal and |ng(A)) =
V(A)|en). Now the moving frame for this Floquet Hamiltonian is defined by two consecutive uni-

tary transformations,

9) =VIMP (M 1))

yielding the effective moving Floquet Hamiltonian

id,[§) = (A — 230 9), (4.7)

where

AL (1) =iVIMNRV () +iVIAPT (A1) [P, 1)V (A) (4.8)

is the Floquet generalisation of the adiabatic gauge potential. Unlike in static APT, the gauge
potential naturally splits into two contributions: the first one describes the adiabatic changes of
the instantaneous eigenstates of the Floquet Hamiltonian and thus only depends on V, while the
second one describes transitions due to the micromotion P. Intuitively, this new contribution can
be understood by noticing that during the ramp the Hamiltonian is not strictly periodic, and thus

there are corrections induced when the P operator does not come back to itself after one cycle. In

3Note that the Floquet Hamiltonian defined in this way generally depends on the choice of the initial time f via the
Floquet gauge #yp which is suppressed in this notation.
4The importance of the level crossings is discussed in detail starting from Sec. 4.3.3.
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the Floquet stationary frame, obtained by removing the V-rotation, 4 = Vﬁf VT is given by

A = AMN+A M),

A (M) —iV(MRVT (1),

Akt = iPT(M1)aP(A1),

(mp| A5 |np) = i(mp|Op|np) + (mrp| A InF) (4.9)

While the first term here does not explicitly depend on time, the second one depends on time both
implicitly via the slowly changing A and explicitly through the oscillating in time terms. Similarly
to APT, the matrix elements of id; are related to the matrix elements of the Floquet generalised
forces and the Floquet energies via

(mr (M) |OWHE (M) ne(V))

(mp(N)]idy|np(N)) = —i & () —ef (V) s m#n, (4.10)

which can be obtained by differentiating (mp|Hp |nF) = 0 with respect to A. The A7 part of the
gauge potential describes adiabatic changes in the micromotion operator and is unrelated to the
Floquet Hamiltonian. It therefore does not have a simple equilibrium analogue.

It bears mention that the Floquet gauge potential takes on an even simpler form when written
out in the basis |np(A,1)) = P(A,t)|np(X)). One can think of these states as the natural basis in the
absence of ramping because if one starts in the state |nF(A,1)) at time ¢, then at later time ¢’ for fixed
A one will end up in [np(A,t')). Then defining 47" = PASPT = (PV)4F (PV)T, it has matrix ele-
ments (mp(X,1)| 4 |np(N,1)) = i(mp(A,1)|05|nF(X,1)). Our results can be easily re-expressed in
this basis, but doing so makes it harder to distinguish between micromotion and non-micromotion
effects of /‘Zlf . Therefore, for the remainder of this article we work in the “stroboscopic” basis
Ine (1),

Combining all these transformations together we see that the exact time evolution of the am-
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plitude ¢, in the instantaneous Floquet basis

ch P(A\,t)|np(A))

reads:

ic-n:(s,f(x)—'x<nF(x)m{(x,z))\nF ) A Y (e V)AL Q) me(W)enm.  (A11)
m#n

In general, we will not be able to solve these equations analytically, but we will show how FAPT
allows us to solve them to a good approximation in the limit of slow ramps.

Adiabatic limit. Assuming that the system is initially prepared in the (Floquet) ground state at
time r =1t;,i.e. co(t;) = 1 and ¢, (¢;) = O for n # 0, we see that, similarly to the non-driven case, the

system follows the instantaneous Floquet ground state and the wave function acquires a phase:

@)~ [ eE M) + / M OF M)A M) D00 (@1)

The first term here is the usual dynamic phase. The second term gives both the Berry phase asso-
ciated with the Floquet Hamiltonian (coming from ﬂv) and an additional contribution due to the P
operator, which explicitly depends on time. The expression for the phase (ID greatly simplifies if

we ramp over many periods, such that only its period-averaged value contributes,

Y = [tdt’X(t’)<0F(k(t’))\ﬂlf(k(t’),t’)\OF(X(t’))) (4.13)

r M) -
~ /t de'A(") {0F (M) 1AL (M), 1)[0F (M(¢))) = A " N ((0F (M) 1AL (V) [0 (X)),

Where -1 fo -)dt is the average over a cycle at fixed A.
Leading non-adiabatic response. In order to approximate Eq. (4.11) beyond the adiabatic limit,

it is convenient to go to the interaction picture with respect to the diagonal term:

cn = ¢ exp[—i®), (1)],
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where the phase ®f (1) is defined similar to Eq. (4.12). Then Eq. (4.11) becomes

ich = =AY (np (M)A (A1) |mp (1))l P O POt (4.14)
m#n

To leading order in A we thus find for n # 0
/ ! 13 (1 F i(OF (¢ —F (¢ 2
(1) = i/ d'A(t) (ne (V)] AF (A1) |0 (1))l P =20 D) L 0(R2). (4.15)
1
To evaluate this integral it is convenient to decompose the gauge potential into Fourier harmonics:

A ny =Y a0
{=—oc0
Assuming that the protocol starts smoothly (X(t,-) = 0) such that transients can be neglected, we can
approximately evaluate the integrals by expanding around ¢’ = ¢. This procedure is similar to what
is done in standard APT (cf. Ref. [259]), and is detailed in Appendix D. Returning to the Floquet
stationary frame, we obtain to the leading order in A:

F/
_idE(1)3 o (nE(M)[ A, 7|0F(R)) 5 40
c(t) =e AMi) Y e e el 1 (0 +O(MA%). (4.16)

{=—o0

We note that this expression for the the transition amplitudes has previously been derived by dif-
ferent means in Ref. [275] in the context of quantum chemistry. In the following, we discuss the
implications of this result to various physical observables. Examining this expression, we see that
unlike the non-driven case, the leading non-adiabatic response in Floquet systems generates ad-
ditional oscillating terms which can be interpreted as non-adiabatic corrections to the P-operator.
As we shall see, in a wide class of problems these oscillating terms are equally or sometimes even
more important than the non-adiabatic corrections due to the slowly changing Floquet Hamiltonian.

To measure the deviations from the adiabatic limit, we consider the probability p’ = |c,(t)|? of



176

being in the Floquet state |nx). Using Eq. (4.16) one finds that the probabilities p’ are given by:

o — AR Y el (n (1)1 (05 (1)) 0k (1) | AL |mr (1))

4.17
i (eF — el + Q) (el — el +0Q) @.17)

From these probabilities, we can define the log-fidelity f; and the associated Floquet diagonal

entropy S} as

fa = —log|co* = —log (1 -y |cn12> , Sh ==Y pllogp}. (4.18)
n

n>0

Since ¢,.0 ~v= X(t 1) for small velocities, both f; and S4 scale as v? in the low velocity limit, up to
a small log correction in S&. We shall use this characteristic feature as a benchmark of adiabaticity
in various models. While one can use either f; or Sg to measure the magnitude of the non-adiabatic
corrections, notice that the former requires the identification of the Floquet ground state, while the
latter does not. Hence, in complicated models, the entropy often constitutes a simpler measure of
adiabaticity. As in non-Floquet systems the diagonal entropy is simply a measure of delocalisation
of the wave-function (or more generally density matrix) among the eigenstates of the instantaneous
Floquet Hamiltonian.

It is useful to understand Eq. (4.16) in two important limits. First, in the limit of vanishing
driving amplitude, there is no micromotion, and therefore all terms with ¢ # 0 may be neglected.
Furthermore in this limit €/ (X) — €,(X) and A" (X) — 4(X). As a result, Eq. (4.16) reduces to
Eq. (4.5), reproducing conventional APT as expected.

A similar situation occurs in the infinite-frequency limit, where all the Fourier modes in (4.16)
disappear leaving only the ¢ = 0 component”:

(nr (M)A, 10k (V)

—i®F (1)A
en(t) = e 0 W) T
n 0

+0(h,A?). (4.19)

This is equivalent to assuming time-scale separation and averaging over the fast time variable

>When the amplitude of the drive scales with the frequency, which is the relevant case for Floquet engineering, 4" £
acquires Q dependence, and ¢ # 0 terms may also survive the infinite frequency limit of (4.16)
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(cf. Ref. [38]), in which case one loses information about the higher Fourier modes. While the
probability amplitudes in the limits of vanishing drive amplitude, Eq. (4.16), and infinite frequency,
Eq. (4.19), look deceptively similar, there exists a subtle difference: the physics in the two limits
could be governed by two Hamiltonians with completely different properties. This is particularly
relevant when Floquet engineering methods are applied, which requires that the driving amplitude

is of the order of the driving frequency [33].

4.2.3 Observables

Using the transition amplitudes it is straightforward to find the leading non-adiabatic corrections to
the expectation values of observables. As in the the non-driven case, it is convenient to represent

observables in terms of generalised forces, M,(1r) = —d,H (t). Using Eq. (4.16) we find

M,(t) = ((0)| M (1) (1)) ~ (Op|PT(£) M, (1) P(£)|0F)+
7\.2 i (eimf<0F|PT(I)'W[“<I)P(Z)|”F><nF],q£=€‘OF>

el —el +1Q

+c.c.> (4.20)

n#0 =—oo

Here we have dropped the argument A in the P operator to simplify the notation. The result above
can be simplified further by expressing it through the Floquet generalised force, 9\/[yF = —0,Hr. In

order to do this we note that

P ()9, H(t)P(t) = 0u[PT(t)H(t)P(t) —iP'(1)d,P(t) +iP(t)0,P(t)]
—[0uP(t)"JH(1)P(t) — P"(t)H (1)0,,P(1)

= OuHp+0, 4% (1) +i[Hr, A (1)], 4.21)

where we separated out the P-component of the gauge potential ﬂlﬁ (t)=iP"(t)9,P(t) asin Eq. (4.9).

Recall that /‘ley = —iVBHVT does not explicitly depend on time. Then, using the right-hand side of
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Eq. (4.21), we have

oo

(Or0. A8 ()|np) = (0p[0. AL ()lnp) =—i Y e ¥ 0 Q(0p| 25" |np),
—
<0F]8,,Hp+i[Hp,ﬂf(t)]\np> = —i(SF—SF 0]7’%‘{’111:)
— Z e—tZQt 80)<0F|/‘4P Z,nF>

eﬂEQt 8())<0F‘-qv é‘i‘ﬂf Z,n

Il
n[:ﬂg\

= —i Z e 1 (el gl (OF| AL ~ng). (4.22)

J—

To see the last equality note that that by constructions all non-zero harmonics of ﬂl;‘,/ 70 — 0 vanish

identically, while le,‘,/ £=0

ﬂlX . We then combined the two gauge potentials into the single Floquet
gauge potential using Eq. (4.9).
Adding the expression above in the right-hand side of Eqgs. (4.21) and substituting the result in

Eq. (4.20), we find that the generalised force reads

My(t) =~ (Op|M]10F) —i ) QL™ (0p| A5 0F) + (4.23)
040
’ € +€/ oy F.l
ik < i(e=£) Qf¥ (0p| A5 |np) (np| A |0F) —c.c.
§Z e el 00 F 3

As we explained in Sec. 4.1, there are two types of measurements one usually applies to periodically
driven systems. Floquet stroboscopic (FS) measurements are performed at integer multiples of the
driving period and are given by the general expression in Eq. (4.24). Floquet non-stroboscopic
(FNS) measurements are averaged over many cycles, or equivalently averaged over the driving
phase @ [33]. We thus refer to FNS measurements as “phase-averaged” throughout the course
of this chapter. The choice of driving phase is often uncontrolled in experiments and, thus, its
fluctuations from shot to shot effectively lead to phase-averaged measurements. The expressions
for observables in FAPT greatly simplify for the phase-averaged measurement protocol as all non-

zero harmonics average to zero. Then the generalised force becomes the Floquet generalised force,
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as anticipated:

MY = (0p|MF|0F) = 3,8l , (4.24)

where in the second equility we have used the (Floquet) Feynman-Hellmann theorem [125]. Mean-

while, the leading non-adiabatic correction becomes

i =L or [ Al Jor) =dlor [0 A0 . @29

where as before

_ 1 T
0=— / O(t)dt (4.26)
T Jo

denotes period (or equivalently phase) averaging over the cycle at fixed A.

4.2.4 Floquet Berry Curvature and Floquet Chern Number

In APT, the leading-order correction to M, for a ramp of the parameter A is related to the Berry
curvature [285] Fy,(see Sec. 4.2.1). Thus, it is natural to ask in which sense this generalises to
Floquet systems. If we consider the state |0F(A,7)) = P(A,2)|0r(A)) introduced earlier, then the

natural extension of the Berry curvature to Floquet systems is
F,(t) = i(03.0r (1)|0,0F (1)) +h.c. = i (OF | [ (1), A7 (1)] | OF ) - 4.27)

Obviously, the Floquet Berry curvature can be expressed through the derivatives of the instan-
taneous Berry connection A} (1) = i(0#()[05|0F(r)) in a standard fashion: F{; (1) = AL (1) —
a,,A{ (). While the instantaneous non-adiabatic response of observables in Floquet systems is not
directly related to the Berry curvature (c.f. Egs. (4.24) and (4.27)), the leading non-adiabatic cor-
rection is proportional to the period (phase) averaged Floquet Berry curvature. Indeed, comparing

Egs. (4.25) and (4.27) we see that:

M, ~ M +AFF (4.28)
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Whereas FT{; is an interesting curvature form in its own right, one may ask how to use it to
obtain geometric and topological properties of the time-dependent system. One nice topological
invariant which is unaffected by this time averaging is the Floquet Chern number [38, 39, 56-58],
which is defined for any given time ¢ during the cycle as Cy(t) = 5 [ dAduF} (A1), Notice
that the Floquet eigenstates corresponding to different times within the period are connected by a
continuous unitary gauge transformation, which does not change the energy spectrum and cannot
lead to gap closings. Therefore, the corresponding Floquet Chern number [286] is independent of
the time within the period, and hence also independent of the driving phase. Thus, C(r) = C, (') =

CF defines the Floquet Chern number, which can be found by measuring FT@ and integrating:

cf:% /0 deCy (t #dkd,u / — (M st) = #dkd,u (A ). (4.29)

This important result tells us that one can engineer, at least in principle, Floquet systems with
quantised Hall-type response. In order to do this, one has to be in a position to prepare these
systems sufficiently close to the corresponding Floquet ground state and perform phase-averaged

measurements of the current [54, ] or other related observables.

4.3 Single-Particle Examples

Having introduced the FAPT formalism to derive non-adiabatic corrections and their relation to the
Berry curvature, we now move on to illustrate these ideas with a variety of examples of increasing
complexity. We start with the simplest case of the two-level system in a circular drive, followed by
the exactly-solvable single particle in a periodically-displaced harmonic potential, where correc-
tions due to FAPT may be cleanly isolated and analysed. We then move on to the quantum Kapitza
pendulum — a non-linear single-particle system — where we delineate the role of photon absorp-
tion resonances. Finally, we study linear response and non-adiabatic corrections to observables
in a driven qubit system, where a simple measurable connection to the topological Floquet Chern

number is demonstrated through the Thouless energy pump.
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4.3.1 Which Floquet Hamiltonian is the Adiabatically Connected One?

We open up the discussion of examples on adiabaticity in Floquet systems by analysing the two-
level system in a circularly polarised field, see Sec. 2.1.3. We also use this opportunity to briefly
comment on what happens in the van Vleck and Floquet-Magnus descriptions if one turns on the
driving adiabatically. Recall that a detailed comparison of the two expansions was presented in
Sec. 2.2.4. In particular, here we would like to show numerical results for this simple example, and
highlight how one should correctly understand the gauge transformation defined by the initial kick
in the van Vleck expansion in the context of FAPT.

Let us consider the system to be initially prepared in the ground state | | ) of the non-driven
Hamiltonian Hy (see Eq. (2.19) with B = 0). We then slowly turn on the the driving amplitude By,

using the ramp:

0 for t<0

By(t) =B"™ x { cos? (g%) for 0<t<tg

1 for t >R
This ramp protocol is chosen because it starts and ends smoothly, i.e. B (r = 0) = B (r = 1z) =0
and, therefore, it is expected to minimize non-adiabatic effects related to the discontinuities in the
velocity during the ramp (see e.g. Ref. [287]). Here fx is the ramp time which is taken to be an
integer multiple of the driving period, i.e. tg = [T. Itis also convenient to define the ramp speed/rate
v as the rate of change of the magnetic field in the middle point of the ramp, i.e. v = B (tg/2) =
nBﬁ]a" (2tg).

The question we are interested in is whether the system, initially prepared in the ground state
of Hy, evolves into the GS of Hr or the GS of Hqe. In other words, we would like to know
which ground state (i.e. the one of the stroboscopic or the non-stroboscopic Floquet Hamiltonian)
is adiabatically connected to the ground state of the non-driven Hamiltonian. In Fig. 4.1 we show
the value, at the end of the ramp, of the logarithmic fidelity to find the system in each ground state:

—log [(W(tr) |Wes(Hefr/r))|. We find that, in the adiabatic limit (for large #g or equivalently small

ramp rate v), the system is in the ground state of the stroboscopic Floquet Hamiltonian HF[tg] with
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Figure 4.1: Logarithmic fidelity as a function of the ramp rate to find the system in the GS of
the Floquet Hamiltonian Hr[tg], —log|(w(tr)|Wes(HF))|* (blue dots) and the GS of the effective
Hamiltonian Hegr, —log |(W(tr)|Wes(Het))|? (red crosses). The ramp rate is v = B (2tg). In
order to reproduce the blue line in the non-stroboscopic (van Vleck) picture, one needs to apply the
kick operator at time f to rotate the state: |Wgs(Hegr)) = e’Xm(®) s (Hr[tr])).

unity probability, i.e. the GS of H) is adiabatically connected to the GS of Hp[fg]. From this fact
it immediately follows that the system cannot be in the GS of H.s since the two ground states are

different:

\Ws(Hetr)) = ™) s (Hr [tg]))

Therefore, in the van Vleck picture, the effect of the final kick at time g, which is responsible for a
change of basis from the lab frame to the basis of H., cannot be eliminated by the adiabatic ramp.

This finding also has very simple consequences for FNS dynamics, e.g. if we are interested in
the average over one period of any observable O after the ramp. Using the relation between the

ground states above and Eq. (4.3) we find

tr+T totT
le/tR dt<0(t)> = ;/IR dt<\|IGS(HF[tD|O|WGS(HF[Z‘])>

= (Wos(Hr(tr])| OF[tr] [Wes(Hr[tr]))

= (WGs(Hetr)| Oefr |Wis(Hefr))- (4.30)

As discussed in Sec. 2.1.4, if the system is in an eigenstate of the Floquet Hamiltonian (here the
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ground state), the FNS expectation value of any observable is given by the expectation value of the
corresponding dressed observable, calculated in the eigenstate of the Floquet Hamiltonian. One can
freely choose whether one works in the stroboscopic (Floquet-Magnus) or the non-stroboscopic

(van Vleck) pictures.

4.3.2 The Linearly Driven Harmonic Oscillator

Let us now consider the quantum harmonic oscillator with a periodically-displaced confining po-
tential. This model is also exactly solvable and shall therefore prove useful as a first check of the
FAPT expressions derived in Sec. 4.2.2. We consider the case where the drive consists of an oscil-

lating force with frequency Q whose amplitude is ramped according to some slow parameter A(7):

2
1
H(r) = 571 + S mabe — A QPA(1) cos(Q1 + go)x (4.31)

We pick units with mwg = 1 and explicitly introduce the driving phase @g, such that one can easily
distinguish between phase-averaged and non-averaged protocols. Further, we chose the amplitude
of the drive to scale quadratically with the driving frequency, which leads to a non-trivial high-
frequency regime.

We consider slow ramps, such that the oscillator starts in its ground state with the drive off at
some #; < 0 [A(t;) = A(;) = 0], and then smoothly ramp up the drive amplitude A(7) to the final
value. It is convenient to set the final measurement time where we evaluate all observables to 7y =0
such that |;| is equal to the ramp time. To simplify the notation, we define v as the instantaneous
velocity at the final time, i.e. v = A(0) and we set the final value of A(0) to unity. The simplest
protocol which satisfies these constraints is a quadratic ramp:

M) = (t _t’)z (4.32)

I

with v =2/|t;|. As a consequence of the analysis in Sec. 4.2.2, the FAPT expansion is independent
of the protocol used for the ramp. We confirmed this by comparing the exact dynamics numerically

for various ramping protocols, and found an excellent agreement in the small A limit.
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One advantage of choosing this Hamiltonian is that it is exactly solvable. Namely for any
driving protocol f(7)
2.2
moy-x
_r
2m 2

—f)x

one can reduce the time-dependent problem to an effective static harmonic oscillator by transform-
ing into a moving frame with respect to the classical trajectory 1(¢), whose equation of motion is

7(¢) + @3N (¢) = f(t)/m. The eigenstates in this frame and in the position basis are given in terms

of the static harmonic oscillator states ¢,,(x) and eigenenergies E, = 0 (n + 1/2) as:

) =000 exp i (e) (1)~ Eut + / ’ wimad))] @)

where L(m,1,7) is the classical Lagrangian for a driven oscillator:

L0 = Zmit() — gmodn®@) + () /().

Any solution to the time-dependent Schrddinger equation with Hamiltonian (4.31) is given by a
linear combination of ), (x,7) with time independent coefficients. Using this method, we obtain
not only the exact solution of the dynamics for arbitrary A(r) protocols, but also the exact Floquet
eigenstates at any fixed A. For more details on the exact solution used to compare this model to
FAPT see Appendix E.

To see why this model is interesting in the context of FAPT, let us start by solving it in the
infinite-frequency limit. This is trivially done by a pair of unitary rotations, |y™!(z)) = V; (t)VlJf (O)|w(1)),
where

Vi (l‘) _ eiAfQ?usin(QtJr(po)x ’ Vz(l) — E‘/iAchos(QtJr(p())p/m ) (4.34)

One may readily confirm that this gives the rotating frame Hamiltonian

2

1
He(1) = 5—’” + Smd® — A7oFA(r) cos(Qr + go) (4.35)

up to an irrelevant constant. This looks identical to the original Hamiltonian, except with  — .
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But now the Q — oo limit is trivial because the drive strength remains finite, and thus the infinite
frequency Floquet Hamiltonian is simply the time average of Hy [33]. This Floquet Hamiltonian
is obviously A-independent, and so are its eigenstates. However, as we shall see shortly, there
is an important difference in the micromotion between the time-evolution due to Eq. (4.31) and
Eq. (4.35). Hence, any non-adiabatic effects can occur solely due to the A-dependence of the
micromotion operator P(A,t). In App. E we explicitly demonstrate that the contribution due to this
operator to the transition probabilities and observables has a well-defined infinite-frequency limit.
Thus, this example serves as a direct proof that neglecting the effects of the micromotion operator

on the non-adiabatic response can lead to erroneous conclusions.

Figure 4.2: [Driven harmonic oscillator]. Non-adiabatic transitions: exact results for the log-
fidelity (a) and Floquet diagonal entropy (b) at Q/®y = 5 as a function of the driving amplitude
and the ramp velocity. The FAPT prediction is shown for Ay = 3 as a dashed line. (c) Log-fidelity
as a function of Q/wg for Ay =3, mowy = 1, and v/wy = 0.04. The red line shows the FAPT
prediction. All excitations in the model are solely due to the micromotion (see text). The data is
shown for the driving phase ¢y = 0.

Next, let us discuss the exact results for this setup and compare them with the predictions of the
FAPT. In Fig. 4.2a and b we show the log-fidelity and the Floquet diagonal entropy versus the ramp
rate v. As we discussed in the previous section, these are the observable-independent measures of
the non-adiabatic corrections. We also show a comparison of the exact results with the predictions
of FAPT, and find an excellent agreement at small values of v. At this point we should briefly
highlight a few important features of this model: first, it is interesting to note that the only source
of excitations is the micromotion, not just at infinite frequency, but at any finite frequency as well;

see App. E for details. One readily can check that in the leading order of FAPT and in the infinite
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frequency limit the system can only undergo the transitions to the first excited state, yielding:

F Qe A?‘ v

O 2
Py — oy cos”(¢p). (4.36)

In turn, this transition probability defines the log-fidelity and the Floquet diagonal entropy:

fa=—log(1—ph)y =~ pt, S5~ pt(1-log(p)),

which match well the numerical results plotted in Figs. 4.2a and b.

The above story is also supported by the behaviour of observables. For large v, the expecta-
tion values (p?) and (x) are misaligned from the corresponding expectations in the Floquet ground
state, as seen in Fig. 4.3a and b. As the velocity approaches zero, they converge to the ground
state expectation values. One caveat when scaling the amplitude of the drive quadratically with
the driving frequency is that observables, which do not commute with the driving, may not have
a well-defined behaviour in the strict 0 — oo limit due to a divergent amplitude of the micromo-
tion in the lab frame. In this example, the adiabatic expectation value (p?) diverges as Q2, while
the non-adiabatic correction remains finite. For the expectation value (x), on the other hand, the
ground state converges to a finite value in the infinite-frequency limit, but the non-adiabatic cor-
rections vanishes as Q~!. Figure 4.3c shows the difference between the exact expectation value
of p? at the measurement point and the corresponding FAPT prediction to order O(v). Whenever
the measurement is taken at a time-reversal symmetric point of the original time-periodic Hamil-
tonian (4.31), i.e., for @9 = 0,7, where H(t) = H(—t), there is no linear non-adiabatic correction
to the observables [cf. Sec. 4.2.3] and the leading non-adiabatic contribution scales as v>. How-
ever, if the measurement breaks time-reversal symmetry, then a linear correction appears. This
situation is very reminiscent to that in non-driven systems, where time-reversal symmetry (specifi-
cally real Hamiltonians) leads to the zero Berry curvature and hence vanishing linear non-adiabatic

corrections to generalised forces [260, ].
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Figure 4.3: Driven harmonic oscillator. Observables for Ay = 1 and Q/w = 5. Position operator
(x) (a) and momentum-squared (p?) (b) as a function of the driving phase @y, showing agreement
in the adiabatic limit v — 0. (c) Difference between the exact value of (p?) and the value predicted
by FAPT for @y = 0 (red) and @y = /4 (blue). The blue and red dashed lines show a v and a
v2—power law for comparison.

4.3.3 The Quantum Kapitza Pendulum

We now turn our attention to a more complicated single-particle model — the quantum Kapitza pen-
dulum. In the classical limit, this model is the prototype to study dynamical localisation [5], since
strong fast shaking of the pivot point of a pendulum bob leads to stabilisation of the originally
unstable inverted equilibrium (0 = 7). In the classical limit, this problem is also known to fea-
ture coexisting regions of regular and chaotic behaviour suggesting that the Floquet Hamiltonian
as a local operator is ill-defined. Nevertheless, we shall see that one can make use of the quan-
tum Floquet theory by first introducing an ultraviolet (UV) cutoff, which makes the Hilbert space
finite-dimensional, and then identifying the states, which are insensitive to the cutoff. The Kapitza
pendulum differs from the harmonic oscillator due to the non-linearity of the confining potential.
We shall also shortly see that this non-linearity is, in fact, responsible for the existence of photon
resonances, which result in new non-adiabatic effects absent in non-driven systems or integrable
Floquet systems.
The Hamiltonian of the quantum Kapitza pendulum reads

2
H(t) = 5—:1 — m§cos® —mA ;A (t)Qcos Qt cos 8, (4.37)

where pg is the angular momentum operator and m is the pendulum’s momentum of inertia. As



188

in the previous example we scale the driving amplitude to have non-trivial infinite-frequency limit.
For practical purposes, we work in the angular momentum basis®, pg|l) = [|1), such that the oper-
ator exp(i0)|l) = |l + 1) shifts the angular momentum by one quantum. Consequently, the Hamil-

tonian assumes the form

oo

H(t)zzinli lzll)(l\—%(m(2)+Afk(t)Qcoth) Y (r+0 + Ini+1]),  (438)

|=—c

which is equivalent to a free particle hopping on a lattice in the presence of a harmonic trap. The
drive translates to periodically-modulated hopping. We note that this Hamiltonian could be readily
realised, for instance, with non-interacting ultracold atoms in a harmonic trap.

The angular momentum basis is particularly convenient to simulate the time-dependence of
the system because it discretises the Hilbert space. To deal with the unbounded spectrum, we
impose a high-frequency cut-off by keeping only a finite number of angular momentum states:
l=—-M,—-M+1,...,0,....M —1,M. We made sure that the results presented here do not change
with M. Further, we use parity symmetry (I — —I[) to divide the total Hilbert space into an even-
parity subspace, containing M + 1 states including the ground state, and an odd subspace containing
the remaining M states.

We are now interested in slowly ramping up the driving amplitude according to a smooth pro-
tocol, which we choose to be slightly different than the quadratic protocol used in the harmonic

oscillator example:

A(t) = 2sin? (725 ’2? ) (4.39)

from time #; < O to the final time at # = 0. This protocol slowly ramps the driving amplitude from
zero to a finite value A(0) = 1 with the final velocity v = A(0) = 1/2|t;|. We start in the ground
state of the non-driven Hamiltonian H (#;). Due to the unbounded character of the Kapitza spectrum,

the numerical simulations necessarily produce a folded quasienergy spectrum at any fixed driving

frequency. This poses the fundamental problem of identifying the adiabatic state in the first place.

6Since the Kapitza pendulum is a one-dimensional system, the angular momentum has only a z-component, and thus
the quantum number / is understood as the eigenvalue of the operator pg = L.
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As we shall see shortly, this is not a mere mathematical difficulty but rather a genuine physical
problem. Obviously, if we cannot identify the proper adiabatic state the whole concept of FAPT is
meaningless.

However, the situation is not as bad as it seems. It is intuitively clear that at high driving
frequencies the Kapitza pendulum should remain stable against small perturbations, at least near
the equilibrium positions. One can readily observe this stability numerically as well. To find the
adiabatically-connected state, we start from the non-driven Hamiltonian at A = 0 and continuously
follow it as we gradually increase the drive amplitude (see red dots in Fig. 4.5). We refer to this
state of smallest angular momentum spread as the Floquet ground state, and this is the state we
choose to target. We checked numerically that this procedure is reliable for frequencies Q/wy = 7,
but it eventually fails once the Floquet operator becomes nonlocal and then there is no natural state
to call the Floquet ground state. We note that, while this procedure seems somewhat ad-hoc, it may
be systematically extended to arbitrary systems using the inverse-frequency expansion. In particu-
lar, one can identify the Floquet ground state as the eigenstate that has the largest overlap with the
effective static ground state obtained via the first few orders of the high-frequency expansion. We
shall explore this connection to the inverse-frequency expansion in more detail in Sec. 4.5. Instead
of the HFE one can use some other expansion producing a local Floquet Hamiltonian or even use
some variational approach giving a local Hamiltonian having the highest overlap of eigenstates with
the eigenstates of the Floquet Hamiltonian. Alternatively, in Ref. [288] the Floquet ground state for
an extended spin system was defined as the lowest entanglement state. Generically this identifica-
tion is also only applicable to high driving frequencies. At low frequencies all Floquet eigenstates
are expected to become maximally entangled infinite-temperature states [256], and therefore the
very notion of adiabaticity becomes ill-defined.

Figure 4.4 gives a confirmation that there exists an adiabatic regime at large frequencies in
which the Floquet ground state can be prepared with high fidelity. Not only does the excitation
probability scale quadratically with the ramp speed, but there also exists a large interval of ve-

locities for which the FAPT formula in Eq. (4.18) quantitatively reproduces the correct results for
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Figure 4.4: Kapitza pendulum. (a) Comparison between FAPT and exact numerics shows the exis-
tence of an adiabatic regime in the excitation probability (similar to log-fidelity) in for Q/wy = 15.
(b) Frequency-dependence of the excitation probability (log fidelity) displaying the exact numer-
ical data (blue stars), FAPT (red squares), and the infinite-frequency FAPT (yellow circles) for
v = 0.0244. (c) Velocity dependence of the energy absorbed from the drive at the measurement
time for Q/wy = 10. The model parameters are mwy = 1, Ay = 2. The infinite-frequency FAPT is
obtained by keeping the £ = 0 = ¢’ term from the sum in Eq. (4.17).

the leading non-adiabatic correction’. Interestingly, lowering the ramp speed too far leads to an
increase of the excitations in the system. This increase in excitations and Floquet diagonal entropy
(Fig. 4.6) with decreasing velocity is also associated with a stronger heating of the system at slower
ramp rates, as seen in Fig. 4.4c. This is clearly inconsistent with the expectations from equilibrium
thermodynamics, representing an important fundamental consideration for Floquet thermodynam-
ics . Moreover such a non-monotonic increase in entropy and energy implies that there is no
differentiable local Floquet Hamiltonian even in the high-frequency regime.

In Fig. 4.4b we show the frequency dependence at fixed ramp rate of the log-fidelity f;, see
Eq. (4.18). In the infinite-frequency limit, we find an agreement between the exact numerical curve
(blue stars) with both the finite-frequency (red squares) and infinite-frequency (yellow circles)
stroboscopic FAPT predictions. However, at finite frequencies the two deviate, with the difference
reaching up to a factor of 2 at low frequencies. Notice that finite-frequency FAPT is significantly

more accurate than its infinite-frequency counterpart, as it includes the crucial contributions due

to 4%, i.e. due to the kick operator. The exact numerical curve features isolated peaks at specific

TWe note that in the figures comparing the FAPT formula with the numerical solution, we evaluated (4.16) numeri-
cally, and did not use any high frequency approximants discussed in later sections.

8Similar non-adiabatic effects can be anticipated in disordered systems with localised excitations, both single-particle
and MBL, see Ref. [289] for a discussion.
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values of €, which we will see correspond to strong resonances encountered during the ramp.
Figure 4.4c, shows the energy at the measurement time as a function of the ramp velocity. There
exists a large plateau at intermediate velocities which is described by FAPT. However, at smaller
ramp speeds the excitations appear in the energy as well. We thus see that the failure of FAPT for

small frequencies and velocities is related to physically-observable heating.

4.3.3.1 The Role of the Level Crossings

We now demonstrate that these excitations at low ramp rate are due to the existence of photon
absorption avoided crossings in the Floquet spectrum[157, ]. The basic idea is that energy
in Floquet systems is only defined modulo Q. Then as the UV cutoff M is taken to infinity, the
quasienergy spectrum becomes increasingly dense. As the density goes to infinity, one will find
many accidental crossings between quasienergies (cf. Fig. 4.5b), which in turn have very small
gaps opened up at high order in perturbation theory by multi-photon processes. So as the UV
and/or thermodynamic limit is taken, the Floquet spectrum approaches an infinitely-dense set of
infinitely-weak avoided crossings. We refer to these as photon-absorption avoided crossings or
resonances. It is precisely these resonances that led Hone et al. in Ref. [274] to conclude that
no adiabatic limit exists for Floquet systems, but as our numerics just demonstrated, there is still
a wide range of ramp velocities for which these resonances are unimportant and FAPT provides
a good description of the excitations in the system. This is especially relevant for experiments
which need to target the correct parameter regime. Let us examine the effect of these resonances
on adiabaticity more closely, using the Kapitza pendulum as an example.
To better elucidate the role of these photon absorption avoided crossings, consider first ramping
the non-driven Hamiltonian
B P m?»zAfc

Hye(t) = — —mw%cose+ _—

sin® @, (4.40)
2m

which is nothing but the Floquet Hamiltonian for the Kapitza pendulum in the infinite-frequency

limit, see Sec. 3.1.1. Since this system is not periodically-driven, the conventional quantum adia-
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batic theorem applies. As the spectrum exhibits avoided level crossings upon tuning A the adiabatic
theorem requires that the velocity be small enough so that one remains in the same energy mani-
fold while passing through the avoided crossing. An example of such crossing, which should be
avoided in adiabatic limit is shown in Fig. 4.5a. These crossings also occur in the finite frequency
Floquet Hamiltonian identified by a green circle in Fig. 4.5b. One can numerically identify these
crossings by comparing the spectra of the Floquet Hamiltonian and of the approximate unfolded
Floquet Hamiltonian obtained e.g. within the inverse-frequency expansion. Physically these cross-
ings occur between Floquet eigenstates with small difference in both Floquet energies (Fig. 4.5b).
and the energies defined as expectation values of the infinite frequency Hamiltonian (Fig. 4.5a). In
the following, we refer to this type of avoided crossings as ‘standard’.

At any fixed driving frequency one can also identify additional avoided crossings, which do not
show up in the infinite frequency Hamiltonian and, in fact, in any order in inverse-frequency expan-
sion. These “photon-absorption crossings” or “photon resonances’ only show up in the quasienergy
spectrum (Fig. 4.5b) and appear as a result of strong hybridisation between energy levels and the
photon field. Such crossings correspond to a small difference between the Floquet quasienergies
but large, of the order of nQ with n = 1,2,..., difference between the energies of the infinite-
frequency Floquet Hamiltonian. Adiabatic transition through such photon resonances should be
understood as in fact a diabatic crossing of these levels as shown in Fig. 4.5d. Indeed these cross-
ings arise due to a finite matrix element with a highly excited folded state such that the wave
functions of the two participating states exhibit a very different behaviour. For instance, in the case
of the Kapitza pendulum, the GS is a smooth non-oscillatory function resembling a Gaussian, while
a highly excited scattering state typically has many oscillations corresponding to its large kinetic
energy, cf. Fig. 4.5d. When passing a photon-absorption avoided crossing, the two states hybridize
strongly and probability amplitude may be transferred to the high-energy state, depending on the
crossing speed. If one goes too slowly the wave function changes drastically after the crossing and
we find the system in the highly excited state instead. Hence, we are lead to the conclusion that
photon-absorption avoided crossings should be passed diabatically, so that the system will remain

in the appropriately connected energy manifold. Therefore, when we speak of “adiabaticity” in
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Figure 4.5: Kapitza pendulum. (a) The low-energy spectrum of the Hamiltonian (4.40) for mwy =4
showing the standard avoided crossings (within green ellipse), which impose the limits for the va-
lidity of static adiabatic perturbation theory. (b) The Floquet spectrum of the Kapitza Hamilto-
nian (4.37) for mwy = 1. Apart from the standard avoided crossings (green ellipse), new avoided
crossings appear due to photon absorption processes (purple ellipse). The Floquet ground state
is shown in red dots. The insets show the wave function right before and after such a photon-
absorption avoided crossing. We see that standard gaps must be crossed adiabatically (c), while
photon absorption gaps need to be crossed diabatically for FAPT to hold (d). The parameters are

Q/wy = 10, and the cut-off parameter is M = 20.

the context of FAPT, we keep in mind that this truly involves adiabatic ramping across standard
avoided crossings (Fig. 4.5¢) and diabatic ramping across photon absorption crossings (Fig. 4.5d),
meaning that adiabaticity in the conventional sense is not adiabaticity in the Floquet sense.

The physics at ultra small velocities beyond FAPT can be understood as a cascade of Landau-
Zener (LZ) transitions due to resonances with higher-energy states induced by the drive [157]. To

test this idea heuristically, we compare the prediction of LZ theory and find a reasonable agree-
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ment, cf. Fig. 4.6a, b. Note that, the LZ physics is only valid in the immediate vicinity of the level
crossings but, in general, the system traverses a multitude of these, and the simple LZ formula is ex-
pected to break down. Finding the sweet spot in velocity between standard and photon-absorption
avoided crossings becomes increasingly difficult to achieve as the driving frequency decreases (or
the driving amplitude increases) and eventually at low frequencies this window disappears and adi-
abaticity is completely lost, as seen in Fig. 4.6. Indeed, while this distinction between the two
types of avoided crossings is quite sharp for the data shown, at lower driving frequencies it will
be lost, and the choice of the target state will require more care. We also note that the scenario
described above generalises to other nonintegrable models. In the generic situation one cannot al-
ways classify all crossings as being ‘standard’ or originating from photon-absorption resonances.
In Sec. 4.5, we shall argue that these photon absorption level crossings are absent not only in the
spectrum of the infinite frequency Floquet Hamiltonian, but are in fact beyond any order of the

inverse-frequency expansion.

Figure 4.6: Kapitza pendulum. Numerical results for the Floquet diagonal entropy Sg e
— Y, pElogpl, pi' = |(np|y(ts))|* in the basis of the final Floquet Hamiltonian as a function of the
ramp speed v. The three panels correspond to Q/my = 8 (a), Q/wy = 10 (b), and Q/wy = 15 ().
The regime of validity of FAPT is determined by the velocity range for which the entropy approxi-
mately follows the v>—law. The breakdown of FAPT is well-captured by Landau-Zener transitions
between resonantly coupled states (cf. Fig. 4.5). The model parameters are mwo = 1, Ay = 2. The

constant C in low velocity fitting was chosen arbitrary.

4.3.4 A Nonequilibrium Topological Transition and the Thouless Energy Pump

Having demonstrated that the adiabatic theorem for periodically driven systems agrees well with

numerical simulations, we now elaborate on the previously-stated connection between non-adiabatic
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corrections and Berry curvature, cf. Sec. 4.2.4. Previous work generalised and studied the Kubo re-
sponse of noninteracting systems with electron conduction using the example of driven graphene [

, 291], and derived expressions for the Floquet Berry curvature and the Chern number (a.k.a. the
quantised conductivity) in the limits of weak probe coupling. These papers tacitly assumed the
presence of an adiabatic limit, which we have seen does not always exist for Floquet systems.
Furthermore, a number of cold-atoms experiments reported successful measurements of the Berry
curvature and the associated Chern number of a topological Floquet band [56—58] using linear re-
sponse techniques. The experiments involved high-frequency driving, relative to the bare energy
scales. Hence, it is natural to expect that for Q — oo, this procedure allows one to measure the
Chern number of the bands associated with the Floquet Hamiltonian Hr. However, as experiments
are performed at finite frequencies, where non-equilibrium effects become important, one might
wonder how this simple picture acquires modification.

In Sec. 4.2.4, we generalised these results to arbitrary interacting systems and drive strengths,
and demonstrated that they hold true only as long as FAPT holds. One important point that we
have seen in the Kapitza pendulum is that FAPT is not generally valid for all ramp velocities,
which is intricately related to the absence of a generic Floquet adiabatic limit [274]. Therefore,
the discussion of Floquet geometry and topology holds exclusively in the regime of validity of
FAPT, and is expected to fail when the effect of photon absorption resonances becomes sizeable
and FAPT fails. This is an important result of our theory, suggesting that care must be taken in

measuring Floquet geometry and topology using these linear response techniques.

4.3.4.1 The Circularly Driven Qubit

Before we discuss the more interesting case of a linearly-driven qubit, let is briefly study its ex-
actly solvable circularly driven counterpart. Setting the energy scale to unity, let us conveniently

parametrise the Hamiltonian (2.19) by B; = cos® and B = sin6 as follows:

H(1,0,0) = cos66° + sin® (e*mf”’)cﬁ n h.c.) . (4.41)
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We now change the parameter 6 slowly in time, such that 8(#;) = 0 and 0(¢y) = m. In the limit
Q — 0 the system is known to be topological with the (first) Chern number Cf =1[125].

In Sec. 2.1.3 we applied a transformation to a rotating frame to solve the model exactly,

V() = exp(—ic°Qt/2),

H™'(0,0) = (cos@—?)GZ—{—sinG(cosq)G"—i—sin(])Gy)

finding the non-stroboscopic van Vleck Hamiltonian:

Q
H(0) = <2 - \/(cose —Q/2)2 +sin? 6> c°,
whose eigenvalues are denoted by €/, and have a well-defined infinite-frequency limit. The Floquet
gauge potential in the moving frame is a function of the slowly-changing parameter 6, and is given
by

_ i sinBcos?o.(0
‘qllrf-l-l(e) _ ( )

_ _ ot
T2 cos6-Q/2 O 4 '(8) = [ﬂl’c “} A7+ (8) =0, (4.42)

where, as before, tano = 0323‘22 72 This allows us to calculate exactly the Berry curvature asso-

ciated with the Floquet Hamiltonian. Making use of azimuthal symmetry, the operator we need to

measure (a.k.a. the generalised force) is given by

%F(t) = a¢‘¢:0H(t7e,(])):V(l‘)a¢|¢:0Hmt(9,(I))VT(Z‘),

Bolo_oH™'(8,0) — é[oZ,Hmt(O,(l):O)]:sinecy. 4.43)

In turn, the Floquet Berry curvature and the Floquet Chern number can be calculated as

QT(Il)ei(th)
F F
€ — & — Q

i —4Q
_ sin© 8 cos0 . (4.44)
2 (QQ+4—4QCOSG)/

Fgo(6,0,1) xsin@ [Vo'V] (D) +he.
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2n T
Q) = /0 % i deFeg(e,q)):%[sgn(g—z)—(gﬂ)].

Note how measuring ¢” in the rotating frame gets rid of the fast time-dependence of ¥ and, as a
result, leads to a quantised Chern number.

Observe that a non-equilibrium topological phase transition occurs at = 2. Because of this,
if one applies the inverse-frequency expansion, one will find Cf = 0 at any frequency (also for
Q < 2), since the series assumes a smooth dependence on Q. The presence of this phase tran-
sition necessarily means that the expansion breaks down at low frequencies. As we discussed in
Sec. 3.2.1.1, this critical frequency corresponds to the maximal radius of convergence of the exact
quasienergies €5 (Q) = €/ (Q,0 = 1)’ when expanded is Q. Unlike in chaotic or non-integrable
systems, though, due to the small dimensionality of the Hilbert space, the Floquet Hamiltonian of
this model for Q < 2 is a well-defined local operator where a different expansion for it can be writ-
ten down using the exact solution. A similar situation occurs in the Floquet realisation of Haldane’s
model where the Chern number at law frequencies jumps discontinuously when Q < Weg(Q) [the

effective band width] and the Floquet spectrum folds [59].

4.3.4.2 The Linearly Driven Qubit

We now illustrate the same ideas from geometry and topology using an example of a linearly-
driven two-level system, a.k.a. a qubit. In Sec. 4.2.4 we showed that the leading correction to the
phase average of the expectation value of the generalised force M, (t) = —(y(¢)|d,H (t)|y(¢)) is
proportional to the phase-averaged Berry curvature. This is very similar to the static APT case,
where leading corrections to adiabaticity have been used to measure the Berry curvature of one and
two-qubit systems and subsequently integrated over a closed manifold to give their topologically-
invariant Chern number [292, ]. However, a detailed look at these particular superconducting
qubits shows that they are actually Floquet systems. In particular, at first approximation, they
consist of two far-detuned bare levels | 1) and | |) whose splitting ®, is much larger than the desired

qubit operation frequency. Then microwave fields are shone on this system at frequency €2 that is

9The subscript 0 in sg refers to the final ramp time which is assumed to be at r = 0, and corresponds to 6 = 7.
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nearly resonant with the qubit transition, which is able to couple these levels (see Fig. 4.7a).

In the lab frame, this system is described by the Hamiltonian
Wy
Hp = 76 +gCOS(.Q0t +¢)Gx , (4.45)

where g is proportional to the strength of the driving field. In general, the drive is controllable
such that €, g, and ¢ are arbitrary functions of time. Going to the rotating frame via the unitary

V() = e /2 [yol(r)) = V(r)|wap(¢)) we find the effective Hamiltonian

H™'(t) = D ; 2 6“4+ gcos(Qot + ) [6" cos(Qot ) — 6” sin(Qt)] (4.46)
= (Dq%QOGZ + %(chos(l) +0”sin0) + % (6% cos(2Qot + 0) — 6’ sin(2Qot + 0)) .

To more clearly demonstrate the Hamiltonians that are generally simulated in these systems, we
parameterize the detuning & = w, — Qo and the drive strength g as g = —Bsin8 and 6 = —Bcos6.
Then keeping these values constant while taking the high frequency limit, Qo — oo, this model
allows one to simulate arbitrary single-qubit Hamiltonians of the form H = —B-6/2. Itis precisely
in this limit that Schroer et al. [292] measured topological transitions in a superconducting qubit
using leading non-adiabatic corrections akin to Eq. (4.25).

However, at lower frequencies, the strong micromotion induced by the time-dependent third
term in Eq. (4.47), will have a strong effect on the non-adiabatic corrections to the dynamics. Note
that the rotating frame Hamiltonian is actually periodic with frequency Q = 2Qy; therefore we

rewrite the Hamiltonian as
B
H™'(t) = — > [cos 06°+sin6(c" cosd+6”sin) +sinB(c* cos(Qr+¢) —c”sin(Qr+0) | . (4.47)

Unlike the related model of a qubit in a circularly-polarised drive, which can be solved exactly by
mapping it to a time-independent Hamiltonian, there exists no simple closed-form solution for the
present model.

As discussed earlier, the phase-averaged Berry curvature Fg is measurable from Floquet linear
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Figure 4.7: Driven qubit. Floquet topology of a strongly driven two-level system. (a) Setup: two
levels are split by a bare frequency ®, and driven near resonance at frequency €2p. In the rot
frame the system looks like a spin-1/2 in a rotating magnetic field B(z) with frequency Q = 2Qy.
At large Qg, the Rotating Wave Approximation (Sec. 3.3) applies, but at low € it does not. (b)
By sweeping B() over a sphere in parameter space, one measures the Floquet Chern number C¥'.
At high frequency the Chern number is 1, like that of a spin-1/2 in a magnetic field. However,
at Qp = 1/2 the system undergoes a topological transition where a gap closes at the edge of the
Floquet zone. This gap closing is shown in the bottom panel, where the colour varies from blue at
Qp = 0.4 to red at y = 0.6. (c) The topological transition can be measured by linear response as
described in the text. Using the protocol 0(¢) = nsin® (%) a linear fit to the time-integrated
generalised force My gives the Floquet Chern number as the y-intercept (insets). The main figure
shows the frequency-driven topological Chern transition obtained from these fits.

response and is given by

My =M, +6F g+ 0(6?) , (4.48)

where My = (—dyH,ap) is the generalised force in the moving frame and M((po) indicates its phase

average in the Floquet ground state. This average is equal to zero by gauge invariance of the Floquet
spectrum; according to Eq. (4.24)

Mé)o) = —a¢8€ =0.

We also note that —dyHiap, which for static problems can be interpreted as a simple magnetisation,
is now a more complicated time-dependent observable.
Consider now a ramp of 6 in the time interval [—g,#g| such that 6(t = —tg) =0 and 6(r =tg) =

7. For larger tg, this ramp more adiabatically interpolates between 8 = 0 and ® = . Then for fixed
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¢, integrating the expectation value My along the ramp gives

/ My(t,0)dt ~ / OF 4o (0)dr = / Fop(0)d6 = % / Foe(0)d0do = C} . (4.49)

Here we use the fact that since ¢ is just the driving phase in the lab frame, phase-averaged values
of the Floquet Berry curvature are ¢-independent. Therefore one can extract the Floquet Chern
number by simply averaging the experimentally-measurable generalised force over the angle 6.
Note that Eq. (4.49) is completely general, relying solely on the validity of FAPT. Below we will
show that this generalised force is also related to the work done on the system.

This procedure is carried out for the qubit model in Fig. 4.7. Note that the long-time integra-
tion automatically averages over many cycles, so the phase averaging is done automatically by the
slow ramp. In the high-frequency limit, as expected, the Chern number is found to be one as in
the Q — oo case. However, this behaviour continues down to much lower frequencies where the
high-frequency limit is no longer valid. Even more interesting is the fact that, as the frequency
is further lowered, the Floquet ground state “inverts,” as seen in Fig. 4.7b. This causes the Chern
number to jump discontinuously to —1, i.e., the system undergoes a topological transition, similar
to those found in non-interacting Floquet topological insulators [59]. This is confirmed by numeri-
cal simulation in Fig. 4.7c. Thus we see that not only is the Floquet Chern number measurable, but
we can actually get novel topological transitions in the low-frequency regime.

While these ideas have been illustrated for the case of a qubit model, they are completely gen-
eral. Thus situations such as cold atoms in flux lattices or Floquet topological insulators that have
quantised Floquet invariants should in principle be susceptible to having these invariants measured
by procedures analogous to that above. It bears mention that these techniques require one to mea-
sure 0y H (¢), which in can be a highly oscillatory observable especially if the driven part of the
Hamiltonian is directly coupled to A. However, this is not an issue in the experimentally-relevant
case of measuring the transverse response of a Floquet Chern insulator in cold atoms, where an
effective electric field is created by introducing a static magnetic field gradient which effectively

tilts the lattice [56—58]. The transverse generalised force is then the current along the direction per-
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pendicular to the field gradient, a static observable. Note that while this transverse current operator
is static, its expectation value is still oscillating in time [160], and thus appropriate averaging over

the phase of the measurement must be done to obtain the topological response.

4.3.4.3 The Driven Qubit as a Topological (Discrete) Energy Pump

An interesting consequence of the fact that one of our parameters, ¢, was simply the phase of the
drive in the lab frame, is that there is a deep connection between the topology measured above
and energy absorption. Consider a generic Floquet Hamiltonian for which a closed manifold is
defined by some parameter 6 € [0, 7] and the driving phase ¢, such that Hyyp, = Hjap (0, Qof + 0). By
construction the Hamiltonian is a periodic function of ¢. Let us observe that the generalised force

with respect to ¢ is

1 1 /dHu 0
My = —(duH, = ——{(0,H, = —— —(JoH,
0 (pHiap) Qo< i Hiap) Qo< 5 >+Qo< oHiap)
1d 0
= _§0$<Hlab> + Q70<86Hlab>' (4.50)

At order 6, we can replace the last expression by its value in the Floquet ground state. Then
performing the phase average and integrating over time from —fg to fg (see the protocol in the
caption of FIG. 4.7), we see that

R

_ 1 d L[
Cf = [ Mydt ~ —— | dt—(Hiap) + —~— / d6(deHiab)o
Q Qo Jo

0.J 1 dr
(434)—W+1/ndea e =MW s
B 0 0T, T

where W = AF is the phase-averaged work done on the system, or equivalently the energy pumped
into the system, and W = €l (m) — £ (0) is the adiabatic Floquet work done on the system. Note
that Waﬁ vanishes identically for any cyclic process, and in particular vanishes for the qubit system

discussed above. Thus the Chern number is simply related to work done on the system during the
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adiabatic cycle:

W =—-CrQ

This result indicates that the work done on the system during one adiabatic cycle is quantised
in units of the driving frequency, opening the possibility of realising a Floquet energy pump similar
to the Thouless pump in equilibrium systems [294]. Physically this energy change amounts to
generating (or removing) an integer number of photons from the driving field. For the particular
example of the qubit one can check that if the angle 0 keeps increasing from 7 to 27 the total Chern
number will be zero, and thus the system will not continuously absorb the energy. In order to realise
the continuous energy pump in this system, during the second half of the cycle one can uncouple
the qubit from the drive and reinitialise it in the ground state corresponding to 8 = 0. Alternatively,
one can apply the process to a sequence of qubits and do the 7t-rotation to each of them. We leave
the detailed analysis of this interesting possibility, including the particularly intriguing situation
where the system couples coherently to a photonic reservoir such that they cannot be treated as an

external periodic drive, to future work.

4.4 Many-Body Examples

We now analyse the applicability of FAPT by applying it to more complex, many-body systems.
We first study the transverse-field Ising chain, a quintessential integrable many-body system. We
show that an integrability-preserving drive of the transverse field results in obeying FAPT for driv-
ing frequencies above the single-particle bandwidth where photon absorption is only virtual (off-
shell). Below the single-particle bandwidth, real (on-shell) photon absorption processes become
important and the adiabaticity becomes only limited with a non-analytic power-law dependence of
observables on the ramp rate. This comes from the fact that for such low driving frequencies even
infinitesimal driving amplitude opens a gap in the Floquet spectrum. Therefore the whole setup
becomes very similar to the Kibble-Zurek type scenario, where one starts the ramp protocol at a
critical point (see e.g. Ref. [287] for details).

We then introduce a parallel field which breaks integrability and makes the model generic. By
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measuring the Floquet diagonal entropy SdF (cf. Eq. (4.18)), we show that even for this complicated
model, a regime of validity exists for FAPT at least for finite-size systems. At the same time,
similarly to the Kapitza pendulum, very slow ramps result in strong heating due to crossing many-

body photon resonances.

4.4.1 The Driven Transverse-Field Ising Model

The transverse-field Ising model (TFIM) is the prototypical example to study quantum phase tran-

sitions [295]. The Hamiltonian is given by

H= —JOZG§+IG§—hng§, (4.52)
J J

with the nearest-neighbour Ising interaction Jy and transverse magnetic field /. We consider peri-
odic boundary conditions and restrict the discussion to chains with even total number of sites. It is
well-known that this model exhibits a quantum phase transition at Jy /i = 1 from an x-paramagnet
to a z-ferromagnet [295]. More importantly for our purposes, it is an exactly solvable many-body
model that serves as a jumping off point to even more complicated cases.

We now add a periodic modulation of the transverse field /() = A AQcos €, so the total

Hamiltonian of the system reads
H(t) = —Jo Y 0%, 0% — (hy+AAQcosQr) Y a7, (4.53)
J j

At fixed A, this model was studied in Ref. [296], where it was shown that the ground state of the
Floquet Hamiltonian still defines two different phases separated by a quantum critical point as in
equilibrium. The critical magnetic field is controlled by A and can be made arbitrarily small if we
tune the system to the dynamical localisation regime where the effective spin-spin interaction be-
comes very small. The nonequilibrium physics in the presence of the drive near this critical point
was extensively studied by Russomanno et al. [103, s —300]. In the discussion below, we

carefully avoid crossing any critical points, as we want to focus on the perturbative non-adiabatic
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effects in Floquet systems which requires avoiding any Kibble-Zurek-type physics that would un-
necessarily complicate the analysis.

The TFIM can be solved exactly using the Jordan-Wigner transformation [295], which maps the
Hamiltonian of spins to a quadratic Hamiltonian of spinless fermions {c;, cj} = §;; that conserves
particle number modulo two. The ground state is in the sector with an even number of particles,
and thus we restrict ourselves to that sector. Because our Hamiltonian is translationally invariant it

is also advantageous to Fourier transform to momentum space leading to:

H(i)=) [Z(h’é +AAQ cos Qt — Jycos k)chk +Jo sink(cikc,t +cre—i)| (4.54)
keBZ
where BZ = [—m, @] is the first Brillouin zone. Since the driving amplitude scales with the driving

frequency Q, we go to the rotating frame using the following transformation [296]:

V(1) =exp (—21'Afxsin(s2t) Y chk> (4.55)

keBZ

which leads to the following rotating-frame Hamiltonian:

H™(t) = Huet Y, Josink | Y 5(44/0)(™c el +e ™ erey) |,

keBZ f=—o0
(40
Hye = Y [2(hg—fo cosk)clei + Jae (W) sink(c ef +crey)] - (4.56)

keBZ

We separated the time average explicitly, taking into account the renormalisation of the model
parameters by the drive: Jayve(A) = JoJo(44fA), where J is the ¢! Bessel function of the first kind.

The single-particle dispersion relation of the time-averaged Hamiltonian has the two bands

Ex = %1/ (5 — Jocosk)? + 3, (1) sin’k. (4.57)

The drive in the rotating frame couples to the two-particle excitation operator, which suggests

that one can excite two particles with a single drive quantum Q. Thus, whenever the driving
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frequency becomes smaller than twice the single-particle bandwidth of the time-averaged Hamilto-
nian, Q < 2Wjye, with Wyye = 2maxy|Ex| = 2|/ + Jave|, a resonance occurs. The situation is similar
to the parametric resonance observed in the periodically-driven weakly-interacting Bose-Hubbard
model, as seen perturbatively in Ref. [167]. Based on this argument, we expect that the FAPT fails
for this model if Q < 2W,.. On the other hand, our previous results suggest that FAPT should

reproduce the correct behaviour of the system at small ramp speeds for Q > 2W,ye.

Figure 4.8: Driven transverse-field Ising model. Floquet diagonal entropy of the driven TFI chain,
showing that FAPT applies for Q > 2W,,. (the effective single-particle bandwidth, see text). The
dashed lines shows a v? power law. Model parameters are Ay = 0.5, hy /Jo = 0.809, 2Wyye/Jo =
7.235.

To test these predictions, we prepare the system in the ferromagnetic GS of the Hamiltonian
Hy(A = 0) = Hyye (A = 0) and ramp up the amplitude of the drive slowly according to the protocol
Mt) = [(r —1;)/|1;]]* from zero to unity. We put the system on a ring of L = 200 sites, and ensure
that the results do not change if we further increase the system size. As a measure of adiabaticity,
we choose the Floquet diagonal entropy S%, cf. Eq. (4.18), to avoid the difficulties associated with
identifying the adiabatically-connected state. Figure 4.8 clearly shows that for Q > 2W,,. FAPT
applies and the non-adiabatic excitations are captured by the leading-order correction. On the other
hand, for Q < 2W,,. FAPT breaks down and the system is excited much stronger than in the high

frequency regime. Nevertheless, a certain notion of limited adiabaticity still holds in a sense that

slower rates result in fewer excitations of the system. This behavior can be traced back to the
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equilibrium-like Kibble-Zurek physics resulting in a non-analytic scaling of various observables
with the ramp rate v (see e.g. Ref. [287]), associated with the emergence of a degeneracy analogous
to a quantum critical point in the Floquet system. We leave the details of this interesting story to
a future work, as this setup is not sufficiently generic. Let us only point out that the existence
of the singular point is intuitively clear by noting that at zero driving amplitude all Floquet levels
are completely decoupled while an infinitesimal driving amplitude immediately opens a gap in the
resonantly coupled states, which always exist for Q < 2W,.s. This gap opening is similar to the
ordinary second-order phase transition in the Floquet Hamiltonian and drives this Kibble-Zurek
physics. Therefore, increasing the driving amplitude from zero is similar to starting at the quantum
critical point leading to the Kibble-Zurek scenario. If one starts the ramp from the finite driving
amplitude the FAPT is expected to be restored in this system even in this low-frequency regime if
one appropriately defines the adiabatic limit.

The conclusions drawn from this model apply to arbitrary periodically-driven non-interacting
band systems. In particular, our results are readily extensible to capture the dynamics of free bosons
and fermions in various lattice geometries with periodic boundary conditions. Hence, it proves
useful to study the applicability of FAPT to such non-interacting quantum many-body systems
before we consider the fully interacting case in the next section. We note in passing that these
results pertain directly to recent cold atoms experiments realising dynamical localisation, artificial

gauge fields, and topological bands with non-interacting particles.

4.4.2 The Driven Transverse-Field Ising Model in a Parallel Magnetic Field

Let us generalise the TFIM from the previous section by switching on an additional static magnetic

field A* along the z-direction. The driven Hamiltonian now reads
H(t)= —JOZGj.HGj- — (h§ + A AQcos Q1) Zo’; - hZch.. (4.58)
J J J

The non-driven version is no longer analytically solvable. Its spectrum exhibits Wigner-Dyson

statistics which suggests that this model is quantum chaotic [301]. Hence, it represents a generic
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Figure 4.9: [Driven non-integrable transverse-field Ising model]. Energy density £ = (y(t =
0)|H (A = 0)|y(r = 0)) /L (a-c) and Floquet diagonal entropy density % /L (d-f) as a function of
v, showing heating due to resonances at low velocities and for large /.. The dashed lines are the
same as in Fig. (4.6). The model parameters are Ay = 0.5, and /;/Jo = 0.809. The system size is
L = 18 with a many-body bandwidth: WNB /J, = 42.19, 43.80, 48.90, 58.16 for h*/Jy = 0, 0.1,
0.4, 0.9045 respectively.

interacting periodically-driven quantum system.

Studying periodically-driven many-body systems in the thermodynamic limit requires a cer-
tain degree of caution, in order not to be mislead by finite-size effects. As these systems have
unbounded spectra for L — oo, it is necessary to clearly define the meaning of the thermodynamic

limit L — oo and the infinite-frequency limit 0 — oo, none of which are strictly speaking acces-
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Figure 4.10: Driven non-integrable Ising model. Diagonal entropy density in the Floquet eigen-
basis versus the ramp speed v for different system sizes, confirming the presence of a regime of
applicability for FAPT. The dashed lines are the same as in Fig. (4.6). The many-body bandwidth
at A =0 and h?/Jy = 0.9045 as a function of the system size L reads: WMB /J, = 32.34 for L = 10;
WMB /Jo = 45.24 for L = 14, and WMB /Jy = 58.16 for L = 18. The model parameters are Ay = 0.5,

ave ave
Iy /Jo = 0.809, and Q/Jy = 16.

sible either experimentally or numerically. Here, we consider the situation where we first send
L — oo and only then are allowed to take 0 — oo. We thus choose a driving frequency much less
than the many-body bandwidth WXB, while still larger than twice the single-particle bandwidth:
WMB > Q > 2Wjye. This condition is crucial to allow for the appearance of Floquet many-body
resonances [2560, ] which, as we already demonstrated, represent the limiting factor in the ap-
plicability of FAPT, while preventing single-particle resonances that, as we already encountered,
lead to the trivial breakdown of FAPT. For a given driving frequency, we test the largest values L
possible in an attempt to push towards the thermodynamic limit. All simulations in this section
were performed in the zero (total) momentum sector of positive parity.

Similarly to the TFIM, we start from the GS of the non-driven Hamiltonian and slowly ramp-

up the periodic drive. We measure the Floquet diagonal entropy as a function of the ramp speed.
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Figure 4.11: (Color online) Driven non-integrable Ising model. Diagonal entropy density in the
Floquet eigenbasis versus the ramp speed v for different driving frequencies, confirming the pres-
ence of a regime of applicability for FAPT. The dashed lines are the same as in Fig. (4.6). The
model parameters are Ay = 0.5, and 4g/Jo = 0.809. The system size is L = 18 and the many-body
bandwidths are given in Fig. 4.9.

Figures 4.9, 4.10 and 4.11 show the existence of large velocity windows at intermediate frequencies
for which FAPT holds, so long as one does not cross any phase transitions [288]. We find that
this window shrinks down as a function of the integrability breaking parameter 4%, as expected,
but remains clearly visible even at moderate-to-strong parallel fields. When the ramp speed v
becomes too small, however, similarly to the situation in the quantum Kapitza pendulum, photon
absorption resonances become important and the system eventually heats up. This can be easily
detected numerically by looking at the expectation value of the non-driven Hamiltonian Hy at the
measurement point, i.e. the physical energy of the system, in Fig. 4.9. While there is a clear
plateau which holds over several decades along the v-axis, energy absorption is eventually enabled
by the strong hybridisation of the Floquet many-body levels in the vicinity of the photon absorption

avoided crossings.
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Even though we cannot conclude from the available system sizes what the fate of this window
is in the thermodynamic limit, we observe that the region of validity of FAPT does not show any
severe system-size dependence, see Fig. 4.10. Let us point out that, at high frequencies in the
thermodynamic limit, in the absence of a ramp, energy absorption in spin and fermion systems can
happen at most exponentially slowly in the driving frequency due to the exponentially suppressed
matrix elements responsible for the appearance of many-body resonances [98, —102]. There-
fore, for a ramped system at high-frequencies, the photon absorption gaps leading to the appearance
of many-body resonances and consequently to non-adiabatic heating, become invisible to the sys-
tem at these small but finite ramp rates. Hence, we expect that the large window where FAPT is
valid will be present in experimentally-relevant setups with Floquet many-body Hamiltonians.

It has been recently shown that the onset of heating in driven nonintegrable many-body systems
can be traced back to the proliferation of many-body resonances [256]. Here, we have identified
the same resonances as the origin of breakdown of FAPT. This explains the observation that the
window of adiabaticity shrinks as we lower the driving frequency, see Fig. 4.11. To explore this
phenomenon of adiabaticity breaking analytically and understand its origin in a greater detail we
shall return to the simpler example of the Kapitza pendulum in the next section and apply the

inverse-frequency expansion.

4.5 Floquet Adiabatic Perturbation Theory and the Inverse-Frequency Expansion

With the exception of special Floquet integrable situations such as a two-level system in the pres-
ence of circularly polarised time-periodic fields, cf. Sec. 2.1.3, the driven harmonic oscillator dis-
cussed in Sec. 4.3.2, or the shaken lattice, cf. Sec. 3.1.3.1, it is hard or even impossible to com-
pute the Floquet Hamiltonian analytically. As we advocate throughout this thesis, an important
tool for studying periodically driven systems at high frequencies is the inverse-frequency expan-
sion [9, 10, 32, 33, 59, 87] for the Floquet Hamiltonian, which is the cornerstone of present-day
Floquet engineering, see Chapter 3. Specifically, one uses strongly or resonantly-coupled peri-

odic drives [33, 86, ] to generate nontrivial properties in the Floquet Hamiltonian in the high-
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frequency limit. It is, therefore, important to analyse the regimes of applicability of FAPT within
the inverse-frequency expansion.

Below we demonstrate that the photon absorption resonances in the Floquet spectrum that lead
to the failure of FAPT also carry far-reaching consequences for the convergence properties of the
inverse-frequency expansion, variants of which, such as the Floquet-Magnus expansion [33, 89],
the van Vleck expansion [9, 10, 32, 33, 87] or the Brillouin-Wigner expansion [59], are widely used
to study Floquet problems. FAPT was recently combined with the van Vleck inverse-frequency ex-
pansion in a unified description [302]. In systems with unbounded spectra, such as many-particle
systems in the thermodynamic limit, or generic single-particle systems with an unbounded kinetic
energy, the convergence of the inverse-frequency expansion cannot be easily justified in mathemat-
ical sense. Nevertheless, if the driving frequency is much higher than the natural frequencies in the
system, one can anticipate that this expansion should give a very good approximation to the exact
Floquet Hamiltonian. In Refs. [97, 101], it was indeed proven that the inverse frequency expansion
is at least asymptotic, which implies that the corresponding approximate Floquet Hamiltonian is
guaranteed to describe the dynamics up to exponentially long (in the driving frequency) times. For
single-particle systems like the Kapitza pendulum, the very notion of a natural frequency depends
on the energy: for example, at small energies close to the stable minimum of the potential, the
system is nearly a harmonic oscillator with a well-defined oscillation frequency. At high energies,
the Kapitza pendulum becomes a free rotor weakly perturbed by the driving field. Because the
energy gaps between consecutive levels of the free rotor are linearly spaced, even at high driving
frequencies one can always find high-energy states, which are nearly resonant with the drive, and
thus the validity of the inverse-frequency expansion should depend on the energy. To investigate
all these and other issues, we give a detailed comparison between the exact Floquet spectrum and
eigenstates, and those obtained within the inverse-frequency expansion for the Kapitza pendulum.

A peculiarity of the inverse-frequency expansion, see Sec. 2.2, is that it gives rise to an unfolded
Floquet spectrum. This is intuitively clear for a many-body system, since each of the subsequent
orders of the series produces static many-body Hamiltonians, the spectra of which all scale with

the system size. For many-body systems this follows from the extensivity of the harmonics Hy of
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the Hamiltonian and their commutators. For single-particle systems with unbounded spectra, one
can easily convince oneself that at any order in the inverse-frequency expansion one also obtains
an unbounded effective Hamiltonian. If we now recall that the Floquet spectrum is defined modulo
Q, and fold it artificially (i.e. ad hoc), we find that the approximate van Vleck Floquet Hamiltonian
necessarily features a multitude of unavoided level crossings. The level crossings are unavoided be-
cause there are no matrix elements in the approximate Floquet Hamiltonian to couple the resonant
states [256], since all these Hamiltonians are local operators'. However, this is in contradiction
with the appearance of avoided photon absorption level crossings, which as we argued earlier, are
ultimately responsible for the breakdown of FAPT. From this simple argument we can conclude
that the Floquet spectrum close to such absorption resonances cannot be reproduced in any finite
order of the inverse frequency expansion. Recalling that the approximate Floquet Hamiltonian is
a well-defined static many-body Hamiltonian, which satisfies conventional adiabatic perturbation
theory (APT, see Sec. 4.2.1), from the argument above we can also conclude that the violation of
adiabaticity we observed in the models discussed so far is a non-perturbative effect, which cannot
be captured by the inverse-frequency expansion.

To confirm these qualitative considerations we come back to the Kapitza pendulum, a single-
particle Hamiltonian with an unbounded spectrum, whose photon absorption avoided crossings
were studied in Sec. 4.3.3 (cf. Refs. [5, 33, 77] for more details on this model). Let us recall that

the Hamiltonian for the Kapitza pendulum (cf. Eq. (4.37)) is

2
H(t) = 5731 — mo3 cos — mA ¢M(t)Qcos Qt cosO . (4.59)
Since the driving amplitude scales linearly with the driving frequency [33, ], before we apply

the inverse-frequency expansion it is advantageous to bring the Hamiltonian to the rotating frame,

see Sec. 3.1.1.2:

Hi(t) = VIOH@V (@) —iVi(1)o,V (1),

101p this sense, any approximate Floquet Hamiltonian obtained via the inverse-frequency expansion is “Floquet inte-
grable”, although the exact Floquet Hamiltonian may not be.



213

V(t) = exp[—imAshksinQrcos0], (4.60)

where V(1) is a periodic unitary transformation which obeys V(IT) = 1. It is straightforward to

check that the rotating frame Hamiltonian reads

2 mA2AZ sin® Qt AA £ sin Qf
Hiot(t) = Py —mco%cose—l—f—sinze— ! {sin®, pe }+
2m 2
2
_ Z H[eiéﬂt,
=—2
2 mA2A2
Hy = 5—6 — mo; cos B + 7fsin26,
m
AAf
H, = le{Slneape}Jr =—-H_,
m\2A2
H2 = —TfsiHZGZH_z,

where {-,-}; denotes the anti-commutator and all parameters remain finite as Q — . We then
compare the exact Floquet spectrum obtained numerically to the spectrum produced by the vV
HFE, including terms up to sixth order Hgf’f“FE:Q [all odd orders Héfzan) = 0 vanish for this model]
for a frequency of Q/mp = 20. In doing so we make sure we eliminate all dependence on the
spectral cut-off M from the discussion; see Sec. 4.3.3 for the precise definition of the cut-off pa-
rameter M. Since we have identified the Floquet ground state, it is straightforward to find a photon
absorption avoided crossing in the quasienergy spectrum: all we need to do is locate a state which

crosses the Floquet ground state (a.k.a. the adiabatically-connected state) coming from below on

the quasienergy axis (see green curve in Fig. 4.12a). Moreover, for a reliable comparison with the

H["HFE] 1

vV HFE, the candidate Floquet states have to be well-approximated by the eigenstates of H,

In Sec. 2.3.2.1 we show a detailed analysis of the logarithmic inverse participation ratio (log-IPR)

]

of the exact Floquet eigenstates in the basis of approximate Hamiltonian H, IL” " for different or-

ders of the vV HFE. Interestingly close to resonances increasing the order of the expansion barely

1 et us remark that since we work with the van Vleck expansion, the eigenstates of the non-stroboscopic Hi'f';* 5=l
need to be rotated back to the basis of stroboscopic Floquet-Magnus Hamiltonian Hf [0] with the help of the kick operator.
This is because numerically it is straightforward to diagonalise the unitary evolution operator over the period yielding
the eigenstates of the stroboscopic Floquet-Magnus Hamiltonian Hr[0].
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affects the log-IPR (see Fig. 2.5¢), while increasing the frequency makes the log-IPR visibly closer

to unity.
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Figure 4.12: [Kapitza pendulum]. High-frequency expansions and resonance effects on a charac-
teristic photon absorption avoided crossing between the Floquet GS and a state one drive quantum
higher in energy. (a) Photon absorption level crossing in the exact quasienergy spectrum of the
Kapitza pendulum (blue dots), which is not present in the approximate spectrum calculated with
the sixth order vV HFE [the approximate Floquet GS (red line) and the excited state (green line)].
(b) Transition matrix element of the dipole operator d = cos 0 between the two exact Floquet states
show a resonance, which is not captured by the approximate states. (c) Matrix elements of the non-
driven Hamiltonian Hy = H (¢t,A = 0) in the exact Floquet states (dashed lines) and the approximate
vV HEFE states (solid lines). The model parameters are mwy = 1, Ay = 2, and Q/mg = 20, and the
data shown corresponds to a single-photon resonance.

Figure 4.12a shows a photon absorption avoided crossing of the Floquet ground state and a
higher-energy state. As anticipated above, we see that the vV HFE up to sixth order does not know
about the avoided crossing. We stress that to that order the matrix elements in the effective Hamil-
tonian that would induce a direct transition between the two states participating in the crossing are
already enabled by the high number of nested commutators in the sixth order of the expansion'?.
From the point of view of adiabaticity, this means that within the vV HFE, FAPT can fail only due
to standard avoided crossings, whose physics is unrelated to that of the photon absorption crossings
as seen in Sec. 4.3.3. Thus, a certain amount of caution needs to be exerted when one uses the vV
HFE in such problems.

To bring about the nature of the avoided crossing we define the dipole operator d = cos6,

which changes the angular momentum of a basis state by one quantum, (I|cos6|l') = & 1. The

12Figure 4.12a actually holds to seventh order since all odd orders of the effective Hamiltonian vanish. This is not

true for the kick operator, though.
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matrix element of the dipole operator between the two states that undergo the crossing is shown in
Fig. 4.12b. Clearly, due to the large angular momentum difference of the approximate states in the
vV HFE, the matrix element not surprisingly vanishes identically, while the exact Floquet states
produce a nice resonance owing to the strong hybridisation present in the vicinity of the crossing.
Finally, Fig. 4.12c shows the matrix elements of the non-driven Hamiltonian Hy = H(,A = 0) in the
exact and approximate Floquet states. Once again, this is a measure of the hybridisation between
the two Floquet states involved in the crossing, which is completely absent in their approximate
counterparts. In Sec. 2.3.2.1 we analyse in detail the convergence properties of the vV HFE for the
Kapitza pendulum, by looking at the negative logarithmic inverse participation ratio (log-IPR) of
the approximate Floquet states w.r.t. to the exact Floquet states. We find that, away from resonances
the log-IPRs are small (though the expansion is probably still asymptotic), while on resonance the
approximation is much worse.

The failure of the vV HFE to capture resonance effects can also be observed in simpler sys-
tems. For instance, consider a harmonic oscillator with periodically stretched confining potential,
which models the dynamics of a child on a swing. This simple system exhibits the phenomenon
of parametric resonance: whenever the driving frequency hits twice the natural frequency of the
oscillator, Q = 2wy, all physical observables feature exponential growth in time. The quantum ver-
sion of this driven oscillator is even more intriguing, as one has to accommodate this exponential
growth in the wave functions of the system which are expected to be normalised. Strikingly, it
was shown that, on resonance, the Floquet states are non-normalisable and the Floquet spectrum
becomes continuous [238, ], see also Sec. 3.3.2. In a more complicated system, the spectrum
of the non-driven model might not be commensurate, but the appearance of resonances is guaran-
teed, as we have seen in various examples throughout this work. Recently, it was also shown that
in a spin chain the second derivative of the Floquet ground state quasienergy with respect to the
driving frequency features divergences [288], which was used as a precursor of frequency-induced
topological phase transitions [59, ], and hints towards a non-analytic (in frequency) behaviour.
The vV HFE, on the other hand is by assumption/construction analytic in the inverse frequency

and, as we have seen using the example of the Kapitza pendulum, it is not sensitive to such reso-
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nances. If we decompose the interactions of the system’s degrees of freedom with the drive into
real (on shell) and virtual (off-shell), the vV HFE only captures the virtual excitations, similarly to

the Schrieffer-Wolff transformation in equilibrium systems [105].

4.6 Breakdown of FAPT for Resonantly Coupled Drives

As we have seen, FAPT breaks down due to resonances between Floquet states. The careful reader
might recall that, in Sec. 3.2, we used the generalised Schrieffer-Wolff transformation to derive
effective Hamiltonians for resonant drives [105]. Such drives couple the states of the non-driven
Hamiltonian at any finite riving amplitude, and thus the Floquet resonances are guaranteed to exist
at the beginning of any smooth ramp where the ramp speed approaches zero. While this mechanism
renders FAPT inefficient, it turns out that there exist alternative methods to prepare desired Floquet
states of such resonantly-driven systems. In this section, we present in detail one such possibility,
although the general theory of non-adiabatic loading is beyond the scope of this thesis.

Let us now briefly comment on a possible procedure to load the system in the ground state of

the effective Floquet Hamiltonian He(? ), describing the doublon-holon model for resonant driving:

He(r(‘)f) = Z {— eff&ijo _Keff<(—1)m"jh:~rjo.—i—h.C.)] , 4.61)

(ij),0
where 1;; = 1 for i > j, M;; = 0 for i < j, Jetr = JoJo(C), Kett = Jo.J1(C), and U = I€. Recall that
this model was discussed in large detail in Sec. 3.2.2.4. In the following, we concentrate on the
case [ = 2 which, as we have shown in the aforementioned section, contains a free-fermion point
for Jerr = Kefr.

While most experimental realisations of Floquet Hamiltonians use an adiabatic ramp up of
the driving protocol by gradually switching on the drive amplitude [240], we follow a slightly
different approach, which we find to be more efficient in this case. To minimise heating effects
due to resonant absorption from the drive, we use a multi-step loading procedure similar to the
one proposed in Ref. [221]. First, at time ¢ = 0 we prepare the system in the ground state of free

fermions. Then we suddenly quench-start the drive [including the interactions] with an amplitude
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corresponding to the free fermion point: { = A/Q = 1.8412. This procedure preserves the state to
leading order in the HFE. Second, we ramp down the driving amplitude smoothly into the Luttinger
liquid phase, Sec. 3.2.2.4, for a total of forty driving periods and stop whenever the amplitude
reaches a value such that Kt/ (Ketr + Jetf) = 0.2. Last, we evolve the system at this constant final
amplitude for five more driving periods. We note in passing that a similar procedure works when

the amplitude is instead increased and the system enters the gapped bond density wave phase.
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Figure 4.13: Resonantly driven Fermi-Hubbard Model. Stroboscopic time evolution of the Floquet
diagonal entropies (Sefr — in the basis of the zeroth-order Heg, and 55 — in the basis of the exact
stroboscopic Hr[0]) for the ramp into the Luttinger Liquid phase on resonance for a chain of L = 8
sites. The dashed vertical line marks the end point of the ramp, after which the evolution continues
at a constant driving amplitude. Unity on the y-axis corresponds to maximum entropy while zero
— to minimum. The three panels correspond to different interaction strengths (drive frequencies):
a) U/Jo =20, b) U/Jyp =40, and c) U/Jy = 80. The other parameters are U = 2Q, A;/Q =
1.8412 [Jeff = Keff] and Af/Q =1.2 [Keff/<-]eff+ Keff> ~ 0.2].

To measure the amount of non-adiabaticity introduced during the ramp process, we compute
numerically the Floquet diagonal entropy which, as we already explained, effectively measures
occupation of higher-energy Floquet states. Let us denote by |y(¢)) the state, exactly evolved with
the full lab-frame time-dependent Hamiltonian H(¢), whose driving amplitude is ramped down
smoothly. Further, we denote the set of eigenstates of the leading-order Floquet Hamiltonian
He(?f) by {|v)}, and the probability to be in each of these states at the stroboscopic times ¢ = IT
is given by p?,ff,(lT) = [(w(IT)|v)|>. While calculating the fidelity requires the unique identifi-
cation of the Floquet ground state [more precisely the adiabatically-connected Floquet state] at

each point of time, we choose to look at the stroboscopic Floquet diagonal entropy Ses(IT) =

Yy pﬁgf,(l T)log pﬁ{f,(l T'), which measures the spread of the initial state over the basis of the ap-
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proximate Floquet Hamiltonian as a function of time [240]. A small value of the entropy automat-
ically means that the system predominantly occupies a single state without the need of identifying
it.

Since the Hamiltonian Hé?f) is just the zeroth order term in the HFE, and because any real-
istic experimental set-up requires a finite frequency, it is also interesting to study the effect of
the higher-order terms. This can be done along the same lines by defining the exact Floquet
states {[n)}, and the corresponding probabilities pf,(IT) = |(w(IT)|n)|? and diagonal entropy
SE(IT) = =Y, puy(IT) 10g puy (IT). The entropy Setr shows how close the state is to the desired
ground state of the Hamiltonian Hél?f), while the entropy Sg shows how close the state is to the
ground state of the exact instantaneous, i.e. stroboscopic, Floquet Hamiltonian Hf [0], which knows
about the higher-order correction terms.

Figure 4.13 shows the two entropies during the ramp. Notice that the nonadiabatic (and hence
heating) rates are minimal. This plot also implies that the exact Floquet ground state is very close
to the ground state of the approximate Floquet Hamiltonian He(?f). We have verified that a longer
ramp duration corresponds to smaller heating rates. We also checked that the mismatch between
the two entropies decreases with increasing the drive frequency, as expected. While we cannot
numerically verify the feasibility of such a loading scheme for larger systems, based on the DMFT
results of Ref. [221] where a similar procedure has been employed, we believe that this protocol
should be robust even in thermodynamic limit, as the heating effects due to the drive are at most
exponentially slow in frequency [98, —102] and should not play any role during the finite-time
loading process. Therefore, we anticipate that such a protocol will allow one to load larger systems

into a low-entropy state which is close enough to the desired Floquet ground state in order to detect

the corresponding Luttinger liquid physics.

4.7 Discussion

In this chapter, we extensively discussed Floquet adiabatic perturbation theory in various single-

particle and many-body models, focusing on non-adiabatic corrections due to a smooth change
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of parameters in a periodically driven Hamiltonian. We first analysed those “Floquet integrable"
systems in which the Floquet adiabatic limit is well defined. Examples of such systems include
the driven harmonic oscillator and the driven one-dimensional transverse field Ising spin chain.
We identified the leading non-adiabatic corrections to various observables generalising the Quan-
tum Adiabatic Theorem to Floquet systems. We showed that non-adiabatic response in general is
determined by both the slowly changing Floquet Hamiltonian and the slowly changing kick opera-
tor. For the phase-averaged observables (i.e., observables averaged over the period or equivalently
over the driving phase), these corrections take a remarkably simple form, similar to non-driven
systems. In particular, we showed that the leading linear non-adiabatic response to generalised
forces is proportional to the Floquet Berry curvature even in interacting systems suggesting the
possibility of measuring it together with the associated Chern numbers in experiments. Based on
these results, we showed how one can realise an energy Thouless pump, where by adiabatically
changing some parameter in the Floquet Hamiltonian one can increase or decrease the energy of
the system in discrete units of the driving frequency with the energy quantum determined by the
Floquet Chern number. Physically, this corresponds to adding or removing an integer number of
photons from the drive in each cycle. Our results also imply that the Floquet Chern numbers for
band insulators [38, 39, 56, 57, R ] are measurable through the standard Hall-type response
if one averages the signal over the driving period.

For generic Floquet systems, whose non-driven part features an unbounded spectrum, the adia-
batic limit strictly speaking does not exist, as infinitesimally slow ramping leads to infinite heating
through a cascade of photon-absorption resonances. Nevertheless, we demonstrated that at high
driving frequencies FAPT still works very well in a broad window of ramp speeds such that the
ramp rates are sufficiently fast for the resonant level crossings to be passed diabatically, while all
standard avoided crossings (i.e. the level crossings of the approximate unfolded Floquet Hamil-
tonian) are passed adiabatically, as illustrated in Fig. 4.5. As the driving frequency is decreased,
this adiabaticity window shrinks down and, at sufficiently slow frequencies, it completely disap-
pears. We carefully analysed these photon absorption resonances using the example of the quantum

Kapitza pendulum and presented a strong evidence that they are beyond any finite order of the in-
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verse frequency expansion. This suggests that the non-adiabatic effects associated with the Floquet
resonances might have a non-perturbative dependence on the inverse frequency.

In some cases, Floquet engineering makes use of resonant drives, where the driving frequency
is locked to an integer multiple of some (mostly single-particle) energy scale in the non-driven
problem. If possible, for such high-frequency resonant driving, one can significantly simplify the
theoretical analysis by first going to a rotating frame w.r.t. both the driving protocol and the resonant
term [86, ]. Effectively, this leads to strong hybridisation between the resonant levels. One can
then apply FAPT in this rotating frame '*. However, if one starts the resonant driving from a zero
driving amplitude, then FAPT is expected to break down due to Kibble-Zurek type physics. One
can understand this as follows: the drive amplitude sets the degree of the hybridisation between
the resonant levels. Starting from zero amplitude and slowly ramping it up, one opens up a gap
between the quasienergies and the physics of the problem is essentially that of the Kibble-Zurek
problem starting from the critical point. Therefore, it could be advantageous to design a protocol
which avoids this scenario by, e.g., first quenching to some finite value of the drive amplitude,
and then sweeping it gradually to the desired final value (see Ref. [221] and Sec. 4.6 for specific
examples). In doing so, the quench helps avoid the initial non-analyticities in the Floquet spectrum
as A — 0 leading to complications associated with Kibble-Zurek physics. This combination of
an initial quench followed up by an adiabatic sweep has not yet been studied systematically but
offers an intriguing alternative to the conventional ramp-through approach, to be analysed in future
studies.

The breakdown of FAPT in generic Floquet systems is intimately related to heating. At a fixed
drive coupling, recent numerical studies suggest that energy absorption can be either completely
absent for finite-size systems [74, 75, 77, R , ] or, if present in the thermodynamic limit,
it is typically exponentially suppressed with increasing the drive frequency . This provides a
justification for the existence of long-lived Floquet steady states in certain parameter regimes at
high frequencies [98, —102, , ]. As we have demonstrated in this chapter, the situation

becomes even more complex once a model parameter is being ramped up in the presence of the

13This is analogous to our analysis of the TFIM, see Sec. 4.4.1.
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drive. In particular, during ramps one necessarily crosses photon-absorption resonances and, when
the ramp speeds are infinitesimal, this leads to heating of the system even in the high-frequency
regime. These results are strikingly similar to those recently predicted in single-particle disordered

systems [289], and they most likely also apply to many-body localised (MBL) systems.



Chapter 5

Prethermalisation and Thermalisation in Closed Floquet

Systems

This chapter deals with prethermalisation and thermalisation in periodically-driven systems. To
study the amount of heating, i.e. excess energy and entropy produced by the drive in a closed sys-
tem, it is enough to consider stroboscopic dynamics. Mathematically, this follows from Floquet’s
theorem', cf. Eq.(1.1). Intuitively, one needs to close a full driving cycle before comparing the
value of the energy (entropy) to the initial one. Only then can one make a statement about the
amount of energy (entropy) pumped into the system by the drive. However, if one of the parame-
ters in the model, e.g. the driving amplitude, is being changed in the presence of the drive [240],
see Chapter 4, then one needs to take into account the heating effects due to the change of the
P-operator as well.

In this chapter, we first give an intuitive explanation for the expected slow heating rates in
fermionic and spin systems. In particular, we argue that heating is suppressed at least exponen-
tially with the driving frequency, even in the thermodynamic limit. We then move on to study the
prethermal Floquet steady states and instabilities in the weakly-interacting Bose-Hubbard model.
For this purpose, we develop the weak-coupling conserving approximation — which features a
particle-number conserving dynamics. Last, we also study numerically the microscopic mecha-
nism behind heating — the appearance of Floquet many-body resonances between states of energy

difference /€ for an integer /. We demonstrate that at a fixed system size, there is a crossover

We set the Floquet gauge to fo = 0 and omit this label setting P(t,7p = 0) = P(t) and Hr[to] = Hr throughout this
section.
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frequency, below which the system trivially absorbs energy from the drive and quickly heats up to
infinite temperature. At high enough frequencies, however, energy absorption is inhibited for the
fixed system sizes considered. These two thermalising regimes are separated by a crossover which

exhibits nonthermalising dynamics featuring strong temporal fluctuations and correlations.

5.1 A Mechanism for Prethermalisation in Fermionic and Spin Systems

Since periodically-driven systems are a priori out of equilibrium, energy transfer between the sys-
tem and the drive is allowed. In order for experiments to be able to study the low-energy physics
of the interesting Floquet-engineered Hamiltonians, see Chapter 3, it is necessary to ensure that the
system under consideration does not absorb energy from the drive on the experimentally-relevant
time scales.

Fermionic and spin (i.e. hardcore boson) models, unlike softcore bosons, feature in com-
mon a bounded on-site Hilbert space. As a consequence, it turns out that energy absorption in
these periodically-driven systems with local (or sum of local) Hamiltonians is (at least) exponen-
tially suppressed with the driving frequency. Put differently, it takes (at least) exponentially long
times [98, —102] for these systems to start heating up, times which are way beyond realistic
present-day experiments and numerical simulations. This is good news for experimentalists which,
provided they can prepare the desired initial state, c.f. Chapter 4, should be able to design and per-
form experiments to access Floquet engineered models, such as the ones discussed in Chapter 3.

From a physical point of view, the heating of the system can be traced back to the existence
of Floquet resonances [157, 1. When the frequency of the drive Q is close to a single particle
energy scale J, i.e. Q ~ J, the system can efficiently absorb energy from the periodic drive leading
to fast heating. Here J can represent, for example, the energy associated with a single spin flip
in a spin system, and then the process described above corresponds to the absorption of a photon
of the driving field with a simultaneous spin flip in the system. When the driving frequency is in-
creased, Q > J, the photon energy can be absorbed, only if many spins are flipped simultaneously.

These many-body processes are described by higher-order perturbation theory and, therefore, oc-
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cur with very small probabilities. Hence, they can become important only at exponentially long
times. For the rigorous proof of this statement, see Refs. [98, —102]. The same large-energy
absorption processes determine whether in the high-frequency off-resonant regime, i.e. Q > J, the
heating is slow and finite, or completely absent. All that said, if for a given model there exists
a finite heating rate, no matter how small, a closed periodically-driven system will heat up to an
infinite-temperature state where all eigenstates of the Floquet Hamiltonian contribute with equal
probability. In Sec. 5.3 we demonstrate that heating happens exclusively due to such Floquet many-

body resonances, and show that they are a non-perturbative phenomenon in the driving frequency.

5.1.1 Quasi-Conserved Integrals of Motion

As we alluded to above, a generic periodically-driven system is expected to heat up indefinitely
to an infinite-temperature state. Nevertheless, this heating can only happen exponentially slowly
in the driving frequency. Before the onset of heating becomes sizeable, however, this suggests
that the system spends an exponentially-long time in a so-called prethermal state. The small but
finite temperature in this early stage of the evolution is set by the energy density of the system
immediately after the periodic drive is switched on.

This leads to the interesting concept of quasi-conserved integrals of motion — local quantities
which ‘almost commute’ with the Hamiltonian. To elaborate more on this concept, let us make an
analogy with a static 1d lattice system with a Hamiltonian H. If the system is translational invariant,
guaranteed e.g. by choosing periodic boundary conditions (PBC), then the total momentum P,
i.e. the generator of translations 7 = exp(—iaP) at a distance a, is a local integral of motion:
[H,T]| = 0. On the other hand, whenever the system has a sharp open boundary (OBC), momentum
is no longer well-defined and, as a result, it is not a conserved quantity, but one can still define a
translation operator 7: [H,7]| # 0. In the thermodynamic limit, however, when the system size
L — oo, the boundary condition cannot possibly matter, and thus the system acquires an emergent
conservation law. This suggests that, at any finite but large system size, the Hamiltonian of a
lattice system with OBC almost commutes with the translation operator: [H,7] =0+ O(L™").

Intuitively, this O(L~')—contribution comes from the first and last lattice sites of the open chain,
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and is therefore intensive in the system size L.

It is possible to modify the operator T — T = Yoo T2 with T = 7 and TW ~ L,
such that even in the case of OBC we have [H T | = 0 for any finite L: the price to pay is the
locality of the generator 2 of the dressed translation operator 7. Intuitively, this makes sense,
since one cannot simply turn a non-conserved quantity into a conserved one by locally dressing it.
Note, however, that if one only decides to suppress the leading-order non-commuting part O(L~")
of [H,7], one can still define a local-ish dressed ‘momentum’ operator by truncating the series
T~T+TW" and calculating the corresponding generator. As a result, we now have [H,7 +
T (1)] =0+ O(L™?). This dressed momentum operator is an example of a quasi-conserved integral
of motion.

Coming back to periodically-driven systems, the role of H <> H is taken by the Floquet Hamil-
tonian, and the parameter L <+ Q can be thought of the driving frequency. The emergent quasi-
conserved integrals of motion [98, —102] are then given by the first few orders of the inverse-
frequency expansion. They are quasi-conserved in the above sense, namely: [Hp,H I(VOJF“'J””HFE) |=
0+ O(Q_(”HFE+])). As anticipated, the full dressed generator to all orders in Q™! is given by the
exact Floquet Hamiltonian which is, in general, a non-local operator. As a result, the dressed con-
served quantity at all frequencies is the quasienergy (which is however unphysical in the same way
as the dressed nonlocal momentum operator ¢ would be), while the emergent conservation law at
Q — oo is the extensive energy of H ;0)‘ In Sec. 5.3 below we shall demonstrate that it is the Floquet
resonances that cause this non-local character of Hr which is intimately related to the anticipated

indefinite heating at infinite times.

5.2 Prethermal Floquet Steady States and Parametric Instabilities in the Weakly-
Interacting Bose-Hubbard Model

Before we analyse the physics of heating at infinite times, we explore the prethermal Floquet steady

states and instabilities of the weakly interacting two-dimensional Bose-Hubbard model subject to

20ne should keep in mind, though, that in general T might have a non-analytic in L~! part which would not be
captured in a power series ansatz.



226

periodic driving. It is interesting to note that so far there are no rigorous bounds reported on
energy absorption in bosonic systems, whose short-time dynamics is expected to be much more
complicated and intricate as it can easily be dominated by parametric resonance effects. One of
the reasons for this is that interacting bosonic lattice systems have an unbounded on-site Hilbert
space. This complication affects not only mathematical proofs but also numerical simulations, and
is reflected in the absence of exact-diagonalisation studies on thermalisation in bosonic Floquet
systems as of present time. Instead, below we develop a description of the nonequilibrium dynam-
ics, at arbitrary drive strength and frequency, using a weak-coupling conserving approximation.
Based on it, we establish the regimes in which conventional (zero-momentum) and unconventional
[(m, )-momentum] condensates are stable on intermediate time scales. Interestingly, the conden-
sate stability is found to be enhanced by increasing the drive strength, because this decreases the
bandwidth of quasiparticle excitations and thus impedes resonant absorption and heating. The
results presented below are directly relevant to a number of current experiments with ultracold

bosons.

It is believed, based on the Eigenstate Thermalisation Hypothesis [ ] (see Ref. [308]
for a review) that driven interacting systems will generically heat up to infinite temperature at suf-
ficiently late times [77, 78, 80, 98, , , s ]. Nevertheless, in some parameter regimes
these heating times will be parametrically slower than the system’s characteristic time scales. In
that case, as we discussed in the previous section, the system will rapidly approach a “prether-
malised” Floquet steady state [101, , , ], which governs the dynamics until the much
later heating time scales.

In the section, we study these prethermal states in the weakly interacting, two-dimensional,
periodically-driven Bose-Hubbard model (BHM). The regime we explore is directly relevant to
experiments [43, 46, 48, 51-53, 55, 57, 58], in which weak interactions are present. We employ a
self-consistent weak-coupling conserving approximation (WCCA) which treats the coupled nonlin-
ear dynamics of the condensate and the quasiparticle spectrum while neglecting collisions between
quasiparticles. This approximation is justified at weak coupling since nonlinearities are important

at much shorter times than the collisional time scales.
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Figure 5.1:  Stability diagram of the driven BHM for U/Jy = 0.2. In the pink regions the con-
densate is unstable as the drive parametrically excites pairs of quasiparticles. In contrast, in the
blue regions the condensate is stable on intermediate time scales. In the grey shaded region around
€ = 2.405 the system is strongly correlated (see text). The symbols represent numerical WCCA
results; the boundaries are given by the analytical expression Eq. (5.18). Points marked (a), (b), (c)
correspond to the panels in Fig. 5.5.

Within the WCCA, we find a phase diagram (Fig. 5.1) featuring at low drive frequency a regime
in which the superfluid state is already unstable within Bogoliubov theory, owing to the resonant
creation of quasiparticle pairs, and a regime (at high drive frequency) where the superfluid is stable.
In the WCCA, there is a sharp phase transition between these; when effects beyond weak coupling
are included, there will be a qualitative difference in heating rates. Thus, in the “stable” regions of
Fig. 5.1, the system initially reaches a prethermalised superfluid state — featuring a nonequilibrium
quasiparticle distribution — and then eventually heats up. For strong driving, the prethermalised
superfluid state is exotic, involving condensation at momentum % = (7, 7). The existence of this
exotic phase in the high-frequency limit has previously been established [41, 46, 139]; we show
that it persists for intermediate frequencies as well.

Remarkably, we find that the stable phase is enhanced for intermediate drive strengths, since
the drive both creates quasiparticle pairs when this is a resonant process, and decreases the effective
hopping rate and thus the effective bandwidth of quasiparticle excitations. It then follows that, for
weak interactions but general drive amplitude and frequency, the condensate becomes unstable

when the drive frequency is parametrically resonant with the drive-renormalised time-averaged
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bandwidth. Therefore, parametric resonance occurs at lower frequencies when the drive strength

is ramped up.

5.2.1 The Strongly-Driven Weakly-Interacting Bose-Hubbard Model

We consider the Bose-Hubbard model on a square lattice in the presence of a circularly-polarised

time-periodic force E(t) = A (cosQt,sin Q)"
Higp (1 =—JoZb*b +Z 1) +E() rjnj]| . (5.1)

The operator b; creates a boson on lattice site r;. The tunnelling and interaction strength are
denoted by Jy and U, respectively. To achieve non-trivial dynamics in the high-frequency regime,
we scale the driving amplitude linearly with the driving frequency A ~ Q [33], and define  =A/Q.

We transform this Hamiltonian into a rotating frame, giving:

(1) = —Jo Y A (i) plp, 4 = Zn, . (5.2)
(i)

Thus, in the rotating frame, the system experiences an effective time-dependent gauge potential
A(t) = {(sinQt, — cos Qt)". The time evolution of U (1)-invariant quantities (and thus the stability)

remains the same in both frames [160].

5.2.2 The Weak-Coupling Conserving Approximation

To study the driven system at arbitrary frequencies, we employ a self-consistent, weak-coupling
conserving approximation (WCCA). The WCCA involves deriving equations of motion from a
two-particle irreducible effective action [311] within the nonequilibrium Schwinger-Keldysh for-
malism [312, 313], keeping only diagrams to first order in U, see Sec. 5.2.2.1. Unlike simple pertur-
bation theory or Bogoliubov theory, the WCCA respects unitarity and conservation laws [314], and
thus gives physically sensible results for all times; in particular, it allows the exponential growth

of unstable modes to be cut off by the resulting depletion of the condensate. While the WCCA
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is not guaranteed to yield a gapless excitation spectrum [314, ], the low-frequency behaviour
of the spectrum is irrelevant for the phenomena discussed here. Our approach is equivalent to a
fully self-consistent, time-dependent Hartree-Fock-Bogoliubov (HFB) approximation [315, 1;
our formulation, however, can more readily be extended to higher orders in U.

The WCCA equations of motion, see Sec. 5.2.2.1, are solved numerically. For the results pre-
sented here, we prepared the system on a Ny = 100 x 100 lattice in the ground state of Bogoliubov
theory. We allow for a macroscopic population of the k = T mode to enable a condensate at mo-
mentum %. To study the nonequilibrium dynamics, we abruptly turn on the periodic drive and
propagate the initial state for a total of 801 driving cycles using Eqgs. (5.15). We checked that the

results are insensitive to the system size.

5.2.2.1 Derivation of the Equations of Motion within the WCCA

In this section, we derive the equations of motion (EOM) using the weak-coupling conserving ap-
proximation (WCCA). We are interested in studying the periodically driven Bose-Hubbard model
on a 2D lattice:

H(r) = —Zjij(t)bjbj+h.c.+%Zn,-(nj— 0, (5.3)
ij J

In order to treat efficiently the dynamics of the condensate after spontaneous symmetry breaking,
we introduce the Bogoliubov spinor for the bosonic fields b — b,, with a = 1,2, where b; = b and

by = b'. Adopting the notation (jj,¢) = x, the time-dependent action can be cast into the compact

form
S[b,b*] = So+Sint
. 1 * -1
Solbb] = 5 [ @i (61, ()
C ab
. U
Sint[, 0] = 5 / dxdyd¢(x — y)b* (x)b" (x)b(x)b(x). (5.4)
c

where the integral over time is taken along the Keldysh roundtrip contour C [311, , ] and we

introduced the delta function 8¢ (x —x") = 8¢(r —1")3;;. In Bogoliubov space, the noninteracting
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Green’s function thus has the form

(G(_l)) _ i+ Jij(t) 0
b

free (55)
0 —id; +J35(1)

ab

We define the vacuum expectation value (VEV) @(x) and the quasiparticle (phonon) propagator

G(x,y) as
Qa(x) = (ba(x)); iGap(x,y) = (ba(X)Dp(Y))e = 3 . (5.6

The microscopically occupied fields are denoted with a tilde b(x). Thus, the Green’s function G
defined above does not include the condensate fraction. The effective action is given by the double
Legendre transform of the original action w.r.t. the VEV @(x) and the correlator G,(x,y) [311,

]:

1 1
[, Gl = S[e,0"]+ Tr{logG ]+2Tr[Go (9)G] —T2[0,G], (5.7)

Slg.9"] = / dxdyg” ()G (6,)00) — 5 / dx|o()[* = / dxdyg* (¥)Gy ! (4, 0)9(y).

where the sum over the Bogoliubov-Nambu index a is implicit. The Bogoliubov propagator
G, ! (x,y;9) generates the motion of the Gross-Pitaevskii equation. Notice that it depends on the

field @ itself since the GPE is nonlinear. From that we obtain the inverse Bogoliubov propagator

(Gy1),, (x,:9) via:

o 8S[g. ¢"]
2( 0 )ap (530) 3¢} (x) 8y (y) -

1 U 2lp(x)[*  o(x)?
= = (Gpe)  (x,y) — 58c(x—y)
2 M ea 2 (02 2/ow)"

So far the calculation is exact, although yet we have not specified the Luttinger-Ward functional

I';[@, G] which is the sum of all two-particle irreducible diagrams and thus has to be treated ap-
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Figure 5.2: All two-particle irreducible diagrams which enter I'; to first order in U, with their
proper combinatorial factors. The diagrams can be turned into equations using the following Feyn-
man rules: (i) a factor of —iU /2 for each vertex, and (ii) a factor of i for each closed loop. By
symmetry Gi; = G2 and G, = (Gg])*.

proximately. Here, we consider a weak-coupling expansion which amounts to keeping diagrams to
first order in U, see Fig. 5.2.

The EOM for the VEV and the propagator are obtained by making the effective action I' sta-

tionary with respect to the fields 8F8[$;G] = (0, and the unknown propagator %‘p’:}] =0, which leads

to:

/C 4y (Gpee) 11 (1,2)9() = U9* ()97 (x) = U (29(x) G11 (x,x) + ¢ (x) Gz (x,x)) =0,

2(iG11+|of? iG1r+0?
Y | (Giae) oy (1) —UBc(x—y) WGnHel) pre Gpe(t,1) =8,:8¢(t—1'),
b iGa1+(90*)?  2(iGar+|9?)

(5.9

and the product of Green’s functions in the second equation above is understood in the matrix-
multiplication sense: (AB)(x,z) = fyA(x,y)B(y,z). We remark that these equations of motion are
equivalent to the Bogoliubov-Hartree-Fock EOM derived in Ref. [315] when starting from the lab
frame Hamiltonian, by making the ansatz by—o = ¢ + by, bizo = I;k?é(), and then linearising any
cubic terms in by.

Next, we open the closed time contour [318] by decomposing the Green’s function into a spec-
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tral part p(x,y) and a statistical part F(x,y) according to

iG(x,x) = F(x,x’)—%p(x,x’)sgnc(t—t’),

T b(x),b" (x b(x),b(x¥
Fab(x,xl) = %<{ba(x),b}7(x’)}>czl <{ () ( )}> <{ () ( )}>

2\ 0B W)Y (B (0,60

Par(x,x) = i{[ba(x), b (X)])e =i ’ (5.10)

ab
The following relations follow immediately from the above definitions:
Fio(xx') = Fo(.x), prny)=—pnx),
Bi(x,x) = Fi(¥,x), palxx)=—pn,x),
Fo(x,x) = F(xy), pr@x)= p3 ),
Fi(x,x) = Fi(,x), pu(xy)=—pf(,x),
Fo(x) = Fi@xy), pon@x)= pj@x). (5.11)

We now assume that the system is translationally invariant, with periodic boundary conditions.

This leads us to find the following system of coupled nonlinear EOM in momentum space for the

condensate
D0(1) = (20— W)o(t) +Ero(1)0(r) (5.12)
+1[\2 O (1)9* (1) +20(t /an (t,1:9) + 9" (¢ )/Flz(t & CI)]

and the statistical correlator F

0 Fy1(t,tk) = (2Jo—p)Fi1(t,t' k) +ec(t)Fry(t,t'5k)

i [2 (100 + [ Aaena) i

N
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2 Fia(t,t; Fio(t,t0)]" |,
+(o o+ ] a(15) ) [P >]]
0 Fa(t,t k) = (2Jo—p)Fia(t,t'sk) +ec(t)Fia(t,t'sk)

2 (lot+ / Firl) ) Fuale 50

LU
Ny

+ <(P2(t) +/qF12(t,t;q)> F11(t,t’;k)] : (5.13)

For completeness, we also give the equations of motion for the spectral correlators p which, on the

other hand, obey

i0,p11(1,13k) = (2Jo—p)pu(t,1'sk) +ex(t)pui (t,15k)

2 (lot+ / Firt) ) pu 150

LU
N

2 Fia(t,t; A5k,
+(#0+ [ Fateria)) ot )]]
iatplz(l,l/;k) = (ZJ()—,Ll)plz(t,l‘/;k)+€k(l)p12(t,l/;k)

2 (lot+ / Firl.) ) prfrsh)

LU
Ny

+ <(P2(t)+/qF12(l,t§CI)> [pu(t,t’;k)]*]. (5.14)

In the above equations, z is the lattice coordination number, () is the time-periodic free lattice
dispersion in the rotating frame, and the integrals are all taken over the first Brillouin zone.
Furthermore, if one is interested in the equal-time statistical correlator F, using the symmetry

relations in Eq. (5.11) one arrives at the somewhat simplified equations

o Fy(t,1:k) = 2Im{1f]] ((pz(t)+/qF12(t,t;q)> [Flz(t,t;k)]*},

N

iatFlz(l,l‘;k) = {[Sk(l) + S_k(l) + 2(ZJ0 —y)]Flz(I,t;k)

U
2=
+ N

2 (lot >+ / Firl) ) Falrsi)
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+ <(P2(f)+/F12(t,t;¢])> Fu(t,t;k)] } (5.15)

q

5.2.3 Stability diagram

Coming back to the study of instabilities, the stability phase diagram for our model is shown in
Fig. 5.1. Previous work has investigated the driven Bose-Hubbard model [185-188, —322] and
related models [ 165, 166, 169, 323-328] using various approximation schemes; we go beyond these
works by treating both the condensate and quasiparticle sectors, including the feedback between
them. Thus, we are able to explore instabilities originating in either sector on equal footing.

We first discuss two analytically tractable limits, corresponding to high-frequency driving (i.e.,
going along the x axis of Fig. 5.1) and to low-amplitude driving (i.e., going along the y axis). In the
first case, the dynamics is approximately governed by an effective time-average Hamiltonian [32,

]:

U
Have:_Jave(C)Zb;rbj‘f‘EZl’lj(nj—1). (5.16)
(i) J

The periodic modulation renormalises the hopping to Jaye (§) = Jo%(8), where % () is the zeroth-
order Bessel function of the first kind, which is a damped oscillatory function with the first zero at
C~2.4,the second at { ~ 5.5, etc. As ( is increased, the time-averaged hopping decreases, until the
dispersion flattens at = 2.4. For { > 2.4 the dispersion flips sign, and acquires a stable minimum
at ® = (7, ). Thus, in the high-frequency limit the condensate at 0 = (0,0) is stable when { < 2.4,
whereas the condensate at Tt is stable when 2.4 < { < 5.5. Moreover, for commensurate filling, the
superfluid phase should transition into a Mott insulating state around { &~ 2.4 determined by the
phase boundary Jy.(8)/U < 0.06. [329, 330] This transition regime, marked by the thin vertical
strip in Fig. 5.1, is beyond the validity of the WCCA; our WCCA simulations in this regime give
oscillatory behaviour, see 5.2.4.1.1.

A second analytically tractable limit is that of weak driving, at arbitrary Q. The dominant
effects can be inferred from linear stability analysis around the non-driven state. In terms of Bo-

goliubov quasiparticle operators 7, the system-drive coupling includes terms of the form e/* yliyik,
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involving the emission of pairs of quasiparticles from the condensate. The emission rate is related
to the density of states of two-quasiparticle excitations at Q. Specifically, if the non-driven system
has quasiparticle excitations at energy Ex, E_x such that Q = Ex + E_k, absorption will occur and
the system will be unstable. On the other hand, if Q > 2W, where W = 2zJ is the approximate
bandwidth of Bogoliubov excitations, then absorption does not occur and the system is stable.
Combining the insights from these two limits allows us to understand the entire stability phase
diagram. The drive creates pairs of renormalised Bogoliubov quasiparticles, which have an ef-
fective bandwidth Wyye &= 224y (). We define Wyye = maxy[Eaye (K)] — ming [Eaye (K)] as the time-

averaged Floquet-Bogoliubov bandwidth; in terms of this, the stability condition reads

Q. > 2W,ye < stable. 5.17)

Equation (5.17) is consistent with our numerical results (Fig. 5.1), but see Ref. [331] for a detailed
analysis of parametric instabilities and their rates in this and related band problems. This result is
unexpected—since the time-averaged Hamiltonian is valid at infinite frequency whereas parametric
resonance is a low-frequency phenomenon— but can be understood as follows. The hopping matrix
element in the driven system can be expanded as J(7) ~ Jo ¥y %:(£) exp(i¢€t). We absorb the time-
independent n = O component in the unperturbed Hamiltonian, and treat the ¢ = 1 term, which
oscillates at Q, perturbatively. The perturbation is small for U < €, because the matrix element for
creating two quasiparticles is proportional to both 7;({) [which need not be small] and U [which
is assumed to be small]. We then use parametric instability analysis, see Sec. 3.3.2, with the
renormalised dispersion, and conclude that an instability occurs when Q = 2W,y.. When Q/Jy > 1,

the critical driving frequency is given by

Q. (C) =41/ 2Jave(C) (2ave (€) + noU). (5.18)

Note that in the present case, resonant absorption occurs for drive strengths up to twice the single-

particle bandwidth; by contrast, in noninteracting systems, no absorption occurs for Q > Wpye.
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The presence of absorption at frequencies exceeding the single-particle bandwidth is generic in

interacting systems.

5.2.4 Stroboscopic Prethermalisation

In the following section, we discuss the time evolution of the condensate fraction, the momentum
distribution and the energy density. We argue that at high drive frequencies and for weak interac-

tions there exists a large prethermal window in the stable regime which is beyond the WCCA.

5.2.4.1 Condensate evolution

Figure 5.3: (a) Time evolution of the condensate fraction for 801 driving cycles, starting from a
Bogoliubov initial state localised at k = 0 for U /Jy = 0.2. (b) Decay rate to 75% of the condensate
curves for Q/Jy = 12 (boldface points in Fig. 5.1). Error bars are set by the difference of the inverse
times, determined by the first and last time the curve passes through 3 /4 taking into account the
oscillatory behaviour.

Figure 5.3a shows the evolution of the condensate fraction in various regimes: in the paramet-

rically unstable regime (solid blue line), the condensate slowly decays; in the stable regime (dashed
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red line), it saturates to a prethermalised value, which is generally lower than the Bogoliubov value
(since |Jave (€)] < |Jo]). The system enters a steady-state with constant in time evolution when mea-
sured stroboscopically. When the initial condensate is at the band maximum (dash-dotted black
line), the condensate decays rapidly. Panel b shows the decay rate as a function of drive amplitude
in the parametrically unstable regime: note that the decay rate depends not only on drive strength
€, but also on U and Q. Very close to the region { ~ 2.405 (grey strip in Fig. 5.1), the WCCA
gives strong oscillations of the particle density between the condensates at 0 and %; however, as

previously noted, the WCCA is not reliable here.

5.2.4.1.1 Phase Transition Region around { = 2.405

Let us briefly mention the dynamics governed by the WCCA close to the first zero of the Bessel
function, £ = 2.405, where the dispersion of the Q — oo Hamiltonian becomes flat (central grey
region in Fig. 5.1). For { < 2.405 the dispersion of the free theory U = 0 supports a stable min-
imum for k = 0, while for { > 2.405 the stable minimum appears at k = %. Since the two stable
regions support different momentum modes, a phase transition occurs for { = 2.405. Therefore,
it is required that one allows for a macroscopic population of both the modes in the immediate
vicinity of { = 2.405.

This can be achieved by reducing the translational symmetry of the problem. Intuitively, a
condensate at k = Tt with amplitude @;— flips a sign on every other site. Hence, one can choose to
work in the original (momentum-resolved) basis (o, @x—z ), or in the site-resolved basis (¢*, ¢?).
The two are related by a rotation. In order to allow for a dynamical population of the @;—5 con-
densate, the initial condition for (0) = 1/v/2 (¢*(0) — ®(0)) must be nonzero. In the AB-basis,
this is equivalent to saying that there is a slight difference in the condensate occupation on the two
sublattices. Physically, this imbalance is caused by spontaneous symmetry breaking. However, in
the WCCA one has to put in a small imbalance by hand. In the following we refer to the small
imbalance value s = |@7(0)|? as seed.

When the effective dispersion becomes flat { &~ 2.405 [Fig 5.4], the condensate undergoes oscil-

lations between the 0 and Tt modes, with a period ~ 1 /U for small U. This behaviour is reminiscent
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Figure 5.4: Time evolution of the condensate fractions for { = 2.405 and Q/Jy = 20 starting
from a Bogoliubov initial state localised at k = 0. The seed size is s = 1% and U /Jy = 0.2. The
initial condition for the condensate fractions is chosen to be |@*(0)|?/Ns = ng/2 for { < 2.405
and |0®(0)|?/N, = ng/2 for { > 2.405, where ny is the total condensate fraction for the non-driven
model in Bogoliubov theory.

of the collapse-and-revival effects seen for a BEC that is suddenly quenched into the Mott insu-
lating phase [332], although the dynamics governed by WCCA is classical. The period of transfer
oscillations is also seed-dependent and increases with s — 0. Even though our approximation does
not capture a true Mott insulating phase, the nonlinearities included in the WCCA are sufficient
to give rise to these oscillations. Physically speaking, a quasiparticle-mediated channel is opened,
through which particles flow from the condensate at k = 0 to k = ®. Although it is present at any
{, this channel is only effective when the dispersion is sufficiently flat since the amplitude for the

phonon- mediated transition @g—o — b}: — Qg—g scales as (U /Jo)z.

5.2.4.2 (Quasi-)momentum distribution

Figure 5.5 plots snapshots of the quasimomentum (i.e., lattice momentum) distribution; the time
evolution of this quantity is shown in Ref. [167]. Specifically, the quantity plotted is ngx = (b:;bk> —
nodx o, i.e., the condensate peak is subtracted. The quasimomentum distribution can be directly ac-

cessed through band mapping followed by time-of-flight imaging. Moreover, as we are concerned
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Figure 5.5: Snapshot of the momentum distribution ny = <b;bk> — noy o after 801 driving cycles
starting from a Bogoliubov initial state localised at k = 0 for U /Jy = 0.2. Panel (a) is in the unstable
regime where the condensate is depleted due to parametric resonance. The bosons are excited by
the drive to the quasienergy surface Q = 2E,. (k) (bright yellow-white circle around k = 1) where
they occupy sharp peaks (white pixels). Panel (b) is in the regime where the condensate is stable on
the pre-thermal time scales. In panel (c), the system is dynamically unstable due to the dispersion
being inverted. The bright disc of excitations around k = 0 corresponds to dynamically unstable
modes. The parameters are (a) Q/Jy = 10, { = 0.8, (b) Q/Jp = 18, { = 2.2, and (c) Q/Jy = 20,
£=3.28.

with a single-band model, one can extract this distribution directly from time-of-flight imaging, by
focusing on momenta within the first Brillouin zone.

Figure 5.5a shows the parametrically unstable case, where quasiparticles are strongly excited
around the quasimomentum surface {k : Q = 2F,.(k)} matching the resonance condition. Within
Bogoliubov theory, the (time-averaged) excitation intensity should be uniform along this surface.
However, as the points along this surface are not symmetry-related, the nonlinearities included in
the WCCA favor some points on the excitation surface, as seen in the intensity pattern in Fig. 5.5a.

Figure 5.5b shows the stable case. Here, by contrast with panel a, the quasiparticle population
remains low throughout the Brillouin zone. As expected from Bogoliubov theory, bosonic modes
satisfying Jyve (K) < U should have appreciable occupation in the steady state; this region expands
as the dispersion flattens. The intricate patterns in momentum space are due to the abrupt turn-on
of the drive — which initialises the Floquet-Bogoliubov quasiparticle states out of equilibrium — and
are absent when the drive is instead gradually ramped up. These patterns evolve nontrivially with
time [167].

Finally, Fig. 5.5¢ illustrates the case in which the initial state is a condensate at k = 0, but the
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Figure 5.6: Total energy density of condensate and quasiparticles as a function of time for U /Jy =
0.2 following the quench with frequency and amplitude as stated in the legend.

dispersion is inverted ( > 2.4) so that the only stable condensate is supported at k = ®. Thus the
initial state is unstable regardless of Q. Let us consider the infinite-frequency limit; which amounts
to a sudden quench of the single-particle dispersion. Computing the Bogoliubov spectrum around
a condensate at k = 0 in an inverted dispersion, we find that modes with momenta near k = 0
acquire imaginary frequencies (and thus grow exponentially), whereas modes with large momenta
are stable®. The unstable modes are determined by the condition €, (k) + zJop < 2noU, where
€ave(K) is the single-particle Floquet dispersion (5.16). These modes are dynamically stabilised
due to the nonlinear feedback of the self-consistent treatment [3 1 3]. Our numerical results with the
WCCA confirm this picture: the unstable modes at small quasimomenta acquire large populations,
whereas the large-quasimomentum modes do not. This behaviour is specific to the WCCA; in a real
system it will correspond to intermediate-time dynamics ¢ < Jo/U?. On longer times, collisions

between quasiparticles should cause large occupation numbers across the Brillouin zone.
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5.2.4.3 Time-Dependence of the Energy

Last, we briefly address the issue of heating. Figure 5.6 shows the excess total (i.e., condensate plus
quasiparticle) energy density in the system, relative to the non-driven state. Due to the abrupt turn-
on of the periodic circularly polarised modulation, the energy changes discontinuously at# = 0. As
expected, the energy density increases due to heating in the parametrically unstable region, satu-
rates in the stable region, and exhibits a small growth for { = 3.8. Notice the different behaviour in
the parametrically unstable region compared to the dynamically unstable one: while in the former
the energy grows due to the population of modes lying on the high-energy surface, in the latter the
dynamically unstable modes appear close enough to the origin [cf. Fig. 5.5¢] so that the growth in
energy density past the quench value is not substantial. Note that the system does not heat up even
at fairly long times whenever the parameters are chosen to be in the stable region of the stability
diagram. Although ergodic periodically-driven systems are expected to eventually heat up to infi-
nite temperature [77, 78, , ], in the weak-coupling limit this heating timescale (which is due
to collisions between quasiparticles) is parametrically slower in the “stable” regimes of our phase
diagram than in the “unstable” regimes. Thus, for a range of present-day experiments, we expect
that in the stable high-frequency regime there is no significant heating on experimentally relevant

timescales.

5.2.5 Validity of the Weak Coupling Conserving Approximation and Thermalisation Time

Scales

Last we estimate the timescales on which the WCCA gives a reliable description of the physics,
and discuss the dominant processes that (in the weak coupling regime) destabilise the various pre-
thermal steady states discussed above. We discuss each of the three regimes separately.
Parametrically unstable region. In this regime, the prethermalised phase is the one in which
the momentum distribution is sharply peaked along momentum-space arcs as in Fig. 5.5a. Once

again, we treat the time-averaged dispersion as the unperturbed Hamiltonian and look at the para-

3This might seem counterintuitive, as the larger-momentum modes have “more negative” energies; note, however,
that in the U — 0 limit, all modes are stable as there are no decay processes.
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metric instability growth rate growth rate due to a perturbation of the form Jy (C)blibke’n’ . The
matrix element for pair creation is then ~ UngJo 71 ()/Waye (the Fourier coefficient ¢/ (£) from the
parametric instability analysis above is essentially given by the Bessel function), and for reason-
ably large drives this is linear in U. Parametric instability predicts that these features will grow
at the rate I' ~ Ung, where ng is the condensate amplitude. The decay rate (i.e., inverse lifetime)
of the quasiparticles along these arcs, once they are formed, is limited by collisions, and Fermi’s
Golden Rule implies that this decay rate is of order U?; this is the rate at which these features
spread out in momentum space. Thus there is a parametric separation in U between the formation
and decay rate of these peaks. The leading collisional process comes from cubic terms of the form
U ¢*b£1bkz bk, —x, (plus appropriate conjugates) in the Hamiltonian. The Golden Rule rate for this

particular process is

To(k) ~ UnonNop (Eave (K)) (5.19)

where Ao (Eave(K)) ~ [ dE'd?g8(E’ — Eave (q))8(Eave (K) — E' — Eave(q — K)) is the accessible two-
particle density of states. Here, Eay(q) is the energy of an excitation with quasimomentum q. On
dimensional grounds this two-particle density of states must be inversely proportional to Wyy.; thus,

the overall Golden Rule lifetime of a particular quasiparticle state will go as

L.(K) ~ U?noni/Waye (5.20)

up to a multiplicative constant. The ratio between the decay rate and the creation rate scales as
Unk/(JoJ1(€)). Thus the decay rate of a mode is slower than the creation rate whenever the con-
densate amplitude is large compared with the population of the mode (essentially because the
matrix element is not Bose-enhanced to the same degree). However, the decay rate is also sup-
pressed with decreasing the interactions (expected) or increasing the drive amplitude. At short
times, when the condensate is not appreciably depleted, the WCCA is therefore reliable; however,
when the depletion becomes large the WCCA also fails. Thus the regimes of validity of the WCCA

and Bogoliubov theory in the parametrically unstable regime are essentially the same, although the
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WCCA has the advantage of respecting particle number conservation exactly at all times.

Stable region. In the stable region there are two types of physical processes beyond the WCCA.
(1) The excitations created by the original quench into the phase have finite collisional lifetimes, as
discussed above. The momentum-space patterns in the stable region will dephase on this Golden-
Rule timescale I'.; however, the condensate fraction will remain large and stable even after dephas-
ing. (2) Eventually, the system will absorb energy from the drive. If the drive frequency is Q and
the bandwidth of single-particle excitations is Wy, then resonant absorption must involve at least
m = Q /W,y quasiparticles. It is straightforward to check that the associated Golden Rule rate, at
weak coupling, is of the form U™ /W1, When U is sufficiently small, this heating timescale is
much longer than the timescale on which the momentum-space patterns dephase; thus the system
should remain stable for extremely long times at high frequencies.

Dynamically unstable region. In this regime, the growth rates of unstable modes are of order

Jave(Q)U, whereas the collision rates are of order U? /W,y at best, so at weak coupling we have

a parametric window in U where the WCCA remains valid.

5.2.6 Discussion

The main experimental prediction of this section — a parametric change in heating rates as a func-
tion of drive amplitude and frequency — can be measured in present-day experiments, which are
naturally in the weak-coupling regime. For the experiment in Ref. [57] the parameters were chosen
as U/Jo = 0.1, Q/Jy ~ 20, and  ~ 0.6, which is within the regime we considered. For real-
istic experiments in optical lattices, the presence of higher bands can lead to instability even at
high drive frequencies Q. In this case there are three regimes: (i) if Q is less than twice the
renormalised bandwidth W, of the lower band, the system is parametrically unstable as discussed
above; (ii) if Q is larger than 2W,,., smaller than the band gap to the upper band, and further-
more chosen such that any n-photon resonances to higher bands [333] are suppressed, then the
system is stable within WCCA. (iii) if Q exceeds the band gap, the drive can mediate interband
transitions, leading to instability again. For a square optical lattice with typical lattice potential

Viatt = 10E ecoil, Erecoil = 1 X 4 kHz, the bandwidth of the lowest band is Wy = 4Jy = h x 0.3 kHz
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[the time-averaged bandwidth W,y is reduced by a factor of %({)], and the gap to the second Bloch
band is A = 4.57Eecoil = h x 18.28 kHz.

Although we focused on a square lattice, the arguments generalise to other lattices, such as
the honeycomb lattice, in which topologically non-trivial states exist. Note that topological gaps
in mechanically shaken optical lattices scale as Q! [38, 39, 56]. Hence, in order to engineer
topological insulators with large gaps (and a large region of non-zero Berry curvature around them),
it is desirable to go to lower frequencies. Our results impose a fundamental limit for weakly-
interacting bosonic systems on how small the frequency can be, since for Q < 2Wj,. the system
becomes unstable. More generally, our results suggest that conserving approximations, whether
controlled by weak coupling or some other parameter as in large-N models [284, , —336],
are ways of exploring dynamical phase transitions in models that are both interacting (unlike free-
particle models) and finite-dimensional (unlike the Kapitza pendulum). The critical properties of
such transitions are a fruitful theme for future work. Although in practice such phase transitions
will be smeared out by higher-order effects, the associated crossovers should still be experimentally

observable.

5.3 Infinite Time Behaviour: Thermalisation through Many-Body Resonances

In this section, we study the dynamics and stability in a strongly-interacting resonantly-driven
two-band model. Using exact numerical simulations, we find a stable regime at large driving fre-
quencies where the time evolution is governed by a local Floquet Hamiltonian that is approximately
conserved out to very long times. For slow driving, on the other hand, the system becomes unstable
and heats up to infinite temperature. While thermalisation is relatively fast in these two regimes
(but to different “temperatures”), in the crossover between them we find slow non-thermalising
time evolution: temporal fluctuations become strong and temporal correlations long-lived. Micro-
scopically, we trace back the origin of this non-thermalising time evolution to the properties of
rare Floquet many-body resonances, whose proliferation at lower driving frequency removes the

approximate energy conservation, and thus produces thermalisation to infinite temperature.
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Figure 5.7: Floquet realisation of the interacting SSH model: the non-driven system represents a
two-band model, coupled resonantly by a strong periodic drive. As a result, the ground state of the
infinite-frequency Floquet Hamiltonian features an interesting topological phase.

In particular, we demonstrate that there are regimes where a resonant coupling of two bands
does not produce strong heating on the experimentally accessible time scales even in the presence
of strong interactions. For sufficiently large driving frequencies, we find evidence, based on exact
numerical simulations, that heating is perturbatively weak and, therefore, controllable. On the
other hand, decreasing the driving frequency below a crossover scale Q* of order the single-particle
bandwidth of the noninteracting system, our model exhibits strong heating. In the crossover regime,
we find a range of driving frequencies where the system displays slow non-thermalising time-
evolution: we observe long-lived temporal fluctuations and correlations which do not decay on the
experimentally relevant time scales. We argue that this non-thermalising behaviour arises due to
rare Floquet many-body resonances.

Besides the study of thermalisation in periodically-driven systems from a theory point of view,
the second purpose of this section is to study the onset of heating at the experimentally-observable
times. Present-day experiments with cold atoms performed in the high-frequency regime report

heating after a few hundred driving cycles [57]. Interestingly, heating seems to be more pro-
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nounced in bosonic rather than fermionic [56, 60] systems, presumably due to the unbounded char-
acter of the on-site Hilbert space dimension. A Density Matrix Renormalisation Group (DMRG)
study in the weakly-interacting, periodically-driven Bose-Hubbard chain [257] found that heat-
ing is indeed suppressed at the large frequencies necessary to create novel Floquet Hamiltoni-
ans [43, 44, 46, ]. Moreover, the existence of long-lived prethermal Floquet steady states has
been predicted [101, ] (see previous section) and confirmed numerically [167, ]. In this
chapter we study a minimal model of two resonantly-coupled bands, and find that heating is sup-

pressed at large frequencies allowing for controlled Floquet engineering.

5.3.1 A Resonantly Driven Two-Band Model

Consider a system of interacting hardcore bosons satisfying three main properties, as illustrated
in Fig. 5.7: (1) the non-driven system represents a two-band model, (ii) the periodic drive couples
resonantly the two bands, and (iii) the ground state of the infinite-frequency Floquet Hamiltonian
exhibits an interesting topological phase. The model can be equivalently mapped with a Jordan-
Wigner transformation to spinless fermions, but we choose to present it here as hardcore bosons.
Concretely, the full dynamics is encoded in the Hamiltonian H (1) = Hy + Haive (t) with Hy the

non-driven two-band model:

L—1 + A L ) L—1 1 1
Hy = —Joj; (aj+1a‘,~+h.c.> - Ejzl(_l)jnj—’_Uj;] (nj - 2> <nj+1 - 2) . 5.21)
Here the operator a' creates a hardcore boson at j=1,...,L with L the total number of lattice

J

sites, n; = a;a ; the number operator, Jy denotes the bare hopping amplitude, A — the strength of a
staggered potential, and U — the interaction strength. We limit the discussion to half filling with L
even. When Jy, A and U are all nonzero this model is non-integrable [337]. The non-interacting

model has two bands, separated by the gap A. The periodic drive is step-like, and couples through

Harive () = sign[cos(Q1)] Z B(—l)j —JA j] nj, (5.22)
=1
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with A — the amplitude of the modulated superlattice, dA — the amplitude of the shaken external
field, and T = 2m/Q — the driving period. Compared to a monochromatic driving, the step drive
contains higher harmonics of Q which, however, we checked does not change the phenomena
discussed below. Therefore, in what follows, using the relation Q = 2r/T, we shall refer to Q as
the frequency of the drive.

In the following, we always set A = Q. which resonantly couples and mixes the two bands
of the non-driven Hamiltonian Hy [86, ]. In the high-frequency regime, the effective Floquet

Hamiltonian Hr governing the stroboscopic time-evolution of the system,
T .
Ur = Tiexp <—i / H(t)dt> = T (5.23)
0

can be found with the help of an inverse-frequency expansion [9, 10, 32, 33, 59, 86, 87]. We refer
to Ur as the Floquet operator. Since we choose the driving amplitude A as well as the superlattice
potential A to be on the order of the driving frequency Q, the time-average to obtain the leading-
order Floquet Hamiltonian has to be performed in the rotating frame [33], see Sec. 2.2.5. In the

infinite-frequency limit the Floquet Hamiltonian reads:

0_\ ; 1 1
HF = Z—Jj (aHlaj—I—h.c.)—i-U(njH—z) (nj—2>, (5.24)
j=1

where the drive-renormalised hopping elements are J; = J = Jox({ — () for j odd, and J; = J' =
Jox(€+8C) for j even. Here y(x) = 2xn~' cos(mx/2) /(1 —x?), { = A/Q, and 8{ = 3A/Q. Thus,
H 1(;0) realises the Su-Schrieffer-Heeger (SSH) model including additionally nearest-neighbour in-
teractions. When J # J' and U # 0, this model is quantum chaotic with GOE level statistics,
see Sec. 5.3.5.2. For U = 0, the system features two topological bands whenever J # J', separated
by a gap of energy width 2|J — J'|. Notice how the topological gap is opened solely due to the
drive, in close analogy with the experimental realisations of the Harper-Hofstadter model and the
Haldane model in two-dimensions [52, 53, 55-57].

In analogy to recent experiments we study the following general protocol. We initialise the sys-
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tem in the ground state |y) of the topological infinite-frequency Floquet Hamiltonian H I(VO) which,
to a good accuracy, can be also generated experimentally via adiabatic state preparation [52, 53, 55—

, 240]. Heating effects due to the adiabatic state preparation in the presence of the drive [240] are
discussed in Chapter 4, where we demonstrated that at high driving frequencies one can generally
prepare ground states of Floquet Hamiltonians with a high, though not perfect, fidelity. The subse-
quent dynamics, which we are interested in, is generated by the full time-dependent Hamiltonian,
see Egs. 5.21, 5.22 and 5.23. To study the dynamics numerically, (i) we calculate the exact evo-
lution w.r.t. the Hamiltonian H (¢) using a Lanczos algorithm with full reorthogonalisation based
on Krylov’s method, which allows us to study the first several thousand driving periods for system
sizes up to L = 20. Since we are interested in stroboscopic evolution, (ii) we also compute the exact
Floquet operator Ur and apply exact diagonalisation (ED): projecting the initial state onto the Flo-
quet basis allows us to directly reach the infinite-time limit for system sizes up to L = 16, by means
of a quench to the diagonal ensemble of Ur. A detailed comparison between the two methods, as

well as the system-size dependence of the results discussed below is presented in Sec. 5.3.3.5.

5.3.2 Definitions for the Microscopic Observables and Entropies Pertinent to Heating.

Let us begin by defining all key observables and entropies analysed throughout this sequence. We
denote by {|n) } the eigenstates of the exact many-body Floquet operator Ur = Z/exp (—i fOT H (t)dt) ,

) obtained in the lead-

and by {|v)} — the eigenstates of the approximate Floquet Hamiltonian H. }O
ing order in the inverse-frequency expansion. Note that H 1(;0) is a local Hamiltonian with unfolded
spectrum so we can choose the initial state to be the ground state of H ,(FO), which we denote by |y)
such that H, }0>|W> = E}O) |w). We shall discuss how observables, defined below, can be extended

to initial mixed states. The “transition” probability between an approximate and an exact Floquet

eigenstate is given by |(v|n)|>. The transition matrix containing all these probabilities is denoted
by Gy =Cuy = |<V|I’l> |2‘

Assuming that there are no degeneracies in the exact Floquet spectrum, the stroboscopic diag-
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onal expectation value of any observable O and its fluctuations are given by

Nr
O = Jim L n[0W(T)) = L {r| b Coy. (5.25)
1 ’ 2
B0 = | im 5o % (WD) ~(0h) = [T TlOmI P

In order to define how much energy is pumped into the system by the drive, we measure the energy
associated with the approximate Floquet Hamiltonian, i.e we choose O = HI(DO). The diagonal

expectation value then becomes

WH Wa =Y (0 H [0)Coy = Y EShpoy, (5.26)
A%

n

where pyy = Y, Cy,Cyy is the probability to occupy the v-th eigenstate of H, 1(50) in the diagonal
ensemble (i.e. for 1 — o), starting from its GS |y). The transition probability matrix p can be also
understood as a result of a double quench, where the system is prepared in the ground state of H, }O).
Then it is evolved periodically according to the Hamiltonian H (¢) and after many periods Ny — oo,
it is projected back to the basis of H I(VO) . It is easy to see that under these conditions the transition
probability becomes a Markov matrix and satisfies the factorisation property (see also Ref. [308]
for more details).

We can now define the following infinite-time quantities, which are used to analyse heating in

the system:

e Normalised energy (or equivalently normalised work) @w pumped into the system during the

drive: o o
_ (WH e -ES,
Q=" © ©27)
EFBZO - EF',W

where E 1(,0) = (y|H I(EO) |y) is the ground state energy of H I(UO), E ;?ézo =1/DYE ;OV) is the en-

ergy at infinite temperature and 9D is the dimensionality of the Hilbert space. For the system

0 0
Epp_o/L— 0 [Ey)

considered in this section, in the thermodynamic limit L — oo, F.B=0

L=
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—U /(4L) for half-filling].

e Normalised diagonal (double-quench) entropy Sy:

_ Sya—Sy _ Sya
Sp=0 — S$) Sg-o’

Sy (5.28)

where Sy.4 = — Yy pvylog pyy is the entropy in the diagonal ensemble in the basis of H, (0),

) and therefore S,S? ) = 0,

i.e. with pyy =Y, Cy,,Cyy. The initial state is the ground state of H, 1(70
while the maximum possible entropy (at infinite-temperature) is Sg_o = Llog2. This entropy
characterizes the spreading of the initial state |y) over other eigenstates of H }0) after the
system is driven for infinitely many periods. Note that there is a universal non-extensive
correction to the entropy Sy 4 given by Y— 1, where 7y is the Euler constant [338]. This

correction originates from the fact that the entropy is a non-linear function of the density

matrix.

e Floquet diagonal entropy:

Sya=— Y, CynlogCpy. (5.29)

This entropy measures spreading of the initial state |y) over the eigenstates of the Floquet
Hamiltonian. It is equivalent to the von-Neumann’s entropy of the (stroboscopically) time

averaged density matrix of a driven system.

e Normalised entanglement entropy of the half chain 5§ produced by the drive:

@ - sﬁ?t(l‘ =0)

Sent
v log(2) —s§*(t =0)’
Nr
S = fim Y Ty [ pp(1T) logps(IT)] (5.30)
v NT‘>°°NT =1 L/2

Here, B denotes the set of the first L/2 lattice sites, pg(I/T) — the reduced density matrix of B

attime t = [T, and sﬁ}“(l = 0) is the entanglement entropy of the initial state.
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e Energy density fluctuations %\v:

= 1 ) 1 M 0) © )
0Ly =7 NITIELNTI_Z](<"’<ZT)|HF (W(IT)) — (y|H \\If)d) . (5.31)

5.3.3 Heating

After having specified the details of the model system, the protocol of the drive and the observables
of interest, it is the purpose of the following section to study the heating dynamics as a function of
the driving frequency Q. Specifically, we characterize heating based on the energy absorbed by the
system from the drive in Sec. 5.3.3.1, as well as the half-chain entanglement entropy in Sec. 5.3.3.2.
Last but not least, in Sec. 5.3.3.3, we briefly discuss the dependence of heating on the interaction

strength.

5.3.3.1 Energy Absorption

Let us begin the study of the heating dynamics by looking at the energy of the system. In analogy
to experiments, where it is the Floquet-engineered infinite-frequency Hamiltonian H, I(VO) that is the
prime object of interest, we characterize heating by measuring the energy H ﬁ(p) in the time-evolved

state. Specifically, we calculate the stroboscopic evolution [160] of the energy density Ey, of H, }0):

B (17) = (wlH (7)), (532

with / € N, and the time-dependence of H}O)(T) =U, ;H I(FO)UF is understood in the Heisenberg
picture. While in the infinite-frequency limit £y (I/T) = %y(0) = const. and heating is absent, at
finite Q the system will be driven out of the initial ground-state manifold and will increase its
energy.

Depending on the magnitude of the driving frequency, we identify two different regimes, sepa-
rated by a crossover scale Q*, see Figs. 5.8, 5.9. A quantitative analysis of Q* for small interactions

can be found in Sec. 5.3.3.3 and specifically in Eq. 5.35. For Q < Q* the system heats up quickly
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close to an infinite-temperature state where all states of H 1(;0)

are occupied with equal probability.
For Q >> Q*, on the other hand, heating is weak and the evolution is well-approximated by the
local Floquet Hamiltonian H }0). It is interesting, from the point of view of both theory and experi-
ment, to study the full crossover from the stable to the unstable regime as a function of the driving

frequency. For that purpose, we introduce a normalised heating Q\V’ which measures the amount of

energy absorbed by the system from the drive:

0y = By = Ey(0) (5.33)

Y B~ Ey(0)

@\v interpolates continuously between absence of heating, where Q\v = 0, and heating to infinite
temperature, where Qy = 1, see also Fig. 5.9. Here, £y = limy, 0o Ny ! Zf/:T 1 Ey(IT) is the stro-
boscopic time average of Ey(IT'), while Eg_ is the infinite-temperature average, which is close
to the centre of the many-body band, up to L~'-corrections [Eg—o = —U/(4L) for half-filling].
We calculated the long-time limit from a time average of the stroboscopic evolution over the last
4 x 103 of 5 x 10? total driving periods obtained via the aforementioned Lanczos algorithm. We
checked that nonzero initial temperatures do not change the physical picture, see Sec. 5.3.3.4. A
more detailed analysis of finite-size effects is given in Sec. 5.3.3.5. While we find that the results
appear to be only weakly sensitive to increasing L, finite-size effects become most pronounced in
the vicinity of the crossover scale Q*.

To understand the origin of this behaviour, we show both the short-term evolution, Fig. 5.8d,
relevant for present-day experiments with cold atoms, as well as the longer-term behaviour, Fig. 5.8b,
which allows us to make a statement about energy absorption in the longer run. For Q > Q, the

(O), which is perturbatively controlled

energy density stays at a value near the ground state of H,
by the inverse frequency Q™' and becomes vanishingly small upon including higher-order Q~'—
corrections to the approximate Floquet Hamiltonian cf. Sec. 5.3.5.1. Therefore, in this regime the
dynamics is completely stable on the experimentally relevant time scales for the numerically sim-

ulated system sizes. It follows that heating can be well-controlled making this parameter regime

particularly suitable for Floquet engineering.
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Figure 5.8: Short and long-time stroboscopic dynamics of the entropy density (a) and (c), and the
energy density (b) and (d). The linewidths in (a) and (b) show the size of temporal fluctuations.
The parameters are U /Jy = 1, { = 0.6, 8 = 0.12, and L = 20, which in the high-frequency limit
gives J'/Jo = 0.41 and J/Jy = 0.29.

Conversely, for Q < QF, the energy absorption becomes strong which leads to fast heating
with the energy quickly approaching its infinite-temperature value. Hence, the system is unstable
and experiments in this regime are rendered uncontrollable. It is, thus, crucial to acquire a better
understanding of the frequency-dependence of the onset of heating. Interestingly, in the vicinity of
the crossover scale Q ~ Q*, the dynamics changes its character completely. Although the system
still heats up, [but not to infinite temperature for finite system size L], the time scales become
so extended that the final relaxation cannot be resolved within the studied 2 x 10* driving cycles,
see Fig. 5.8. The origin of this substantially slowed down dynamics we analyse in more detail in
Sec. 5.3.4 and Sec. 5.3.4 where we also give explanations for the microscopic mechanism behind

this unexpected behaviour.
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5.3.3.2 Entanglement Entropy Production

The two heating regimes separated by the crossover scale Q* are also clearly identifiable from the

analysis of the entanglement entropy density of half the chain:

1
sy (IT) = ~La [Ps(IT)logps(IT)], (5.34)

where B denotes the set of the first L/2 lattice sites and pp(I/T) — the reduced density matrix of
B after [ periods. The behaviour of sﬁ,m(lT) as a function of time is plotted in Fig. 5.8a,c, and
clearly shows the same three qualitatively different behaviours already revealed by Ey,. (i) At high
frequencies [compared to the bare model parameters], the production of entanglement entropy
remains low. The non-zero tail most likely has a two-fold origin: part of it comes from the non-
zero entanglement entropy of the Floquet ground state [cf. value at [ = 0], while the dynamically
produced entanglement is due to the small temperature resulting from the energy density injected in
the system by abruptly turning on the periodic drive. (ii), in the crossover, Q == Q*, the dynamics is
again found to be slow. Notice that extremely long observation times are required to fully resolve
the crossover regime. (iii), for Q < Q* the entanglement entropy grows quickly to its infinite-

temperature value of log(2) per lattice site, signalling that an infinite-temperature state is reached.

ent

From a fundamental point of view, however, Sy

is an even stronger indicator of the described
phenomenology, since it contains information about the entire reduced density matrix. We note
that the generation of entanglement entropy in integrable periodically-driven systems was studied in

Refs. [298, ], while its thermalisation in a non-integrable spin chain was discussed in Ref. [340].

5.3.3.3 Heating Dependence on the Interaction Strength

It is interesting to briefly mention the heating dependence on the interaction strength U. Intu-
itively, one would expect that a strongly interacting nonintegrable system subject to a non-energy-
conserving driving protocol can easily redistribute the absorbed energy among many states due to

the presence of enhanced collisions. Contrary to this naive expectation, for the system sizes up to
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Figure 5.9: Dependence of the crossover regime on the interaction strength: excess heat (a) and
excess entanglement entropy density (b). Unity on the vertical axis corresponds to an infinite-
temperature state, while zero — to no heating. The parameters are { = 0.6, 8 = 0.12, and L = 20,
which in the high-frequency limit gives J'/Jy = 0.41 and J /Jy = 0.29.

L = 20, we find that this does not happen for large driving frequencies, cf. Fig. 5.9. Instead, we
find that the crossover scale Q* = Q*(Jy,U,A) slowly shifts to higher frequencies with increasing
the interaction strength U. Notice that in the high-frequency regime Q > Q*, for U/Jy = 2 the
system is already strongly interacting due to the dynamically suppressed effective hopping matrix
elements of the relevant infinite-frequency Floquet Hamiltonian: U /J,U /J' = 10.

For small U, the energy absorption appears once the full bandwidth of the single-particle Flo-
quet Hamiltonian exceeds /2. This enables heating via the basic two-particle-two-hole interac-
tion process where two particles from the very bottom of the lower single-particle band get scattered
to the very top of the upper band. As a consequence, asymptotically for weak interactions, heating

starts to occur whenever such a single-particle resonance is available. This implies the following
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dependence of the crossover scale for weak interactions up to corrections vanishing asymptotically
for U /Jy — O:

Q =4(J+J')+0(U). (5.35)

Beyond the weakly interacting limit, we observe that the onset of heating Q* is shifted to larger val-
ues for increasing U, see Fig. 5.9, presumably because higher-order processes become the effective
sources of heating. Here we do not consider the limiting case of Jy < Q ~ U, which can be treated
using the generalised Schrieffer-Wolff transformation for periodically-driven systems [105], see

Sec. 3.2.

5.3.3.4 Finite-Temperature Effects

Until now we focused on the system initially prepared in the ground state of H ,(VO). In this section
we check the sensitivity of the results to the presence of a finite temperature. Specifically, we
assume that the system is initially prepared in a state according to the equilibrium Boltzmann

), Technically, we initialise the system in one of

distribution with respect to the Hamiltonian Héo
the eigenstates of H, ©) [v), with the probability given by the Gibbs distribution py o< exp[—BE [(70\2]
Then we calculate all observables such as £y = (\V|Hﬁo>\w), Sy, and 3E,, for this eigenstate.
Finally, we take the average of the result over all available eigenstates. The observables computed
in this way characterize the delocalisation of individual eigenstates exclusively due to the driving,
and disentangles it from the initial thermal broadening. For instance, in the infinite-frequency
limit, where the eigenstates of the Floquet Hamiltonian coincide with the eigenstates of H I(VO) the
(eigenstate) diagonal entropy computed in this way, will be zero at any temperature as each initial

eigenstate remains fully localised in energy space. In particular, we extend the definitions of the

observables and entropies in the following way:

e Dimensionless normalised energy QB starting from a finite-temperature state:

o, = DO W) o (B)— Lo Eup(B)

B = , (5.36)
ES) o~ T Eipy(B)
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Figure 5.10:

Dependence of the infinite-time normalised energy QB (a), (eigenstate) diagonal

entropy Sg (b), and energy-density fluctuations ﬁﬁ (c) on the temperature B~ of the initial state
for L = 16. The parameters are U /Jy = 1, { = 0.6, 8 = 0.12, which amounts to J'/Jy = 0.41,

J/Jo=0.29.

e Normalised (eigenstate) diagonal entropy Sg at finite-temperature:

Sp

_ Yy Sv.a pv(B)
Sg—0

I

(5.37)

where Sy 4 is defined exactly as for the ground state, see Eq. (5.28), if we replace |y) by |v).

Note that Sg is not the normalised (eigenstate) diagonal entropy corresponding to the density

matrix p(IT) = Y, pv|[V(IT))(v(IT)|. It is rather a measure of the average delocalisation of

the individual eigenstates of

Hy

0)

o (Eigenstate) energy density fluctuations ﬁﬁ at finite-temperature:

SZp

285\/ pv(B)

in the basis of the exact Floquet operator.

=0

- X (vanEvar) - i v)a)

(5.38)

As with the entropy, ﬁﬁ is not measuring density fluctuations in the system. Rather it

measures the long-time fluctuations of the energy starting from a specific eigenstate and then

averages over all eigenstates.

Let us now analyse the behaviour of these observables in different driving regimes. Fig-
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ure 5.10a-c shows the frequency dependence of the normalised energy QB’ the normalised (eigen-
state) diagonal entropy Sg and the energy-density fluctuations ﬁg for various initial tempera-
tures (see legend for details). Here, 2J sets the bandwidth of the lowest band of Hl(po), while
Wegr = 2(J +J') — the total bandwidth of the two effective SSH bands. The bare hopping and
bandwidth are denoted by Jy and Wy, respectively. Fig. 5.10a shows the normalised energy of
the system absorbed from the drive. Figure 5.10b illustrates the temperature dependence of the
normalised (eigenstate) diagonal entropy. While at low frequencies all states heat up uniformly
to infinite temperature, at large frequencies the states are only spread around the mean energy.
Due to the high density of states in the middle of the spectrum, this spreading results in a higher
(eigenstate) diagonal entropy than for the initial ground state. Finally, Fig. 5.10c shows the energy-
density fluctuations as a function of temperature. Quite generally, it becomes visible that the size
of the fluctuations decreases with increasing temperature. This effect is likely due to the additional
statistical average involved. More interestingly, however, one sees that the high-frequency tail
goes down significantly. Hence, the exponential decay of fluctuations as a function of the system
size [see Fig. 5.15] is more pronounced for high-energy-density initial states in the high-frequency

thermalising phase, which is expected from typicality.

—Q/Jy=1.0
03} Q/Jy = 7.0/
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3
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Figure 5.11: Energy density %g(2007) — E3(0) pumped into the system as a function of the
temperature of the Gibbs initial state localised around the GS. The parameters are L= 16,U /Jy =1,
£ =0.6, 8L =0.12, which amounts to J'/Jy = 0.41, J /Jy = 0.29.
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Last, in Fig. 5.11 we also show the energy pumped into the system after the experimentally-
relevant time scales of 200 driving cycles of evolution, starting from a finite-temperature Gibbs
state. We limit the discussion to high frequencies where the system does not heat up. For B~! =J

the temperature is set within the lowest effective band of H ©)

, but we can also consider other
interesting cases where the temperature lies in the effective band gap B! = 2J, or within the non-
driven band B = Jy. Interestingly, one sees that higher-temperature initial states absorb less energy.

Note also that, at low temperatures, the energy density absorbed from the drive decreases with

increasing the drive frequency.

5.3.3.5 System Size Dependence. Comparison between Exact Diagonalisation and Lanczos

Time Evolution

The discussion in this section carries a two-fold purpose: (i) to study the system size dependence of
the observables considered here, i.e. the normalised energy, its fluctuations, the entanglement and
diagonal entropy, and (ii) to compare the long-time Lanczos dynamics of these quantities with the
infinite-time ED expectation values defined in the previous section. For all the data presented in
this section, we initiate the evolution from the ground state of the infinite-frequency Floquet Hamil-
tonian H go)’ while we evolve with the exact time-dependent Hamiltonian H(z). All measurements

are taken stroboscopically.
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Figure 5.12: System size dependence of the exact diagonalisation results. (a) normalised energy,
(b) diagonal entropy and (c) energy density fluctuations. The parameters are U /Jy = 1, { = 0.6,
8¢ = 0.12, which amounts to J'/Jy = 0.41, J /Jy = 0.29.

Exact Diagonalisation (ED) allows us to discuss system sizes of up to L = 16 sites, taking into
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account all symmetries present in the problem. Although these system sizes are admittedly far away
from the realistic thermodynamic limit, ED is still a very useful tool, since it allows us to make
statements about the infinite-time limit. Figure 5.12a and b shows the infinite-time system-size
dependence of the normalised energy and the relative diagonal entropy curves, respectively. The
data suggests a small drift of the transition region in the direction of increasing driving frequency.
However, given that the drift is small and that the crossover frequency is close to the single-particle
bandwidth, based on this data, we cannot draw conclusions about the thermodynamic limit. Due
to the presence of resonances in the crossover regime, we were unable to scale-collapse the data.
Fig. 5.12c shows the system size dependence of the energy density fluctuations. Clearly, the region

of large fluctuations coincides nicely with the crossover between the infinite-heating and no-heating

regumes.
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Figure 5.13: System size dependence of the Lanczos evolution curves. (a) normalised energy, (b)
entanglement entropy and (c) energy density fluctuations. The parameters are U /Jy = 1, { = 0.6,
8 = 0.12, which amounts to J'/Jy = 0.41, J /Jy = 0.29.

Lanczos Time Evolution. For comparison, we also show the system-size dependence of the
long-time averaged curves, obtained using Lanczos evolution. Figure 5.13a, b and ¢ show the
system-size dependence of the normalised energy, the entanglement entropy and the energy density
fluctuations. Here we can go to larger system sizes, while the evolution is limited to finite, but long
times. We evolve the initial state for 5000 periods and average the data between periods 71 = 1000
and 7, = 5000, to make sure we avoid any initial transients. From this figure we see that the drift
of the crossover frequency with the system size becomes almost negligible as we reach L = 20.

In Fig. 5.14 we show the comparison between the data obtained by the Lancsoz and ED methods.
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We see that in the two thermalised phases of low and high frequencies the two methods agree to
excellent precision. In the glassy crossover region, however, the disagreement is significant due to

extremely slow dynamics, which does not saturate after 5000 periods.

Figure 5.14: Comparison between infinite-time ED and long-time average of the exact Lanczos
time evolution. Panels (a) and (c) show the normalised energy and energy-density fluctuations for

L = 16. In panel (a) we have assumed E 1(;)%:0

the normalised energy on a logarithmic scale. The parameters are U /Jy = 1, { = 0.6, 8 = 0.12,
which amounts to J' /Jy = 0.41, J /Jy = 0.29.

= 0. Panel (b) shows the system-size dependence of

To shed more light on the localisation-delocalisation dilemma, we choose two points from
the Qy(Q/Jp) curve in Fig. 5.14a, both in the high-frequency localised region, and monitor the
behaviour of the normalised energy as a function of the system size L, see Fig. 5.14c. In this
regime, we observe a nice agreement between the infinite-time ED curves and the time-averaged
Lanczos evolution data taken over 2 x 10* driving periods. An interesting feature is observed if we
plot the system-size dependence logarithmically: both the frequency closer to the transition region
and the one deep into the thermalising phase feature apparently sublogarithmic growth. Moreover,
the Q/Jp = 10 curve seems to even saturate at large system sizes. If this trend remains to infinite L,
that would mean that there is a true finite-frequency transition between a localised and a delocalised

phase in the thermodynamic limit.

5.3.4 Thermalisation — Temporal Fluctuations and Correlations

In the previous Section we studied the heating dynamics as a function of driving frequency. As a
main observation, we identified an extended crossover region with extremely slow dynamics that

separates the regimes of unstable heating from the stable region where the dynamics is approxi-
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Figure 5.15: Energy density fluctuations as a function of the system size. The dashed green
lines show the numerical data for exp(—S\f,, 4/2)atQ/Jy=1and Q/Jy=7upto L= 16, and are

extrapolated for L > 16. Here SQ 4 1s the Floquet diagonal entropy, cf. Sec. 5.3.2. Inset: frequency
dependence of the fluctuations at infinite time obtained using ED. The parameters are U /Jy = 1,
£=0.6,0=0.12.

mately governed by the desired infinite-frequency Floquet Hamiltonian. In the following, we aim
to provide additional insights into the dynamics in these three regimes by analyzing their respective
ergodicity and thermalisation properties. In particular, it will be the goal to further characterize the
slow crossover regime by studying temporal fluctuations and correlations.

One of the key properties of systems obeying the Eigenstate Thermalisation Hypothesis (ETH)
is that long-time temporal fluctuations of expectation values of observables after a quench are
exponentially small in the system size [307, , ]. Equivalently, in the long-time limit the
density matrix, from the point of view of local observables, is exponentially close to its time average
at almost all times. Moreover, this exponential scaling can serve as a defining criterion to check
whether the observables are equilibrated, especially when the exact Hamiltonian is not accessible
and one cannot analise the level statistics. Hence, this represents a well-suited criterion that can be
utilised to investigate thermalisation both experimentally and numerically.

Let us define the stroboscopic temporal fluctuations 8O of an expectation value of an operator
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O: Oy = (Y|Oly), as measured over Ny periods:

1 M

80y = | 1~ Y- [0y(IT) -0y (5.39)

T =1

In isolated ergodic systems, according to ETH, thermalisation implies that for any physical observ-
able %\,, ~ ¢~5/2 where S o< L is the thermodynamic entropy of the system. This ETH prediction
implies that from the point of view of observables the state |y(z)) at almost all times is equiva-
lent to the time-averaged density matrix, up to terms exponentially suppressed in the system size.
In Floquet systems it is hard to define a thermodynamic entropy as all the Floquet energies are
defined modulo Q and thus the density of Floquet energy states is uniform. This is in agreement
with expectations from thermodynamics that any thermal state of a Floquet system corresponds
to infinite temperature, and is thus characterised by a flat density of states. On the other hand,
in the high-frequency driving regime for the finite systems we consider here the system does not
heat up, and one can intuitively expect that one should use the entropy of an approximate exten-
sive Floquet Hamiltonian, which can be computed perturbatively within a high-frequency expan-
sion [9, 32, 33, 59, 87]. Alternatively, one can use the fact that in ergodic systems S ~ S\'F,7 4» Where
SQ 4 18 the diagonal entropy [von Neumann entropy of the time-averaged density matrix] [303].
The diagonal entropy is readily computable from projecting the wave function of the system onto
the exact Floquet eigenstates and does not depend on folding the spectrum. Then one can use this
value of S,f,’ 4 to estimate the expected scaling of %\v and compare with the numerical results.

The main plot in Fig. 5.15 shows how the fluctuations of O = H ;O) decay with the system size.
We compare the long-time average obtained with the Lanczos algorithm (red) to the infinite-time
limit from the diagonal ensemble (blue). In both the high and the low-frequency regimes this decay
is consistent with exponential, with the exponent close to the one expected from ETH (green dashed
lines), and hence the system thermalises. Clearly, slight deviations are visible which, however,
might result from finite-size effects as we are not able to extrapolate to the thermodynamic limit. To
fully clarify this, it would be necessary to study larger system sizes which, however, is not possible

within the used methodology. This thermalisation corresponds to a finite temperature in the high-
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frequency regime, set by the energy density ﬁ, and to infinite temperature in the low-frequency
regime. Note that in an extended region near the crossover scale Q* the situation is fundamentally
different, similarly to the slow evolution discussed above. Specifically, the fluctuations ﬁ\u are
strong and irregular such that ETH is not fulfilled and the evolution is non-thermalising (non-
ergodic) in this regime. The inset of Fig. 5.15 shows the infinite-time energy fluctuations, calculated
with ED, versus the driving frequency for three different system sizes, indicating the frequency
domain of strong temporal fluctuations. Because of the very slow dynamics, it has not been possible
to determine the infinite-time properties on the basis of the Lanczos algorithm. Instead, we have
used full ED here, which limits the system sizes up to L = 16. In the inset of Fig. 5.15 one
can see that the regime of strong temporal fluctuations of the energy with nonvanishing support
over an extended frequency range features relatively sharp boundaries to the thermalising regions.
Upon increasing the system size, we observe a slight drift of this extended region to larger driving
frequencies. However, on the basis of the system sizes accessible within our numerical simulation,
see Fig. 5.13, it is unclear whether this region remains extended in the thermodynamic limit. Still,
the extent over a few hopping amplitudes Jy is substantial even for L = 16 without a very strong
finite-size dependence.

From the preceding analysis we have seen that temporal fluctuations can become strong in
the crossover region. In the following, we provide further evidence for nonergodic dynamics by
studying temporal correlations. Specifically, an important indicator of non-thermalising evolution
— the long memory of fluctuations — becomes manifest in the anomalously slow decay of nonequal-

time correlation functions. To study this we now focus on the energy autocorrelation function:

1 1 O
GUT) = = L nlH (D) O)ln)c = < ¥ |l )2 EFEIT - (5.40)
F n

8[_IF m#n

where |n) is an eigenstate of the exact Floquet operator Uy corresponding to the eigenvalue e ¢ 7,
In the definition of G(IT) we have included the average variance 8Hz = ¥.,, |(n|[H },0) —(H éo)ﬂz |n)|

for normalisation such that G(0) = 1. We sum over all eigenstates of Ur to obtain better statistics.

Consequently, G(IT) measures temporal correlations over the full many-body spectrum which
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Figure 5.16: The energy autocorrelator G as a function of time (a), and its Fourier transform G
(b) for dvT = w/200. The arrow shows the many-body resonances peak. (c) A pair of many-body
resonant Floquet eigenstates, |m) and |n), in the crossover regime. Here |v) are the eigenstates of

the approximate Floquet Hamiltonian H I(VO) with energy E I(VOV) The vertical dashed lines mark the
boundaries of the Floquet zones, while the x-axis range corresponds to the many-body bandwidth.
A similar procedure is used in time-of-flight images of superfluid Bose gases in optical lattices
where quasimomentum states are projected onto momentum states to visualise the momentum
(Bragg) peaks in nearby Brillouin zones. The parameters are U /Jy = 1, { = 0.6, 8 = 0.12, and
L=16.

goes beyond what we have studied before, where we have determined the dynamics starting from
the ground-state manifold. The dynamics of G(IT), obtained from ED, we show in Fig. 5.16a.
Although, in the absence of exact degeneracies, for any finite system G (IT) — 0 as [ — oo, the time
scales which govern this decay differ tremendously between the thermalising and the nonergodic
regimes. Similar to the strong temporal fluctuations in the crossover region, we thus also find a very
slow decay of temporal correlations which further supports the evidence for a strongly nonergodic

regime separating the stable from the unstable phase.
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5.3.5 Floquet Many-Body Resonances

As we discussed in the previous sections, the crossover regime exhibits nonergodic properties in
terms of strong temporal fluctuations and correlations. In the following, we argue that this nu-
merical observation can be related microscopically to the appearance of rare Floquet many-body
resonances. To demonstrate this, we introduce the discretised Fourier transform of the energy
autocorrelation function

b

0 n m
=Y [l HY |m) P8(vic < |Ef — ER| < Vis1)

G(Vi)= SH

with v = kdv, k € N, and v a small quasienergy shell, see Fig. 5.16b. Interestingly, in the
crossover regime, it features a well-pronounced peak near zero frequency, implying that near-
resonant pairs of states of very small quasienergy difference dominate the long-time physics. In
terms of their physical energy, these pairs of states differ by integer multiples of the driving fre-
quency and, therefore, represent resonances in the many-body spectrum. In Sec. 4.5, we argued that
these resonances lead to the breakdown of adiabatic perturbation theory in periodically-driven sys-
tems [240, 288]. We note in passing that their manifestation in the form of non-analytic behaviour
in expectation values of observables has been studied for integrable systems [103].

By looking closer at the spectral properties, we can finally give an explanation for the observed
heating—no-heating crossover. While we find many-body resonances over the full range of driving
frequencies, their influence onto the dynamics differs substantially in the three observed regimes.
In the high-frequency limit Jy, U < Q, the resonances are so weak and rare that they do not affect
the dynamics of the system. The absorption of one quantum of Q at these elevated energies requires
the excitation of a complex many-body state due to the locality of Hr in this regime — a process
which is at least exponentially suppressed in frequency. Entering the crossover regime Q ~~ Q*,
a small amount of the resonant pairs begin to exhibit a very strong coupling, such that there is
always some small number of eigenstates of the Floquet operator which carry significant weights

in nearby Floquet zones, see Fig. 5.16c. This results in large matrix elements on the order of a
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few Jo, which represent a small but significant fraction of the total off-diagonal matrix elements of
H 1(90) and which, according to Eq. (5.40), determine the slow dynamics of the system. These rare
resonances cannot be neglected any more but rather dominate the long-time dynamics leading to
a very slow non-thermalising time evolution. This observation, that rare resonances dominate the
low-energy spectral properties, is reminiscent of Griffith phases in disordered systems, but here for
a system without disorder. Once the driving frequency is lowered further, Q < Q*, the many-body
resonances proliferate and the eigenstates of the Floquet operator become quite delocalised over

), see Sec. 5.3.5.3. At the same time, the distribution

the Floquet zones in the eigenbasis of H ©
of the off-diagonal matrix elements of H }0) becomes more uniform [see blue curve in Fig. 5.16b].
This delocalisation of the Floquet eigenstates in energy signifies rapid transfer of energy between

the system and the drive, and the system quickly heats up to infinite temperature.

5.3.5.1 Leading-Order Finite-Frequency Corrections

In this section, we calculate the leading Q~!-corrections to the effective (drive-phase independent)
Floquet Hamiltonian and the kick operator within van Vleck perturbation theory, see Sec. 2.2.2.
The general form of the van Vleck Floquet Hamiltonian can be calculated to 4th order for step-like
periodic in the lab frame, see App. F. Instead, here we choose to work in the rotating frame which,
as we explained in Sec. 2.2.5, leads to a resummation of an infinite subseries.

We begin by casting the exact time-dependent rotating frame Hamiltonian in spin language

via S, = a, and T,, = b,,. The spin operators obey the spin-1/2 algebra [S,,,S, ] = —28,,,5%,,

m»~n
[T, ,T,"] = —28,,,T%. Then the Hamiltonian in the rotating frame can be written as
L2 L/2—1
H(1) = —Jog(t) Y, (T,r S, +hec) —Joh(t) Y (St T, +hc.)
m=1 m=1
L)2 L/2-1

+U Y ST +U Y, ST, (5.41)
m=1 m=1
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where the functions g(t) and A(t) with T = Qr are given by

o) = el (E8FE)

ht) = etil(GH0rE)

F(t)= /Sign[cos('c)]dfr, = T for —m/2<t<m/2

—1+7m for /2 <1<3m/2

Using Eqgs. (2.45) and (2.46) for the effective (non-stroboscopic) Hamiltonian H.¢ and the time-

periodic kick operator Keg(t), the leading Q~'—corrections are calculated with the help of the van

Vleck inverse-frequency expansion [9, 10, 32, 33, 59, 86, 87]. We find
1
Héff) = {‘]0 Zchh m- + ng (T an+1)

—Jocth m+1TnZ1*S‘;; TnjHS;HT +h.c.)},

1
Ke(flg(;:()) = Q{JOZ(K TS, + xSt Ty +hc)} (5.42)

The first-order correction contains a staggered potential term, and a correlated (interaction depen-
dent) hopping. The on-site staggered potential breaks the topological properties of the Floquet
Hamiltonian, similarly to other one-dimensional Floquet topological insulators [342]. Strobo-
scopic symmetry-protected topological phases have been studied extensively in Ref. [342]. If we
set £+ = L+ 8C, the affective coefficients governing the dynamics in the localised phase can be

evaluated in a closed form for the periodic step drive:

wle) = g [ [0 (1= 222 Y moo] [stmlste - (o)
1 cos(ml_) +
- <c7—1>‘ e

cn(Cy) = 4th 2Tthl/ dt, K
= —cge(C4)s

) mod 271:] [h(tﬁ[h(m)]* — (11 & ‘Cz)]
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K (Cy) = —;/Ozndr [(1 - %) mod 27:} h(t) = —x_ (1) (5.43)

The effective Hamiltonian and the effective kick operator are related to the stroboscopic Flo-
quet Hamiltonian, which governs the dynamics at times integer multiples of the driving period,
by Hp[0] = e~ Ker O Hg eKer0) where the square bracket [-] denotes the Floquet gauge [33] (or

equivalently the initial phase of the drive), see Chapter 2.
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Figure 5.17: Frequency dependence of the normalised energy pumped into the system at infinite

times Q\V (a), the diagonal entropy Sy (b), and the energy-density fluctuations 8, (b), starting
from the ground state of the corrected Floquet Hamiltonian Hé?f) + He(flf), properly brought back to
the lab frame by the leading-order kick operator Ke(flf)(O). The parameters are U /Jy = 1, { = 0.6,

8 = 0.12, which leads to J/Jo = 0.41 and J' /Jy = 0.29.

When included, the leading correction term is expected to reduce the energy injected into the
system in the high-frequency tail by suddenly starting the drive. To test this, we start from the
ground state of the Hamiltonian Hé?f) + He(flf), appropriately rotated back to the lab frame by the kick

operator Kéflf) (0), and simulate the normalised energy at infinite times, and the diagonal entropy as
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shown the result in Fig. 5.17. When compared to the curves in Fig. 5.9, we see that, while the small-
frequency behaviour leading to heating to infinite temperature remains qualitatively the same, the
energy injected into the system due to suddenly starting the drive at time #y = 0 becomes negligible,

as expected. This check is important, as experiments are always performed at finite frequencies.

5.3.5.2 Level Spacing Statistics

One of the standard measures of ergodicity in quantum systems is the level spacing statistics.
According to Random Matrix Theory, ergodic Hamiltonians are well-described by the Gaussian
Orthogonal Ensemble (GOE) with their level spacing statistics following the Wigner-Dyson dis-
tribution. For non-ergodic Hamiltonians, on the other hand, one expects a Poisson distribution.
In general, it is believed that there exists a one-to-one correspondence between Wigner-Dyson
distributed level spacings of a quantum model and chaotic dynamics in the classical limit [343].
Periodically-driven systems feature the additional subtlety that quasienergies are defined only mod-
ulo multiples of the driving frequency. In this respect, it has been shown that the level statistics of
the approximate Hamiltonian obtained via the inverse-frequency expansion is not a good measure
of ergodicity, since the folding of the many-body spectrum can introduce artificial correlations in
the level spacings. This is intimately related to the fact that the inverse-frequency expansions do
not capture any photon-absorption resonances [240], and the hybridisation of the corresponding
levels. Nevertheless, the folded spectrum of the exact Floquet Hamiltonian can still be used to ex-
tract useful information about ergodicity of the underlying dynamics [78]. The classification of the
symmetry classes allowed for the Floquet Hamiltonian in the presence of disorder has been studied
in Ref. [344].

Studying the level statistics of a Hamiltonian requires a careful binning of the data. Fortunately,
the mean level spacing ryve = min(d;41,9;)/max(d;+1,9;) where the phases §; = (Ef;’l —ELT al-
ready contain the necessary information to reveal the statistics of the level spacings: if raye =
0.5358, the level statistics is Wigner-Dyson, whereas if r,y. = 0.3862 — it is Poisson distributed.
Figure 5.18a shows r,y. as a function of frequency for the infinite-frequency Floquet Hamiltonian

H;?f), the leading correction He(gc) + Hgf), Fig. 5.18b, and the exact Floquet Hamiltonian Hg, 5.18c.
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Figure 5.18: Frequency-dependence of the mean level spacing raye = min(d;41,9;)/max(d;41,9;)
0)

in the spectra of the infinite-frequency Hamiltonian Héff describing the interacting SSH model (a),
the corrected Floquet Hamiltonian to leading order Hél(c)fH) = He(?f) + Hét!f) (b), and the exact Floquet

Hamiltonian Heg (c). The dashed horizontal U/Jy = 1, { = 0.6, 8 = 0.12, which amounts to
J'/Jy=0.41,J/Jy =0.29.

We would like to make a few remarks: (i) it becomes clear that ergodicity at infinite-frequencies
is indeed fully attained, due to the drive-engineered small level of dimerisation of the chain, which
renders the model non-integrable. This is correlated with the presence of Wigner-Dyson statis-
tics of the spectrum at high-frequencies. Including the leading-order finite-frequency correction,
which features interaction-dependent hopping terms, does not change the level spacing. (ii) at
intermediate-to-low frequencies, the level statistics of the inverse-frequency expansion is messed
up due to the folding of the spectrum which influences the level spacings in an artificial way. Our
results are in full agreement with those in Ref. [78]. (iii) the level statistics of the exact Floquet
Hamiltonian features Wigner-Dyson statistics both at high and low frequencies [as expected for
a system featuring thermalising dynamics], while a clear dip is visible in the crossover regime,
signalling non-thermal statistics. This is yet another evidence for the glassy dynamics observed at

intermediate frequencies.

5.3.5.3 Resolving the Resonances with the Inverse-Frequency Expansion

The Floquet many-body resonances defined in the previous section were identified by projecting
the exact Floquet eigenstates to the eigenstates of the infinte-frequency Floquet Hamiltonian H, (0),
which represents the leading order of the high-frequency expansion for the Floquet Hamiltonian.

One can anticipate that these resonances can be made narrower and better defined if instead of H I(VO)
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one uses on a better approximate local Floquet Hamiltonian A, which can be e.g. obtained by
including higher-order terms in the inverse-frequency expansion. Indeed, physically the Floquet
resonances occur when the rate of absorption and emission of photons from and to the drive is
much smaller than the drive frequency. Without such resonances the system is described by Hr,
whose exponential is a close approximation to the exact Floquet operator, i.e. Ur =~ exp (—iHrT),
but whose spectrum is extensive.

At high frequencies, the exact eigenstates |n) of Ur can all be assigned energies and each have
high overlap with corresponding eigenstates of Hr. The Floquet many-body resonances occur at
frequencies where this assignment is beginning to break down: they represent eigenstates of Up
that appear as linear combinations of two (or more) eigenstates of Hy that differ in energy by al-
most exactly one (or more) photon. In the regime we are considering, the eigenstates of Hy that
are involved in the resonances are typical thermalising states [in the sense of the Eigenstate Ther-
malisation Hypothesis] with nonzero entropy density, so each resonant state involves many “bare”
configurations of the system; this is why we call them “many-body” resonances. In contrast, in
noninteracting tight-binding systems, drive-assisted resonances can occur only when the frequency
is smaller than the single-particle bandwidth of the Floquet Hamiltonian, which remains bounded
in the thermodynamic limit.

Floquet many-body resonances are beyond the van Vleck inverse-frequency expansion [240],
as we demonstrated several times in this thesis, see Secs. 2.2.5, 3.1.3.1, and 4.5. We shall now show
that these resonances can be nicely resolved using the approximate Floquet Hamiltonian, including

the leading order correction. To this end, we proceed as follows:

(1) We first calculate an approximation to the Floquet Hamiltonian using the van Vleck high-
frequency expansion H,g0+1). In the present discussion we stop after we take into account
the leading Q~'—correction, see Sec. 5.3.5.1. It is interesting to note how much resolution
one gains by including only the first Q~'-correction [compare Fig. 5.16(c) and Fig. 5.19¢
below which show the same resonant pair resolved with the zeroth and first correction, re-

spectively].
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)

(i) Diagonalise H, }OH); denote its eigenenergies by E }OH and its eigenstates by |v).

In principle, to visualise a Floquet many-body resonance it suffices to project a candidate eigenstate
|n) of Ur onto the eigenstates |v) of Hr, and map out a probability distribution as a function of the
energy Er. This reveals the Floquet zones in which the resonant states have most of their weight.
It works because the inverse-frequency expansion necessarily produces an unfolded Floquet spec-
trum, as it becomes exact at infinite-frequencies. This procedure is analogous to time-of-flight
imaging in cold atom systems, where one projects a Bose-Einstein condensate formed in an optical
lattice onto free space, and reads off the quasimomentum peaks and their weights from the inter-
ference image. Figure 5.16¢ above is obtained after applying points (i) and (ii) to the Hamiltonian
HY.

The above two points are indeed enough to show the existence of many-body resonances, lo-
calised in neighbouring Floquet zones. However, by looking at the distance between the resonance
peaks, we find that the approximation [e.g. H, IQOH)] to Hr obtained from the inverse-frequency ex-
pansion does not “know” the correct value of Q. Thus, the resonant peaks after applying (i) and

E§70+1)

(ii) differ in energy by more than Q. Therefore, we choose to correct the eigenenergies as

follows:

(iii)) We calculate the expectation value of the exact Floquet operator in the approximate eigen-
states, (v|Ur|v). In the regime of resonances, this gives complex numbers of magnitude

close to unity. Hence, we obtain quasienergies for each state as 7(,53“) =i/Tlog [%} .

(iv) Last, one has to unfold the spectrum to get the “revised” energies £ }Oj D For this purpose,
one can plot ,](F(gﬂ) vs. E ﬁoj Y for each state. At high enough frequency these points are

all near smooth curves with slope near one in each Floquet zone, thus providing a natural

unfolding of the spectrum. But with this unfolding the energies do not properly match the

quasi-energies. To get the proper revised energies E ,(FO\T D we do two more steps: First, we

shift all energies £ }Oj b by some smooth function (in practice a linear function suffices) of

(0+1

the energy, to make the spectrum all close to Ey,, ) ~ 7Q§OH)

v mod Q. Thus in the linear

approximation we define a revised approximate Hamiltonian as A = b + mHﬁOH), with m
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near one and a shift b of the zero of energy. Then, finally, we add a small amount to each en-
ergy to make the revised energies £ éoj D precisely match the quasi-energies 7<l~£2/+1)’ modulo
Q. Thus we have produced a revised approximate Floquet Hamiltonian Hr whose eigen-

states are identical to those of

H I(EOH), but whose spectrum has been shifted to agree with the

0+1)

%y

Step (iv) of this procedure fails at low frequency, where many states have |(v|Ur|V)| < 1 and thus
do not have well-defined quasi-energies. This results in ambiguities in the unfolding procedure
(iv). For the model under consideration, we have found that for L < 16 we obtain meaningful
and reliable revised energies for Q/Jy = 1.5. Interestingly, this frequency is significantly less than
the crossover scale Q* suggesting that the heating transition occurs through proliferation of these
resonances in the regime where they are still narrow and well defined.

Figure 5.19 shows four nearly-degenerate pairs of exact Floquet eigenstates at different values
of Q/Jy. To take into account the effect of the density of states, we sum the projections |{n|v)|?
over a small shell of revised approximate energies, see caption. At high-frequencies, Fig. 5.19d,
we do not find resonances. Here the matrix elements (v|Up|u) between states in different Floquet
zones are all small compared to the quasi-energy level spacing in the spectrum of Ufr, so even
almost-degenerate eigenstates of Ur map almost purely on to a single Floquet zone. Thus in this
regime the spectrum of Ur can be unambiguously unfolded, and an excellent local approximation
to the exact Hr exists. Whether or not this regime inevitably “retreats” to infinite Q as L — oo
is an interesting question for future investigation. As the frequency is decreased, Fig. 5.19c and
Fig. 5.19b, Floquet many-body resonances do appear. We find that the matrix element between
resonant states <m\H}O+1) |n) is enhanced up to a few times the bare hopping amplitude Jy. As a
result, for intermediate frequencies, these Floquet many-body resonances constitute the dominant
fraction of off-diagonal matrix elements of the energy operator H, ﬁOH). Moreover, they connect
different Floquet zones, and the system thus starts absorbing (or emitting) energy. Consequently,
due to the small number of resonant pairs with large off-diagonal matrix elements, the dynamics

of the energy is, to a large extent, dominated by these drive-induced transitions, which leads to
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Figure 5.19: Examples of nearly-degenerate pairs of exact Floquet eigenstates, including Floquet
many-body resonances, in the dynamical regimes of interest. The resonant state |n) is quantified by

the quantity R, = ¥, | (n|u)[*8(vkx < E}OH)’“ < Viyt1), with v = kdv, k € N, and the small energy

shell dv = Q/100. Here |u) denotes an eigenstate of HI(VOH). The range of the x-axis coincides

with the many-body bandwidth, while the vertical dashed lines mark the boundaries of the Floquet
zones. The parameters are U /Jy = 1, { = 0.6, 8 = 0.12, which amounts to J'/Jy = 0.41, J/Jy =
0.29, and L = 16.
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the observed non-thermalising glassy behaviour. It follows that a description based on statistical

mechanics w.r.t. the approximate Hamiltonian fails to capture the stroboscopic physics at

H,SOH)
any sensible time scale in this crossover regime. In this same crossover regime, we also find that the
eigenstates of Hﬁoﬂ) can be cleanly assigned quasi-energies, so there is a well-defined “folding”
procedure, see steps (iii) and (iv) above, to define the energies E}O\f 1), but the unfolding of the
exact quasispectrum of Ur is no longer well-defined, due to the presence of the Floquet many-body
resonances. Finally, Fig. 5.19a, when the driving frequency is reduced even further, the Floquet
many-body resonances proliferate. At the same time, however, the matrix elements (m|H, 1(;0+1> )
between the resonant states decrease again and become closer to the average off-diagonal matrix
element [which is small since these states are well-thermalised to infinite temperature]. Hence,
the system continuously absorbs energy and heats up to infinite temperature, thereby delocalising
along the energy ladder. This heating is rapid, as indicated by the broad line widths in Fig. 5.19a.
The dynamics of the system is completely chaotic and, therefore, thermalising again. Decreasing
the frequency even further to Q/Jp =1, Hp is no longer well-defined, as we explained above, while
H I(VOH) is becoming a very poor approximation to the correct, now highly-nonlocal Hr. Hence, the
eigenstates of Ur are completely delocalised over the E };OH)—axis.

Applying the van Vleck inverse-frequency expansion to a given order ngrg yields a truncated

HI(70+W+nHFE)

(approximate) Floquet Hamiltonian and the corresponding truncated (approximate)

time-periodic Kick operator K, §0+“'+"“F E) (t). The Hamiltonian H, }0+"'+"“F £) is a sum of local many-
body operators with an unfolded spectrum, the bandwidth of which necessarily goes to infinity
in the thermodynamic limit. If we now use this truncated kick operator to transform the original
lab-frame Hamiltonian H () to a rotating frame, the corresponding rot-frame Hamiltonian has the
form H™'(t) = HI(VOJF'“JF"HFE) +W(t), where W(t) = W(t +T) ~ Q mm+1) by construction [9,

, ]. In this rotating frame, we can interpret the heating problem as follows: the inverse-
frequency expansion takes care only of the virtual photon-absorption processes, pretty much like
any ordinary Schrierffer-Wolff transformation does [105]. As a result, this shifts the energy levels

of the non-driven Hamiltonian Hy by a small amount. This is why the width of the resonances

is reduced tremendously by taking into account the leading-order correction, compare Fig. 5.16¢
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and Fig. 5.19¢c. Although these virtual transitions do have an effect on the underlying physics,
they can only result in heating to a small finite temperature [e.g. due to the abruptly switching on
the drive or a possible adiabatic preparation of the initial state]. At this level, if one insists that

HIE_0+-~<+HHFE)

the spectrum of the Hamiltonian is only defined modulo € and folds it artificially,

the original Wigner-Dyson level spacing statistics of the non-integrable H. }0+"'+”HFE)

will suddenly
change to Poisson statistics, due to the lack of photon-assisted level repulsion, see Sec. 5.3.5.2.
On the other hand, taking back into consideration the time-dependent piece W (¢), we find that it is
responsible for driving real photon-absorption transitions between the approximate Floquet levels

of H}O+"'+"HFE), which are not captured by the inverse-frequency expansion to any order. Note

that these pairs of states with energy difference E}OHJ{ ) _p 1(,0; ) o 1Q with [ € N are
guaranteed to exist in the TD limit where the spectrum becomes dense and unbounded. It is these

direct transitions between the Floquet many-body states of H I(DOJF'"MHFE)

which can potentially lead
to heating to infinite temperature in the longer run, irrespective of the driving frequency. Ultimately
whether this heating happens or not in the thermodynamic limit will be determined by the ratio of

H}(70+”'+HHFE)

the width of the many-body resonances in the basis of and the splitting between these

resonances due to W (). We leave this interesting and important question for future work.

5.3.6 Discussion

In summary, we presented numerical evidence that strongly interacting two-band systems which are
resonantly coupled via a periodic drive feature a large window of stable controllable time-evolution
at high frequencies. The studied two-band system only weakly absorbs energy from the drive at
the experimentally-relevant time scales and is, therefore, amenable to Floquet engineering. This
opens up the possibility of studying also other interesting strongly interacting systems including,
for example, fractional Floquet topological insulators [69] or Heisenberg models with artificial
gauge fields [105]. By studying the heating—to—no-heating crossover, we laid the foundations to
understand the microscopic origin of heating in non-integrable perodically-driven systems.

It is important to emphasise, that our two-band model might not be fully sufficient to describe

some undergoing experiments, due to the presence of even higher bands. However, their influence
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on heating, can be estimated from our results. Although the typical driving frequencies may not
necessarily be large enough to induce direct transitions to these bands, higher-order photon ab-
sorption processes with reduced matrix elements can occur [333]. Since higher bands have much
larger bandwidths, it becomes much more likely to hit a single-particle resonance which defines the
crossover scale Q*, cf. Sec. 5.3.3.3. If such a single-particle resonance is present, we expect that
we will again see heating. Last, while we did not consider this, it also bears mentioning that the
presence of perpendicular to the lattice plane dimensions, comprising continuous degrees of free-
dom (tubes/pancakes), plays a crucial role for heating. In such cases, heating effects are enhanced
by photon-stimulated scattering into these additional dimensions, which can act as reservoirs and
facilitate thermalisation at a higher temperature [165, , , 1.

The existence of nonthermalising time-evolution, featuring strong temporal fluctuations and
correlations, at the crossover between a stable and an unstable regime is reminiscent of a dynam-
ical phase transition between many-body localised and delocalised phases in energy space [77].
We have identified many-body resonances as the microscopic origin of this behaviour. Never-
theless, our results do not allow for a direct extrapolation to the thermodynamic limit. Whether
or not infinite isolated ergodic Floquet systems at high-frequencies eventually heat up to infi-
nite temperature at infinite times or remain localised in energy space forever, remains yet to be
revealed. While this is still an open problem with examples existing indicative of either out-
come [74, 75,77, 78, 80, 104, 106, 113, 183, 297, 303, 309, 345-347], recently developed rig-
orous proofs suggest that heating in fermionic and spin systems, if at all present, happens at most
exponentially slowly in the driving frequency [98, 100-102].

A natural way to prevent infinite heating is to couple the driven system to a thermal bath. In
this case it is expected that the system will eventually approach a non-equilibrium steady state in
which the energy absorbed from the driving is balanced by the energy dissipated into the environ-
ment [348-351]. The value of measurable quantities (such as transport coefficients and correlation
functions) will depend crucially on the nature of the (putative) non-equilibrium steady state [38—

] which, for this reason, has been the focus of intense research [352, ]. Despite this intense

effort, a general understanding of the non-equilibrium steady state is still missing but it seems clear
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that the steady state will, in general, be non-thermal [351, , 355]. Therefore the thermodynamic
behaviour of periodically driven systems is expected to be qualitatively different from those of

non-driven systems [356, ].



Chapter 6

Concluding Remarks

6.1 Outlook and Future Perspectives

Periodically driven systems in the high-frequency limit can be used to engineer interesting effec-
tive Hamiltonians, which are very difficult or impossible to realise in equilibrium systems. They
provide an important step towards the simulation of quantum condensed matter systems, and can
be used to test predictions of physical theories in new regimes.

In this thesis, we have presented a systematic and self-contained analysis of periodically driven
systems, identifying three mainstreams: (i) Floquet engineering, which deals with ascribing desired
properties to the Floquet Hamiltonian with the help of a suitably chosen periodic modulation. (ii)
Floquet adiabatic perturbation theory, which addresses the problem how to load a physical system
into a desired Floquet eigenstate in order to access the corresponding physics. And (iii), pre-
thermalisation and thermalisation in driven systems which are ultimately related to the energy
absorption rates, and the stability of Floquet systems exposed to a continuous periodic modulation
in the absence of energy conservation.

In particular, we have started by precisely defining the Floquet stroboscopic (FS) and Floquet
non-stroboscopic (FNS) dynamics and computed the dressed operators and the dressed density
matrices required to correctly describe both these measurement techniques. The Floquet non-
stroboscopic dynamics (FNS), which suits very well the current experimental techniques, often
opens up the possibility of measuring Floquet gauge-invariant physical observables like the proper
current associated with the Floquet Hamiltonian. Special emphasis was put on the Floquet gauge

structure associated with the choice of the stroboscopic frame, and how one can translate between
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the stroboscopic and the non-stroboscopic picture.

As the main tools to study Floquet engineering in the high-frequency limit, we employed the
Floquet-Magnus and the van Vleck inverse-frequency expansions. We showed that they can be
used to calculate the leading corrections, to the infinite-frequency Floquet Hamiltonian. When
applied to time-independent Hamiltonians in the rotating frame, one can use them to eliminate a
high-energy scale from the problem and derive an effective dressed low-energy Hamiltonian with
renormalised parameters similarly to the celebrated Schrieffer-Wolff transformation. Moreover,
we discussed how one can naturally extend this transformation to periodically-driven setups and
identified new terms in the dressed Hamiltonian, which appear due to the driving, and which lead to
heating and other non-equilibrium effects. We elaborated on the systematic calculation of higher-
order corrections to the Rotating-Wave approximation, as well as its relation to the mathematical
modelling of Floquet resonances.

A prerequisite for finding non-trivial high-frequency limits is a strong coupling of the driving
protocol to the system, in the form of a driving amplitude which scales with a power of the driving
frequency. Often times, a systematic way of studying the inverse-frequency expansion of the Flo-
quet Hamiltonian is to first go to the rotating frame w.r.t. the driving Hamiltonian. We proved that
this amounts to the resummation of an infinite lab-frame subseries and demonstrated this on sev-
eral examples. Moreover, we identified three classes of universal high-frequency driving protocols
leading to well-defined local Floquet Hamiltonians (c.f. Fig. 6.1), but there may be more. For each
class, we have calculated the form of the effective Floquet Hamiltonian which differs significantly
from the time-averaged one.

The Kapitza class is characterised by a kinetic energy term which is quadratic in momentum,
and a driving amplitude which scales linearly in Q. We gave examples of both a single- and many-
body systems which realise this limit. The Dirac class is benchmarked by a linear kinetic energy
term which requires adding a spin structure via the Pauli matrices. One can periodically drive either
an external magnetic field, in which case the amplitude should scale as Q or, alternatively, the drive
can couple to an external potential but then the driving amplitude is required to scale as Q2. The

Dunlap-Kenkre (DK) class applies to lattice systems with an arbitrary dispersion relation, where,
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interactions terminates to order n if K ~ p" is possible infinite temperature

Figure 6.1: This figure summarises the scenarios discussed in this thesis: globally periodically
driven continuum and lattice models. Depending on whether one drives the interaction or the
external potential the Floquet Hamiltonian can be local (YES) or a non-local one (NO). A local
Floquet Hamiltonian is a sum of spatially local terms and can include only few-body interactions.
Different scenarios might appear in locally driven systems. For example, driving any local in space
term like the local hopping strength or the local interaction coupling does not produce any long-
range terms in the infinite-frequency Floquet Hamiltonian.

one drives an external single-particle scalar potential, whose amplitude scales linearly with Q. We
illustrated all three classes with various examples and discussed recent experimental progress made
with ultracold atoms.

Chapter 4 was devoted to the extensive study of adiabatic perturbation theory in the presence
of the drive. The notion of Floquet adiabaticity is intriguing and can naturally be extended and
applied to a variety of novel physical situations.Our conclusions tell us about possible issues with
any low-frequency linear response theory applied to isolated Floquet systems, which is very rel-
evant as a method for measuring these systems and has been discussed extensively in the recent

literature [290, , , , ]. We have derived FAPT by looking into properties of the Flo-



283

quet gauge potential Ar, which is an operator whose diagonal components give generalisations
of the Berry connections. However, as an operator, this actually gives us access to many more
properties such as off-diagonal connections. Furthermore, it readily gives access to non-Abelian
Floquet Berry connections in the presence of degeneracies, as has recently been explored in non-
driven systems [359-362]. This is particularly important as experiments involving Floquet systems
are quite active in the creation of topologically non-trivial states, the most interesting of which
have non-trivial non-Abelian Berry phases. The generalisation of these techniques to cases with
degeneracies will, therefore, lead to a proposal for a measurement protocol for these non-Abelian
effects, and will provide valuable insight on differences in topological physics between driven
and non-driven systems. Moreover, the methods we discussed are expected to naturally extend to
mixed states, and an important open question is how they are modified by weak interactions with
the environment [92, -365]. At the same time, the absence of a well-defined adiabatic limit
in open periodically-driven systems poses interesting fundamental questions regarding the stability
of Floquet phases which, in equilibrium systems, is based on the maximum entropy principle and
the resulting equivalence of adiabatic generalised forces. In the absence of adiabaticity, one must
re-examine fundamental questions, such as the existence of the equations of state, and many other
statements which we take for granted in equilibrium thermodynamics.

In Chapter 5, we studied thermalisation is periodically-driven systems. At high frequencies, it
is known to happen exponentially slowly, thus opening large pre-thermal windows where the time
evolution of the system is well-captured by the inverse-frequency expansion. Fermionic and spin
systems absorb energy less efficiently compared to bosonic systems whose short-time dynamics can
easily be dominated by parametric resonance effects which then set the relevant heating time scale.
In general, we have shown that many-body Floquet systems thermalise through a proliferation of
Floquet resonances in the quasienergy spectrum as a function of the drive frequency, which appear
as a result of a strong hybridisation of resonant states in the spectrum of the approximate Floquet
Hamiltonian obtained using the inverse-frequency expansion. We have further demonstrated that it
is these Floquet resonances which lead to the ultimate breakdown of the inverse-frequency expan-

sion and are, therefore, naturally not captured by it. While there exists solid numerical evidence
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that at small driving frequencies, many-body Floquet systems quickly heat up to an infinite tem-
perature state, while at large frequencies energy absorption is at least exponentially suppressed, the
ultimate fate of heating at infinite times remains a major open problem. These important issues are
not yet fully settled. We hope that they will be resolved in future experiments and theoretical work.

While classical few body Floquet systems, such as the Kapitza pendulum and its variations,
found a multitude of interesting and useful applications, the experimental realisation and system-
atic theoretical analysis of many-particle periodically driven systems is very recent. We discussed
several realisations of Floquet systems both in cold atoms and in solid state materials, where new,
hard to achieve otherwise, regimes have been accessed using a periodic modulation. This lead
to the emergence of a new research direction, dubbed “Floquet engineering”, which has the po-
tential to develop systems with unique properties in the near future. Floquet systems constitute a
playground for studying many different phenomena such as information and entanglement propa-
gation in the absence of conservation laws, finding non-equilibrium optimum quantum annealing
protocols, designing materials with tunable properties, and many more. There are also many open
conceptual problems in Floquet systems, which we mentioned only briefly in this thesis but which
are obviously important for our overall understanding of driven systems. In particular, the nature
of steady states in open Floquet systems, i.e. Floquet systems coupled to a thermal bath, robust-
ness and universality of topological Floquet phases, nature and classification of phase transitions
in driven open and isolated systems, and others. We hope that these and other questions will be

understood in the near future.

6.2 A Collection of Open Problems in Closed Floquet Systems

In the last section of this thesis, we provide a short list of potentially interesting open (at the time
this thesis was written) problems, the solution of which, we believe, should bring our understanding
of Floquet systems a good deal forward. While some of these problems are sufficiently complex
and pose a considerable challenge, others are seemingly straightforward which makes them suitable

for undergraduate and other research projects.
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1. From the point of view of Floquet theory, parametric resonance results in a continuous
quasienergy spectrum, see Sec. 3.3.2 and Ref. [238]. Is the spectrum near Floquet reso-
nances in arbitrary (non-linear) driven systems also continuous in the limit of infinite system
size? One way to approach this problem is to (i) numerically verify the results of Ref. [238]
paying specific attention to the way the Floquet spectrum on resonance becomes continuous
as a function of the system size (i.e. the number of states in the Hilbert space). (ii) once this
mechanism has been established, one can study the Kapitza pendulum which is non-linear
and thus, more generic since the exponential growth of observables due to parametric res-
onance will be cut off. (iii) is it possible to extrapolate the results to many-body Floquet

systems with dense spectra.

2. What is the fate of classical chaos induced by periodic kicks in the quantum limit, and how
is the latter related to the Floquet resonances? For example, one can consider the Kapitza
Pendulum: while the quantum system is governed by a time-periodic Hamiltonian which
constitutes a linear operator on a Hilbert space and, therefore, obeys Floquet’s theorem,
the classical EOM are nonlinear which violates a major condition for the applicability of
Floquet’s theorem. This suggests the existence of an interesting intrinsic difference between
the classical and quantum dynamics. Nevertheless, the Floquet Hamiltonian obtained for
the quantum problem has a well-defined classical limit and, moreover, it appears to describe
the essential features of the dynamics of the classical system accurately (e.g. dynamical

stabilisation).

3. Can one construct a frame where the inverse-frequency expansion for a globally-driven sys-
tem is guaranteed to converge (to a possibly non-local Floquet Hamiltonian) at least for
small drive amplitudes (compared to the drive frequency)? Such a construction has been

demonstrated for local drives in Sec. 2.3.2.2.1.

4. (mathematical physics) How does taking resonances into account improve the rigorous upper
bounds found on energy absorption in Refs. [98, —102]? Can one prove a non-negative

lower bound on energy absorption to extract its ultimate fate in the thermodynamic limit?
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10.
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Study systematically the appearance and behaviour of resonances as a function of the drive
frequency in strongly disordered many-body Floquet systems (which are believed to be in
a many-body localised phase) and compare it to those in clean (i.e. disorder-free) systems.
If one believes that generic clean isolated many-body Floquet systems always heat up to an
infinite-temperature state, find a property of the resonances which clearly displays a different

behaviour in the clean compared to a disordered Floquet system, as the system size is scaled

up.

Study thermalisation and energy absorption in finite-size bosonic many-body Floquet sys-

tems. Are there any distinctive qualitative differences to fermionic and spin systems?

Extend the Weak-Coupling Conserving Approximation (WCCA) for the driven Bose-Hubbard
model (See Sec. 5.2.2) to second order in U and simulate the resulting (nonlocal in time)
EOM: do the intuitively predicted time scales for the validity of the WCCA hold true? [this

has been done for fermions in Ref. [346]]

. Find conclusive evidence whether closed many-body Floquet systems heat up to an infinite-

temperature state at infinite times and in the thermodynamic limit. Formulate condition(s) for
a driven system to remain localised (see e.g. the energy-space many-body localised system
of Eq. (3.115) for { = 0 where the Floquet Hamiltonian at any frequency is given by the

Fermi-Hubbard model with interaction strength Q).

Are there other alternatives, possibly better than FAPT, to load into a desired Floquet state,
which are sufficiently flexible to be applicable to a wide class of systems? One can use as
a motivation the loading protocol sequence of Sec. 4.6, where the drive amplitude is first

quenched and then ramped to obtain optimal fidelity.

Extend Floquet theory to problems where the driving field itself is a dynamical degree of
freedom. Find out which features of Floquet theory survive, and which undergo modifica-
tions. What if the driving field becomes quantum (e.g. the number of photons is small)?

What is the manifestation of Floquet resonances in this quantised-drive problem?
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11. Formulate a consistent Floquet theory for two-frequency drives. How important is the com-
mensurability of the two driving frequencies? Can Floquet theory be extended to study

aperiodic time-dependent systems?



Appendix A
Lattice vs. Continuum Models

In this appendix we discuss some subtle differences between the lattice and continuum models
discussed in the Secs. 3.1.1, 3.1.2 and 3.1.3. In particular, we show how to combine the re-
sults of Sec. 3.1.2 and Sec. 3.1.3.4. We demonstrate the relation between the models for one-
dimensional non-interacting systems, but the generalisation to higher dimensions including inter-
actions is straightforward.

Systems with linear dispersion.—Consider first the following static, non-interacting Hamilto-

nian with linear dispersion

Hom = [ 42 (<97 (90,90 + hc.). (A1)

To discretise the model, we put it on a lattice with lattice constant a. The corresponding lattice

Hamiltonian is given by

J
Hau =Y i(—mﬁ (xX)y(x+a)+h.c.). (A2)

X

If one goes to momentum space, the dispersion relation is €(k) = % sin(ak), and in the long-
wavelength limit, ak < 1, we conveniently recover the continuum linear dispersion & ~ Jok.
In particular, it follows that in lattice theories with linear dispersion, the hopping matrix ele-
ment should scale as 1/a. If one, on the other hand, starts with a lattice theory, one can re-

cover the Hamiltonian (A.1) from Eq. (A.2) in the limit @ — O by using the identity y(x+a) =
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W(x) +ad,y(x) + O(a?), and collecting powers of a.
Let us now add to this Hamiltonian a time-dependent electric field with the amplitude V and

frequency Q:

Hr) = / a2 (i ()3w(x) +hc.) 4V cos(Q) ' (W) (A3)

In Sec. 3.1.2.2, we showed that the zeroth-order Floquet Hamiltonian for this relativistic continuum
theory is not affected by the drive if we keep { = V/€Q independent of Q, i.e. scale the electric field

amplitude Vj linearly with the frequency:
Jo, .
HY = / dxzo (—iy" (x)9,y(x) +he.). (A4)

On the contrary, in Sec. 3.1.3.4 we considered the same Hamiltonian on the lattice, and found the

following non-trivial zeroth-order Floquet Hamiltonian:

J
Hi = ¥ 5o 0(Ca) (~iv' (0w (x+a) +he.) (A5)

X

At first sight, the two results seem contradictory. To find the proper continuum theory, we expand
Eq. (A.5) in powers of the inverse lattice constant. Using the identity J(la) = 1+ O(a?), we see
that the low-energy effective Hamiltonian is independent of . Consequently, all the non-trivial
effects introduced by the driving vanish in the long-wavelength limit and, therefore, the lattice and
continuum models are consistent and yield the same result. A similar derivation applies to higher
order corrections in the Magnus expansion. From Eq. (A.5) we also see the condition under which

the continuum approximation holds:
a1l & Voa< Q. (A.6)

where, the equivalence of these two conditions follows from the definition { = V) /Q. The product

Voa is the maximum energy difference generated by the driving potential between two lattice sites.
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So the continuum approximation holds only in the limit when this difference is small compared to
the driving frequency. Once this condition is violated, the full lattice dispersion has to be taken into
account and the continuum approximation breaks down.

Systems with quadratic dispersion.—We now show the correspondence between the continuum
and lattice theories for systems with quadratic dispersion. The non-driven continuum and lattice

Hamiltonians read as

Heone = /dx¢T(X)(—a)2C>¢(X),
Ha = — 53 (0(x) 0(x+a) =20(x)"0(x) +0(x +a) ¢ (x)). (A7)

Notice that in the case of a quadratic dispersion, the hopping matrix element scales as 1/a>. Now

consider the driven model

H() = / o (1)~ 2)0(x) + Vocos Q4 F(x)0" (x)0(x). (AS)

Recall that the continuum model fits into the Kapitza class, c.f. Sec. 3.1.1, while the lattice model
is part of the DK class, Sec. 3.1.3. A careful reader might be worried that in the former case, in the
limit Q — oo, we found an emergent effective potential leading to dynamical stabilisation whereas,

in the latter case, we obtained the following modification to the hopping matrix element:

Hi =0 Y 30 (L (x+a) ~ L)) (67 (4 )00) +he) + 20 Y o) 0(0).  (A9)

where, as usual, { = Vj/Q. To reconcile the two approaches, again we take the limit @ — 0. In doing
so, we write f(x+a) — f(x) = af’(x) + O(a?), and use the expansion Jy(z) = 1 —z2/4+ O(z*).

The results is

2
il = [ @010 (<2345 170 ) 000 (10

2

We therefore see that indeed the continuum theory features an emergent potential given by Af[f,gw

which establishes the relation between the Kapitza and the DK classes, c.f. Eq. (3.5).



Appendix B

Outline of the Derivation of the Floquet-Magnus and van

Vleck Inverse-Frequency Expansions

In this appendix, we briefly summarise the most important steps in the derivation of the Floquet-
Magnus Expansion (FM HFE) for the stroboscopic Floquet Hamiltonian and the van Vleck Expan-

sion (vV HFE) for effective Hamiltonian.

B.1 The Floquet-Magnus Expansion

The evolution operator for a single period, starting at time fy, is given by

to+T
U(T +19,t0) = T exp <—i/ dtH(t)) = exp (—iHpto)T), (B.1)

fo

where we used Floquet’s theorem for the second equality. Inverting this equation,

. to+T
Hgn) = %log [Q}exp <—i/ : dtH(t))] , (B.2)

fo

and we find the unique stroboscopic Floquet Hamiltonian'. Now, we can expand the RHS in powers
of the inverse frequency Q = 2r/T using the Baker-Campbell-Hausdorff lemma. It can be verified
that this immediately results in Egs. (2.41) from the main text.

To obtain the stroboscopic kick operator Kr[to](t) = ilog P(t,1), we invert Floquet’s theorem

I'The uniqueness of the evolution operator is provided by the uniqueness of the solution to Schrédinger’s equation.
The uniqueness of H [fp] is understood up to the quasi-energy spectrum folding ambiguity.
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U(l+to,to) = P(l‘,to)exp(—iHF[lo] (t —l‘o)):

to+t

Kr 1] (t) = ilog [Q}exp (—i/[(J dt’H(t’)) exp (iHr[to](t —19)) | - (B.3)

Expanding the RHS in powers of Q! yields Eqs. (2.43). Since Kr[fo](¢) is constructed order by

order in the inverse frequency, it is also a unique operator.

B.2 The van Vleck Expansion

To derive the High-Frequency Expansion, we make use of the results from Appendix B.1 above.
Starting from the relation between the fast-motion operator P(z,7)) = exp (—iKp|to)(z)) and the

effective kick operator K(¢) in Eq. (2.15), we have
Krto](¢) = ilog[exp (—iKes(2)) exp (iKefr(10))] - (B.4)

Notice that the Q~!—expansion of the LHS is already known from Appendix B.1. Hence, pos-
tulating Kegr = Z;"ZlKé?f) with Kgff) ~ Q7" we can again apply the Baker-Campbell-Hausdorff
lemma. Note that the boundary condition for the vV HFE enters here, since K. does not have a
zeroth harmonic by construction. By comparing equal powers of the inverse frequency, we arrive at
Eq. (2.46). Notice again that K is an operator, whose uniqueness is inherited by that of Kr[to](7).

Once we have the effective kick operator, we can apply Floquet’s theorem again to determine
uniquely the effective Hamiltonian H.g order by order in Q™". Equivalently, one can use the
transformation law Hegs = exp (iKefr(1)) Hr [to] exp (iKest(¢)) to find the perturbative expansion of the
unique effective Hamiltonian from the Magnus expansion. For alternative derivations of the high-
frequency expansion, see Refs. [9, 32, 87]. We mention in passing that expanding the LHS and
the RHS in powers of the inverse frequency and matching the coefficients is essentially the same

idea which also lies behind the derivation of the generator of the Schrieffer-Wolff transformation,

c.f. the discussion in Sec. 3.2.



Appendix C

Corrections to the Inverse-Frequency Floquet

Hamiltonian for the Harper-Hofstadter Model

C.1 Corrections to the Effective Hamiltonian Hr [t

C.1.1 First-order Coefficients for the 1D Driven Boson Model

Here, we briefly list the expressions for the nnn hopping, and the staggered potential, found to first
order in the Magnus expansion to the model discussed in Sec. 3.1.3.2. All the integrals are given

in the Floquet gauge fy = 0. We recall that

gm,m—H (’C; C) = exp [—lc SiIl(T - q)nm)] )

where T = Qf. Then the coefficients to the Hamiltonian H, }1) given in Eq. (3.60) are given by the

following time-ordered integrals

111,11 1 o o m,m m m
cmA(g) = ami J, dTl/O dro [g"" (1) g TR (1) — (145 2)]
1 2n T .
GO = o [ dn [ dnim (@) e ) cn

We mention that these expressions are the same as the corresponding one for nnn hopping along

m,m+1

the y-direction TCyy ’m+2(C), and a staggered potential along the y-direction and TE (€) found

in the 2D extension of the model from Sec. 3.1.3.3 (see below).
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C.1.2 First-order Coefficients for the Harper-Hofstadter Model

In this appendix we discuss the parameters of the leading correction, Eq. (3.73). Let us define two

auxiliary functions f and g by

frrrlz,erl(r;C.:) = exp[—iCsin(T — Qun) +iT]

&Nl = exp[—iCsin(T— Gpm)]- (C.2)

The coefficients B, C, D, and E in Eq. (3.73) are given by the following time-ordered integrals:

1 21 T1
B (€)= Z aty [ A% [f () s (2]
T Jo 0
2n
n+1
BO= g e [l e - g ) ©3)
0 0
2
Cha©= g [ @ [ 4 [ i)~ (162)
mm+2 ani J, 1 0 2 [Umm4+1\ V) I m1,m4-202 )
1 27 T]
TCEM_Z((:) — — d’Cl/ d’Cz [g2n+l(,cl)g2+l,n+2(,c2) . (1 92)},
4mi 0 0
n,n+1 1 n T 1
fDm,erl(C.:) = ATt 0 dTl/() dt, frrrlherl(ﬁcl)gZiT (TZ)
f;*;,,‘H(rz)gz"“( - (102,
\Dn,nJrl (C) . znd’c dT f (T )) nn+1( )
mm—1 = 470 1 2 m—1,m\ ‘1 8m—1 (T2

" (f,ﬁt%,mm)) g - (102,

1 27 Ty .
Ea©= g [ o [ { () )}
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n,n+1 1 m

n (0= — dt; /0rl d’Czlm{(gz{nH(fcl)) gznﬂ( )}’

'E
2 0

All the coefficients are defined on the bonds between sites, labelled by (m,n). Apart from
E, the coefficients B, C, and D are complex numbers, and hence modify the properties of the
artificial magnetic field. Furthermore, the diagonal hoppings ~"D and "D are different, due to

broken rotational symmetry.

C.2 Corrections to the Effective Hamiltonian Heg

C.2.1 First-order Coefficients for the 1D Driven Boson Model

In this appendix, we list the expressions for the nnn hopping, and the staggered potential, found
to first order in the High-Frequency expansion to the model discussed in Sec. 3.1.3.2. In order to
distinguish them from those in the Magnus expansion, we use an extra tilde in the notation. For-
mally, the difference is the factor (1 — %) in the integrands, which ensures that the expressions

are Floquet-gauge independent. We recall that

""" (w;8) = exp[~iCsin(t — Gum)]

where T = Qf. Then the coefficients to the Hamiltonian Hélff) given in Eq. (3.60) are given by the

following time-ordered integrals

2n —
oG = dﬂ/ dvy (1_ - nm) [ (m)g" " (1) — (142 2)]

Ami

Gt (€)= /Mdtl/ dﬂ:2<l— TZ)I {1 @) ¢ m)}.  ©4

We mention that these expressions are the same as the corresponding one for nnn hopping along
the y-direction TC}y ’m+2(C) and a staggered potential along the y-direction and TE{’ i (€) found

in the 2D extension of the model from Sec. 3.1.3.3 (see below).
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C.2.2 First-order Coefficients for the Harper-Hofstadter Model

In this appendix we discuss the parameters of the leading correction, Eq. (3.73). Let us define two

auxiliary functions f and g by

frrrlz,erl(r;C.:) = exp[—iCsin(T — Qun) +iT]

&Nl = exp[—iCsin(T— Gpm)]- (C.5)

The coefficients C, D, and E in Eq. (3.73) are given by the following time-ordered integrals:

~n 1 21 T
SO Q= — [ dy / i, (1 -
0 0

4mi

27 _
g gn o [T (12T e g ) - 100 2),

rz) [fr’:l,m+l<11)fl?1+l7m+2(r2) - (1 <~ 2)] ,

4m

~nn+l1 2
pto= LT / 0, (1

4mi

) [f,':,,m+1<n>g:'n:11<rz>
+f"t,3+1 (g (1) — (1 65 2)} ,
nn 1 21 T1 _ . * nn
SN O= g [ e [Cen (12007 [

# () i) - (1 02|,

1 21 T o .
B @= 5 [ e [Can (1= T i (e (0) (2],
21 T o
o= g [ e (12T g e) g )

All the coefficients are defined on the bonds between sites, labelled by (m,n). Apart from E,
the coefficients C, and D are complex numbers, and hence modify the properties of the artificial

magnetic field.



Appendix D

Details in the Derivation of Floquet Adiabatic

Perturbation Theory

In this Appendix, we give the details of the derivation of Eq. (4.16) from the main text. To this end,

let us write down again Eq. (4.14):

ich =AY (np (W] AL (A1) lmp (L))l B O~ (D.1)
m#n

which is an exact Schrodinger equation describing Floquet systems. If A(7) is a slowly-varying,
monotonic function of time, and the ramp is adiabatic: A — 0, the RHS vanishes identically and the
system remains in the instantaneous adiabatically-connected state. However, any finite ramp speed
results in excitations, the magnitude of which is governed by the instantaneous velocity 7L(t) In
order to understand these excitations, our strategy is to formally integrate Eq. (D.1) perturbatively,

using the ramp speed as a small parameter.
Let us assume that at time #; we start the evolution in the ground state of the non-driven Hamil-
tonian, i.e. ¢,(f;) = §,0. Straightforward integration then leads us to the first correction to the

amplitude for making a transition to the n-th excited state (n # 0):
s (DL (t')—@L (1) o F N 4 32
n(M),1) = i/ dr'A(t)e! PR EDAT (M), 1) + O(A%), (D.2)
14

where we define A% (A1) = (np(A)]AF (X,1)|0F())) to simplify notation. Next we need to evaluate

the rapidly oscillating integral in Eq. (D.2). To do this, we cast the Floquet gauge potential at fixed
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A in Fourier space

af(n1) = i a5 (L)e, (D.3)
f=—oo

Thus, Eq. (D.2) assumes the form:
/ ; L i(DPF (1) —DF () + Q") g F L / 2
&0 =i / de'h (¢ )e!(@h )% AFLOUE)) + 0(32). (D.4)
Y4 t

We are faced with a rapidly oscillating phase, multiplied by a slow function in the integral so we
can use standard techniques for evaluating it approximately. For finite values of A(#;) and A(zf),

this can be done by integration by parts, assuming X(tl-) = 0 and staying to linear order in X(t):

t
iy / di'A(1")el P AT AL (r))
1 Jt

= /t dr' j\.(l‘/)Ag(’f(},(t’)) iei@f(l’)f@g(ﬂﬂgh’)

o E(Mt")) —eo(Mt')) +£Q !
_ MOAR (A)e o
N 8n((;»(t)) e+ O(A%, ). (D.5)

To simplify the notation, it is useful to suppress some of the ¢-dependence. Going back to the

original ¢,(t) frame we obtain:

(nr (M)A 10 (L))
el —ef +(Q

Cn(t) :e—i*i)g(z)}\‘(t) Z eiéQt

{=—o0

+0 (x ‘xZ) . (D.6)



Appendix E

Exact Solution to the Harmonic Oscillator with

Periodically Displaced Potential

In this appendix we outline the exact solution to the driven Harmonic oscillator from Sec. 4.3.2, as
well as derivations of various formulas from the main text. Once again, throughout the derivations
below we set i = 1. The general solution is outlined in a set of notes by Peter Hinggi on period-
ically driven systems and can be found online [91]. As we follow the derivation of Ref. [91], we
use the notion of rotating frames to be consistent with the discussion in the main text.

The Hamiltonian we would like to solve reads as:

: 1
H(t) = 2= 4+ - maie = f(1)x = Hio — (1) (E.1)

By going to a rotating frame using the consecutive transformations
Vi(t) = e MOP; vy(r) = M, (E2)
one finds that transformed Hamiltonian:
H™'(t) = Hyo +x [mii(t) + mogn(t) — f(t)] —L(M,N,1), (E.3)

where L is the classical Lagrangian for the lab frame H(z):

1 1
L, N,1) = Smm?(e) = Smeg? (0) +n () £(0). (E4)
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Throughout, we adopt the notation (-) = d/dr = 9, +A0,.
We see that we can remove the linear term in x from the Hamiltonian (E.3), if n(7) satisfies the
classical equation of motion:

mi +mogn = (1) (E.5)

Finally, by doing another unitary transformation one can also remove the Lagrangian for the clas-
sical variable L(n,n,?), leaving just Hyo. In this frame the exact solution to the time-dependent
Schrédinger equation is simply given in terms of the eigenstates and eigenenergies of Hyo, |n) and
E,=wo(n+1/2):
[W™'(1)) = che_iE”’|n) (E.6)
n

where ¢, are time independent. Transforming back to the original lab frame, the exact solution can

be written as:

(1)) =Y caln(t)) (E.7)

|5 (1)) = @ MON ) =MD I (E.8)

where ©,(N,MN,1) = —E,t + ftf df'L(m,M,?’). Here we explicitly put hats on £ and p to emphasize
that they act as operators on the state |n).

In the following, it will prove useful to distinguish between two classical solutions: (i) n(z) =

E(r) is defined as the exact solution to the ramped classical problem in Eq. (E.5), i.e., for f(z)
A(1)A rQ? cos(Qt + @p). We shall see below that in this case we need not require that A(¢) changes
slowly. (ii) we denote by 1(z) = {(¢) the classical trajectory for the Floquet solution at a fixed A,

i.e. for f(t) = M Q?cos(Qt + @) at a fixed A.

E.0.1 Exact Floquet Solution

Floquet Solution.—In this subsection we discuss the application of the solution outlined above to
the Harmonic oscillator in the presence of a periodically displaced potential. We then use that

solution to calculate various quantities in FAPT. In this subsection, we consider A = const(t).
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From the previous discussion, it is clear that no assumptions are made about the initial condi-
tions for the classical trajectory in the definition of the solution. Even though the initial conditions
do not matter for the solution itself, the initial conditions effect the basis |x,(¢)). Therefore, in or-
der to make use of the general solution to find the Floquet Hamiltonian and micromotion operator,
the initial conditions of {(7) must be chosen such that |y, (7)) manifestly satisfy Floquet’s theorem.

This can be accomplished if {(¢) is the periodic solution of:
ml + mwgl = MfQZ cos(Qr + @p),

which given by [91]:

_ ApQhcos(Qf + )

m(m(z) o) (E.9)

&(r)

Note that the notation V| and V; for the rotators in Eq. (E.2) was not an accident. Indeed, if we
take the Q — oo limit of , we see that V| and V, become the same transformations mentioned in
the main text, see Eqgs. (4.34). To get the Floquet quasi-energies one must separate the periodic and

non-periodic parts of @,(r) [91]:

o ! AFEN E.10
8"()_w0<n+2>_4m(0)(2)—£22) (E.10)
nf (A, 1)) = e @EAE) e =1bheimILE ) (E.11)

where the A dependent constant part of €5 comes from the period average of L, and @({,9,{,) =
0,(,0,C,t) — €'t is a periodic function with frequency Q.

For the rest of the calculation it will convenient to use the instantaneous Floquet basis |1’ (A,)) =
P(\,t)|np(A)) because of its simple form. It should be noted, that the form above suggests that the
non-stroboscopic Floquet Hamiltonian Heg and kick operator Keg(2), cf. Ref. [33], are given by:

20492
A204,

Hefr = Hio — —5———
O (R — 22)

(E.12)

efiKeff(t) — ei(p(gal‘gt)e*iCﬁeimafcf (E13)
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By doing simple manipulations on the moving frame basis, one can find the stroboscopic micro-

motion operator P(¢), and the Floquet eigenstates which can be used to determine the stroboscopic

Hp [li]li
. 1 3 2, L5 2 AFN E.14
Flt] = 5 - (p=mAiG(1:))” + Smeog (x = §(1:)” — (0l — ) (E-14)
P(t) = i ®(C.0,81) o —i(E (1)~ (1)) oim(D,5(1) ~0, L (1)) (x+L (1)) (E.15)

where #; defines the Floquet gauge [33]. Note that we don’t show the explicit A-dependence in P(¢),
but it indeed comes in through the classical solution { which depends on the driving amplitude. Just
as we mentioned in the main text, the Floquet spectrum only depends on A via a constant shift. Also,
note that even at finite Q, all of the Floquet eigenstates are smooth functions of A and, therefore,
satisfy the assumptions of FAPT.

FAPT calculations.—Now that we know the Floquet solution we can use it to calculate physical
quantities to test FAPT. In order to do this, we first need the Floquet gauge potential ﬂl;’z =
(mf" (N, 1)]idy|n" (A,1)), see Sec. 4.2.2. This calculation is very simple if one uses Eq. (E.11), which

leads to:

Ay un =y 0B+ A 181 + A8 (E.16)

Ay = (md,£0,{ — 9,.9) (E.17)
[n+1 AQ? _ ,

/‘4{7”’“1 = 2, (m% — o) [Qsin(Qr + @) + iy cos(Qr + Q)] (E.18)
n AAQ? , ,

A1 =1/ Sy (o — ) [Qsin(Qr + @) — g cos(Qr +@o)] (E.19)

An important observation here is that the off-diagonal elements of 4 only have two harmonics:
¢ = £1. From this, we conclude that only the micromotion operator P(t) plays a role for the non-
adiabatic corrections, because the Floquet Hamiltonian only appears in the FAPT expression via

the ¢ = 0 harmonic, cf. Eq. (4.16). Another important observation is that we can always find a

INote that while the stroboscopic Floquet Hamiltonian Hp [ti] depends explicitly on the initial time, the non-
stroboscopic Hegr is manifestly #;—independent.
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driving phase @9 which makes /‘4{ |0 imaginary. As a result, observables which have real matrix
elements in the moving Floquet basis have no A corrections in FAPT. This implies that if one has
precise control of the driving phase and ramp time, it should be possible to systematically reduce
excitations at the measurement time.

Now that we have the Floquet gauge potential we can calculate the leading non-adiabatic cor-

rections to the probability amplitudes of our wave function (see Eq. (4.16)):

1) =Y ca(t)[n" (M1),1)) (E.20)

with initial conditions: ¢,(#;) = 8, 0. Using Eq. (E.19) and the Flouget quasi-energies we find that

cn(t) is given by:

2 i(Qt+qo) —i(Qr+@q)
~ A 7i<I)F(t) 1 Af)\.Q c c ) E 21
cn(t) = ik(t)e oWy | ey 2 e + (0 —Q) Sn1 + O(A,A7). (E.21)

As a result, the general expression for the expectation values for observables reads:

(OO0 = (O (M(1),0)|010 (M1), 1)) + X (%0 (1) (07 (A1), )]0l (A(1),1)) +cc.)

n>0

O(A,A%) (E.22)

Calculating matrix elements of the form: (0F(A(¢),t)|O|n" (M(t),t)) is straightforward using Eq.

(E.11). We show here the final results for (p?) and (x):

2 2 2
<p2(l‘)> ~ mZ[atC( )] + mT(DO —i-}»( ) atC(Z)4A‘E$2 (_QQ;;Z(DO) COS(.QJ-F(Po) + OO\,, 7\,2> (E.23)
0
. 2Afg3 _ s io
0

which are plotted in Fig. 4.3 and discussed in Sec. 4.3.2. One can also calculate a closed expression
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for the probabilities of occupying a given Floquet state |n (A(¢),¢)), which is given by |c,(¢)|?:

Py A]%Q“X(t)z (4003Q? sin® (Qt + o) + (0F + Q2)% cos*(Q + ¢p) )

i
Pl = (@ — 07 8u1+O(MA%) (E25)

which can be used to calculate the log-fidelity f; and the Floquet diagonal entropy S%, cf. Sec. 4.2.2.

E.0.2 Exact Solution to the Ramped Problem

In this subsection, we discuss the exact solution of the ramped problem. As mentioned above, the

solution entails solving the classical equations of motion:

mE(1) +made(t) = £(1): F(t) = Mi)A,Q2 cos(Q + o)

Note that in this subsection we have a time-dependent ramp function A = A(¢), and thus E, =d,&+
10,& is the full time derivative.

Any initial conditions for (z) gives a valid solution, but one can simplify the solution greatly
by picking the proper initial condition: as we start in the ground state of Hyo initially, a natural
choice for the initial condition on &(¢) is: &(1;) = &(1;) = 0. With this choice the basis |y, (7)) (see
Eq. (E.8)) at t =1, is simply the eigenbasis of Hyo, {|n)}, and so we find that the solution has a

very simple form:

y(t)) = e ®0E50 e iEheimte|g) (E.26)

This has a simple physical interpretation: the wave function is simply a Gaussian wave packet
following the classical trajectory. Using the initial conditions given above, &() can be calculated

for any f(7) as:

E(t) = sin(wor) [t dt/cos(O)ot’)f’(nt/) + cos(wot) [t ds Sin((not’)f’(:)

(E.27)
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If we pick A(¢) to have a simple enough form (e.g. a power law in ¢), these integrals can be evaluated
exactly in terms of simple functions, although the expressions are too long to give here. Using the
quadratic form in Eq. (E.26), it is a simple to evaluate the expectation value of any analytic function
of £ and p:

(w(t)|g(%, p)|w(t)) = (0lg(£+E&(1), p+mE(t))|0) (E.28)

Finally, we also calculate is the overlap with the instantaneous Floquet basis which define the
exact ¢, (1):

en(t) = (" (M(e), 1) w(r)). (E.29)

This can also be evaluated exactly by rewriting this overlap as an integral and then using the gen-
erating function of the Hermite Polynomials. Nevertheless, the result is quite long and not very
useful. Fortunately, the exact probabilities p? can be defined in terms of a function of the differ-
ence between the classical trajectories { and €. To this end, we define

m

O) = T

[[a,ca,w)) &))"+ w30 €| (E.30)

In terms of this function the probabilities, log-fidelity and Floquet diagonal entropy are given as:

pE(t) = e ®0 o()" (E31)

Ja(1) =0(1) (E.32)
= O(1)"log(n!)

S5(1) = ©(1) (1 —1og(®(1))) +¢ 0 Y
k=0

(E.33)
n!

One can also check that if one expands the exact solutions above to leading order in A, one recovers

all the expressions from FAPT, as expected.



Appendix F

Floquet Theory for Periodic Step Driving Protocols

Consider a system, periodically-driven by switching on and off two Hamiltonians V and W, each

of them acting for the same time 7'/2. The Hamiltonian of the system reads

v, o+ T)2
H(t) = r€loto+ T/ mod T E1)

W, t€lto+T/2,t0+T]

In the following, we are interested in deriving the approximate Floquet Hamiltonian and kick op-
erators within the van Vleck inverse-frequency expansion for this model. While not necessar-
ily the most general case, we shall assume that the driving sequence is time-reversal symmetric,
i.e. H(—t) = H(t) which is ensured by choosing fo = —T /4. This will have the advantage that
the Floquet Hamiltonian is time-reversal symmetric and, consequently, real-valued. However, it
will become clear from the discussion below how to generalise the analysis to drives of arbitrary
time symmetry. Notice also, that by rescaling the relative strength of V and W, it is possible to use
the formalism below to study problems with possibly non-equal duration between the Hamiltonian
switches.

We begin by casting the Hamiltonian H (¢) in the form

H(t) = Ho+sgn(cosQt)Hy,

1
Hy = —(V4+W),

L
=N

(V-w), (F.2)
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where Q = 27t/T is the period of the driving sequence. According do Floquet’s theorem the evolu-

tion operator for this system factorises as follows:

13
U(t,()) — Texp <l/ de(t)) — efiKeff(l)e*l‘HeffleiKeff(O) , (F3)
0

with the non-stroboscopic Floquet Hamiltonian He¢ and the corresponding micromotion K¢ Fourier
expanding the Hamiltonian H(t) = ¥/, Hye'™* with the operator-valued coefficients H; the ap-
proximate van Vleck Floquet Hamiltonian was derived to third order in Ref. [59]. The expansion
formulas simplify tremendously in the present problem by noticing that H;, = c,Hy, where the

Fourier coefficients ¢ of the driving protocol f(¢) are given by

~Ya il (F.4)
LeZ
ol
For the time-reversal symmetric step-like drive f(¢) = sgn (cos Q¢) we find ¢; = —[— 14 (—1)/] SmTE F ),

Due to the property H; = c;H, the expansion reduces to

HO — (E5)
W - o
@ M
Hye = 92;6 02 [[Ho, Ho),Ho) ,
3 1 C_yCy C—Cl—nCn
HY = o (; 203 [[[Ho, Hol, Ho), Ho] +[§, ;[W[[[Hoﬂo] ,Ho), Ho])
0 0n£0,0

and the corresponding Kick operators read:

KJ@) = o, (E6)
1 Cl 00 ~
Két!f)(t) = ﬁ# %elmlHoa
0
2 1 Cl iror
Kéff)<t) - @ZEeEQt[H()vHO]?
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3 CnCi—n
Kétt)( = o <4§6 e'“¥[[Ho, Ho), Ho) +4§6 ;o'e ;€n2 e/ [Ho, Ho), Ho])
nzv,

One readily observes the nice property that the commutators decouple from the infinite sums over
the drive harmonics. Moreover, a close inspection reveals that by calculating the orders of the
effective Hamiltonian, one obtains also the Kick operator for free.

One can also resum all infinite series for the particular driving protocol of interest. To this end,

we use the identities

y ot _ oy St T
o, 202 = 202n+1)2 24’
C—Cy C—_(2n+1)C2n+1
= - 7 = 07
z;) 260 2 30ur 1)
C—Ct—nCn C—Q+1)C2(1—n)Con+1 E7)
Fongme 30n inemu 32+1)2(2n+1)

Note that the last coefficient above vanishes identically because 2(I — n) is necessarily even, while
¢2(1-n) = 0. Further, the periodic functions in the expansion for the Kick operator read

1 ! 00 ! lr=n
K (1) = %ef’m’ —/ dt’ZCge*’mt = —/ dr'f(t') = al 3 + arccos(sinQr)
Q= 7

where we can safely include the missing ¢ = 0 component back into the sum, provided that we
impose that K () has zero mean, which is nothing but the boundary condition on the effective Kick

operator Kef(7). Similarly, upon successive integration one finds

Kz(t):_izcge_'mr:L _%+ 2 rel=T/4 T/ mod T
Q2 & 02 Q2 2 _ (Q(-T/2))
(0 T 55—, t€ [T /4,3T /4]
200 (Qt)3
K3(t) = 1 Z SLgritor — 1 R re =T/ T/ mod T
iQ3 P A Q3 (thT/Z) B (Qtf6T/2)3’ t € [T /43T /4]
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~ CpCp— n o -ilQr _ Cn'+1C2(1—n) -1 _ 2100t
Kalt = T~ T A
(1) 193;6 ;}é 202 193 Z;,Z Y2n 12
o' +1C2(1—n) =1 _10f'
- W R T
292/ g% (r+1)?
1 Co'+1C20 1 __i(2l'—1)Qt  —i(2n' + 1)’
_ dt i( Q' —i(2n'+1)Qs
292/ 21;‘ Q' +1)2° ¢
1 Con/ 1 —i(2n' / Cop'+1C—2n'—1
— dt 22+l —i2n4+1)Q
“aqz | WS )Z(zn'ﬂ)ze Z (2n' +1)?

2 2 3

In the second equality in &3(7) we used that n = 2n’ + 1 has to be odd which means that ¢ = 2/
needs to be even, since ¢y = 0.
At the end of the day, the van Vleck inverse-frequency expansion for the time-reversal sym-

metric step-like drive f(¢) = sgn (cos Qf) reduces to

HYY = Ho, K5y =0, (E8)
1 1 ~
He(ff) =0, Ke(ff) (t) = x1(¢)Ho,
2)

H') = 12/ (2402)[[Ho, Hol, o). K2 () = (0 )il o, Ho,

HY =0, KS)(#) = ¥ (¢)[[Ho, Hol, Ho] + &3 (1) ([ o, Ho). Ho).

Of particular importance is the property Ke(fzf"H)( 0) = 0 which shows that if one is interested in

stroboscopic evolution only, one can proceed without calculating these odd-order terms. Notice
also that the periodic functions ;(r) are universal, in the sense that they do not depend on the
Hamiltonian, and thus, Egs. (F.8) apply to a fairly large class of systems. This is a consequence of
Floquet’s theorem, according to which the kinematics, as defined by the Floquet Hamiltonian, is in
general independent of the dynamics which in turn is governed by the kick operator. Last but not
least, one should keep in mind that the inverse-frequency expansion in the lab frame, as carried out

above, does not capture the Floquet resonances in the many-body spectrum.
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